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Preface

This text is an outgrowth of lectures given at the University of Windsor,
Canada. One of our main objectives is updating the undergraduate analysis
as a rigorous postcalculus course. While such excellent books as Dieudonné’s
Foundations of Modern Analysis are addressed mainly to graduate students,
we try to simplify the modern Bourbaki approach to make it accessible to
sufficiently advanced undergraduates. (See, for example, §4 of Chapter 5.)

On the other hand, we endeavor not to lose contact with classical texts,
still widely in use. Thus, unlike Dieudonné, we retain the classical notion of a
derivative as a number (or vector), not a linear transformation. Linear maps
are reserved for later (Volume II) to give a modern version of differentials.
Nor do we downgrade the classical mean-value theorems (see Chapter 5, §2) or
Riemann—Stieltjes integration, but we treat the latter rigorously in Volume II,
inside Lebesgue theory. First, however, we present the modern Bourbaki theory
of antidifferentiation (Chapter 5, §5 fI.), adapted to an undergraduate course.

Metric spaces (Chapter 3, §11 ff.) are introduced cautiously, after the n-
space E™, with simple diagrams in E? (rather than E?), and many “advanced
calculus”-type exercises, along with only a few topological ideas. With some
adjustments, the instructor may even limit all to E™ or E? (but not just to the
real line, E'), postponing metric theory to Volume II. We do not hesitate to
deviate from tradition if this simplifies cumbersome formulations, upalatable to
undergraduates. Thus we found useful some consistent, though not very usual,
conventions (see Chapter 5, §1 and the end of Chapter 4, §4), and an early use
of quantifiers (Chapter 1, §1-3), even in formulating theorems. Contrary to
some existing prejudices, quantifiers are easily grasped by students after some
exercise, and help clarify all essentials.

Several years’ class testing led us to the following conclusions:

(1) Volume I can be (and was) taught even to sophomores, though they only
gradually learn to read and state rigorous arguments. A sophomore often
does not even know how to start a proof. The main stumbling block
remains the &, J-procedure. As a remedy, we provide most exercises with
explicit hints, sometimes with almost complete solutions, leaving only
tiny “whys” to be answered.

(2) Motivations are good if they are brief and avoid terms not yet known.
Diagrams are good if they are simple and appeal to intuition.
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Preface

Flexibility is a must. One must adapt the course to the level of the class.
“Starred” sections are best deferred. (Continuity is not affected.)

“Colloquial” language fails here. We try to keep the exposition rigorous
and increasingly concise, but readable.

It is advisable to make the students preread each topic and prepare ques-
tions in advance, to be answered in the context of the next lecture.

Some topological ideas (such as compactness in terms of open coverings)
are hard on the students. Trial and error led us to emphasize the se-
quential approach instead (Chapter 4, §6). “Coverings” are treated in
Chapter 4, §7 (“starred”).

To students unfamiliar with elements of set theory we recommend our
Basic Concepts of Mathematics for supplementary reading. (At Windsor,
this text was used for a preparatory first-year one-semester course.) The
first two chapters and the first ten sections of Chapter 3 of the present
text are actually summaries of the corresponding topics of the author’s
Basic Concepts of Mathematics, to which we also relegate such topics as
the construction of the real number system, etc.

For many valuable suggestions and corrections we are indebted to H. Atkin-
son, F. Lemire, and T. Traynor. Thanks!

Publisher’s Notes

Chapters 1 and 2 and §§1-10 of Chapter 3 in the present work are sum-
maries and extracts from the author’s Basic Concepts of Mathematics, also
published by the Trillia Group. These sections are numbered according to
their appearance in the first book.

Several annotations are used throughout this book:

*

=

This symbol marks material that can be omitted at first reading.

This symbol marks exercises that are of particular importance.
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Chapter 1
Set Theory

§81-3. Sets and Operations on Sets. Quantifiers

A set is a collection of objects of any specified kind. Sets are usually denoted
by capitals. The objects belonging to a set are called its elements or members.
We write x € A if x is a member of A, and = ¢ A if it is not.

A = {a,b,c, ...} means that A consists of the elements a, b, ¢, .... In
particular, A = {a, b} consists of a and b; A = {p} consists of p alone. The
empty or void set, (), has no elements. Equality (=) means logical identity.

If all members of A are also in B, we call A a subset of B (and B a superset
of A), and write A C B or B D A. It is an axiom that the sets A and B are
equal (A = B) if they have the same members, i.e.,

ACB and B C A.

If, however, A C B but B Z A (i.e., B has some elements not in A), we call A
a proper subset of B and write A C B or B D A. “C” is called the inclusion
relation.

Set equality is not affected by the order in which elements appear. Thus
{a, b} = {b, a}. Not so for ordered pairs (a, b).> For such pairs,

(a,b) = (z,y) iff? a=zandb=y,
but not if a =y and b = x. Similarly, for ordered n-tuples,
(a1, ag, ..., ap) = (1, o, ..., xy) ff ap=zp, k=1,2,..., n.

We write {z | P(x)} for “the set of all z satisfying the condition P(x).”
Similarly, {(z, y) | P(x, y)} is the set of all ordered pairs for which P(x, y)
holds; {x € A | P(x)} is the set of those x in A for which P(z) is true.

1 See Problem 6 for a definition.
2 Short for if and only if; also written <=
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For any sets A and B, we define their union A U B, intersection AN B,
difference A — B, and Cartesian product (or cross product) A x B, as follows:

AU B is the set of all members of A and B taken together:
{r|recAorzecB}?
AN B is the set of all common elements of A and B:
{r e A|z e B}.
A — B consists of those z € A that are not in B:
{zr e A|z ¢ B}.
A x B is the set of all ordered pairs (x, y), with z € A and y € B:
{(z,y) |z € A, y € B}.

Similarly, A; x Ag X -+ x A, is the set of all ordered n-tuples (z1, ..., x,) such
that v, € Ak, k=1,2, ..., n. We write A” for A x A x --- x A (n factors).

A and B are said to be disjoint iff AN B = () (no common elements).
Otherwise, we say that A meets B (AN B # (). Usually all sets involved are
subsets of a “master set” S, called the space. Then we write —X for S — X,
and call —X the complement of X (in S). Various other notations are likewise
in use.

Examples.
Let A= {1, 2,3}, B=1{2,4}. Then

AUB={1,2,34, AnB={2}, A—B=/{1,3},
Ax B=1{(1,2), (1 4), (2, 2), (2 4), (3,2), (3, 1)}

If N is the set of all naturals (positive integers), we could also write

A={zx e N |z <4}

Theorem 1.
(a) AUA=A; AN A= A4

(b)) AUB=BUA, ANB=BNA;

(c) (AUB)UC=AU(BUC); (ANB)NC=An(BNCQC);
(d) (AUB)NC =(ANnC)u(BNO);

(e) (ANB)UC =(AUC)N(BUC).

3 The word “or” is used in the inclusive sense: “P or @” means “P or Q or both.”
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The proof of (d) is sketched in Problem 1. The rest is left to the reader.

Because of (c), we may omit brackets in AUBUC and AN BN Cj similarly
for four or more sets. More generally, we may consider whole families of sets,
i.e., collections of many (possibly infinitely many) sets. If M is such a family,
we define its union, | JM, to be the set of all elements z, each belonging to at
least one set of the family. The intersection of M, denoted (M, consists of
those x that belong to all sets of the family simultaneously. Instead, we also
write

U{X | X € M} and ﬂ{X | X € M}, respectively.
Often we can number the sets of a given family:
Ay, Aoy oo Ay, e

More generally, we may denote all sets of a family M by some letter (say, X)
with indices i attached to it (the indices may, but need not, be numbers). The
family M then is denoted by {X;} or {X; | i € I}, where i is a variable index
ranging over a suitable set I of indices (“index notation”). In this case, the
union and intersection of M are denoted by such symbols as

U{Xi|ieI}:UXi:UXZ-:UXZ-;

ﬂ{XHz’eI}:mXi:ﬂXi:ﬂXi.

iel

If the indices are integers, we may write

m (e e} m
U Xn, U Xns [ X, ete.
n=1 n=1 n==k

Theorem 2 (De Morgan’s duality laws). For any sets S and A; (i € I), the
following are true:

(@) S —{JAi =[5 —4); () § =4 = (S - 40).

(If S is the entire space, we may write —A4; for S — A;, —|J A; for S —J A4;,
etc.)
Before proving these laws, we introduce some useful notation.

Logical Quantifiers. From logic we borrow the following abbreviations.

“Wz e A) ...” means “For each member z of A, it is true that ....”
“(dz € A) ...” means “There is at least one x in A such that ....”

“(Az e A) ...” means “There is a unique = in A such that ....”
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The symbols “(Vz € A)” and “(3x € A)” are called the universal and
existential quantifiers, respectively. If confusion is ruled out, we simply write
“Vz),” “(Jx),” and “(3'z)” instead. For example, if we agree that m, n
denote naturals, then

““n) (3m) m >n”

means “For each natural n, there is a natural m such that m > n.” We give
some more examples.

Let M = {A; | i € I} be an indexed set family. By definition, z € |JA4;
means that x is in at least one of the sets A;, i € I. In other words, there is at
least one index i € I such that x € A;; in symbols,

(Fiel) zeA.
Thus we note that
velJA iff [Fiel)ze Al
el
Similarly,
re()A iff [(Viel)ze A

Also note that = ¢ (J A; iff x is in none of the A;, i.e.,
(Vi) =z ¢ A,.
Similarly, = ¢ () A; iff x fails to be in some A;, i.e.,
(i) x=¢ A;. (Why?)

We now use these remarks to prove Theorem 2(i). We have to show that
S — JA; has the same elements as [)(S — 4;), i.e., that x € S — [JA4; iff
z € (S — A4;). But, by our definitions, we have

reS—|JAi=[zeS z¢| A
= (Vi) [z €S, x & A
— (Vi) z € S — A;
=z e ﬂ(S—Ai),
as required.

One proves part (ii) of Theorem 2 quite similarly. (Exercise!)

We shall now dwell on quantifiers more closely. Sometimes a formula P(z)
holds not for all x € A, but only for those with an additional property Q(x).
This will be written as

(Vo e A[Q(x) P(z),
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where the vertical stroke stands for “such that.” For example, if N is again
the naturals, then the formula

VzeN|x>3) >4 (1)

means “for each x € N such that x > 3, it is true that x > 4.” In other words,
for naturals, x > 3 = x > 4 (the arrow stands for “implies”). Thus (1) can
also be written as

VxeN) z>3=2>4.

In mathematics, we often have to form the negation of a formula that starts
with one or several quantifiers. It is noteworthy, then, that each universal
quantifier is replaced by an existential one (and vice versa), followed by the
negation of the subsequent part of the formula. For example, in calculus, a real
number p is called the limit of a sequence x1, z3, ..., T, ... iff the following
is true:

For every real € > 0, there is a natural k (depending on ) such that, for
all natural n > k, we have |z,, — p| < e.

If we agree that lower case letters (possibly with subscripts) denote real num-
bers, and that n, k denote naturals (n, k € N), this sentence can be written
as

(Ve>0) (k) (Vn>k) |z,—p|<e. (2)

Here the expressions “(Ve > 0)” and “(Vn > k)” stand for “(Ve | ¢ > 0)”
and “(Vn | n > k)", respectively (such self-explanatory abbreviations will also
be used in other similar cases).

Now, since (2) states that “for all € > 0” something (i.e., the rest of (2)) is
true, the negation of (2) starts with “there is an € > 0” (for which the rest of
the formula fails). Thus we start with “(3¢ > 0)”, and form the negation of
what follows, i.e., of

(k) (Vn>k) |z, —p|<e.

This negation, in turn, starts with “(V k)”, etc. Step by step, we finally arrive
at

(e >0) (Vk) Gn>k) |z,—p|>e.

Note that here the choice of n > k may depend on k. To stress it, we often
write ny for n. Thus the negation of (2) finally emerges as

(Fe>0) (Vk) 3ng > k) |zn, —p| >e. (3)

The order in which the quantifiers follow each other is essential. For exam-
ple, the formula

(VneN)(I3meN) m>n
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(“each n € N is exceeded by some m € N”) is true, but
(3me N) (VneN) m>n

is false. However, two consecutive universal quantifiers (or two consecutive
existential ones) may be interchanged. We briefly write

“Vzx,y e A) for “(WVx € A) (Vy € A),”

and
“dz,y € A)” for “(Jx € A) (Jy € A),” etc.

We conclude with an important remark. The universal quantifier in a for-
mula

(Vz e A) P(x)

does not imply the existence of an z for which P(x) is true. It is only meant
to imply that there is no x in A for which P(z) fails.

The latter is true even if A = (); we then say that “(Vax € A) P(z)” is
vacuously true. For example, the formula () C B, i.e.,

Vzel) zeB,

is always true (vacuously).

Problems in Set Theory

1. Prove Theorem 1 (show that x is in the left-hand set iff it is in the
right-hand set). For example, for (d),

r€(AUB)NC < [z € (AUB) and z € C]
< [(r€eAorz e B), and z € (]
= [(reA zeC)or (zeB,zecC)).

2. Prove that
() —=(=4) = 4
(i) AC Biff —-B C —A.
3. Prove that
A—-B=An(-B)=(—-B)—(-4) =—-[(-A)UB|.
Also, give three expressions for ANB and AUB, in terms of complements.

4. Prove the second duality law (Theorem 2(ii)).
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5. Describe geometrically the following sets on the real line:

(i) {z |z <0} (i) {2 | =] <1}
(iii) {z | |x — a|] < e}; (iv) {z|a <z < b};
(v) {z | [z] <0}.

6. Let (a, b) denote the set
{{a}, {a, b}}
(Kuratowski’s definition of an ordered pair).

(i) Which of the following statements are true?

(a) a € (a, b); (b) {a} € (a, b);
(¢) (a, a) = {a}; (d) b € (a, b);
(e) {b} € (a, b); (f) {a, b} € (a, b).

(ii) Prove that (a, b) = (u, v) iff a = u and b = v.
[Hint: Consider separately the two cases a = b and a # b, noting that {a, a} =
{a}. Also note that {a} # a.]

7. Describe geometrically the following sets in the zy-plane.

(1) {(z, y) [z <y}

(i) {(z,y) |2*+y* <1}

(iit) {(z, y) | max(|z], [y]) < 1};

(iv) {(z, y) |y >}

(v) {(z, v) | |z|+ |y < 4};

(vi) {(z, ) | (z—2)*+ (y +5)* <9}
(vii) {(z, y) | = = 0};
(vii)) {(z, y) | * — 22y +y* < 0};

(ix) {(z, )| 2* — 2zy +y* = 0}

8. Prove that
(i) (AUB)xC=(AxC)U (B x C);
(ii)) (ANB)x (CND)=(AxC)N(B x D);
(i) (X xY)=(X'xY)=[(XnX)x (Y -Y)U[(X-X'")xY].

[Hint: In each case, show that an ordered pair (x, y) is in the left-hand set iff it is
in the right-hand set, treating (x, y) as one element of the Cartesian product.]

9. Prove the distributive laws
1) AnUX: =UANX;);
(i) AUNX; =N(AUX),);
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(NXi) —A=N(X; - A);
UX:) —A=UX;: - A);
NXiUNY; =N, ;(X; UY;);*
UXinUY; =U, ;(XinY;).
10. Prove that

(iii
(iv

(v

~— ~— — “—

(vi

§84-7. Relations. Mappings

In §81-3, we have already considered sets of ordered pairs, such as Cartesian
products A x B or sets of the form {(z, y) | P(z, y)} (cf. §§1-3, Problem 7).
If the pair (z, y) is an element of such a set R, we write

(z,y) € R,

treating (z, y) as one thing. Note that this does not imply that = and y taken
separately are members of R (in which case we would write x, y € R). We call
z, y the terms of (z, y).

In mathematics, it is customary to call any set of ordered pairs a relation.
For example, all sets listed in Problem 7 of §§1-3 are relations. Since relations
are sets, equality R = S for relations means that they consist of the same
elements (ordered pairs), i.e., that

(z,y) € R<= (x,y) €8.

If (z,y) € R, we call y an R-relative of x; we also say that y is R-related
to x or that the relation R holds between x and y (in this order). Instead of
(z, y) € R, we also write xRy, and often replace “R” by special symbols like
<, ~, etc. Thus, in case (i) of Problem 7 above, “cRy” means that x < y.

Replacing all pairs (x, y) € R by the inverse pairs (y, ), we obtain a new
relation, called the inverse of R and denoted R~!. Clearly, xR~ 'y iff yRx;
thus

R ={(z,y) | yRa} = {(y, =) | #Ry}.

4 Here we work with two set families, {X; | i € I} and {Y; | j € J}; similarly in other
such cases.
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Hence R, in turn, is the inverse of R™1; i.e.,
(R"H™t =R

For example, the relations < and > between numbers are inverse to each other;
so also are the relations C and DO between sets. (We may treat “C” as the name
of the set of all pairs (X, Y) such that X CY in a given space.)

If R contains the pairs (z, 2'), (v, ¥'), (2, 2), ..., we shall write

[ y =z ). (1 4 1 3
R_(x' y ),e.g.,R—<2 5 1 1>. (1)

To obtain R™!, we simply interchange the upper and lower rows in (1).

Definition 1.

The set of all left terms z of pairs (z, y) € R is called the domain of R,
denoted Dg. The set of all right terms of these pairs is called the range
of R, denoted D'%;. Clearly, x € Dp iff xRy for some y. In symbols,

r € Dp <= (Jy) zRy; similarly, y € Dy < (37) zRy.

In (1), D is the upper row, and D% is the lower row. Clearly,

Dp-1 = Dy and D, = Dp.

1 4 1
R‘(z 2 1>’

DR = 3%,1 = {1, 4} and D% = DR—I = {1, 2}

For example, if

then

Definition 2.

The image of a set A under a relation R (briefly, the R-image of A) is the
set of all R-relatives of elements of A, denoted R[A]. The inverse image
of A under R is the image of A under the inverse relation, i.e., R71[A].
If A consists of a single element, A = {x}, then R[A] and R™![A] are also
written R[z] and R™![z], respectively, instead of R[{z}] and R™'[{z}].

Example.
Let

p_(1 112233337
“\1 3453413 1

ot W

), A=1{1,2}, B=1{2 4.



10 Chapter 1. Set Theory

Then

R[1] =11, 3, 4}; R[2] =13, 5}; R[3] ={1, 3, 4, 5}
R[5] = 0; R'1]={1,3,7 R'[2]=0;
RS={L,23) R'4={L3)  R[A={L3 45

R7YA={1,3,7};  R[B]={3,5}.

By definition, R[x]| is the set of all R-relatives of x. Thus
y € R[z] iff (z,y) € R;ie., xRy.
More generally, y € R[A] means that (x, y) € R for some x € A. In symbols,
y € R[A] <= (Jxz € A) (z,y) € R.
Note that R[A] is always defined.

We shall now consider an especially important kind of relation.

Definition 3.

A relation R is called a mapping (map), or a function, or a transfor-
mation, iff every element z € Dp has a unique R-relative, so that R[z]
consists of a single element. This unique element is denoted by R(x) and
is called the function value at x (under R). Thus R(x) is the only member
of R[z].1

If, in addition, different elements of D have different images, R is called a
one-to-one (or one-one) map. In this case,

z #y (2, y € Dg) implies R(x) # R(y);

equivalently,
R(z) = R(y) implies x = y.

In other words, no two pairs belonging to R have the same left, or the same
right, terms. This shows that R is one to one iff R~!, too, is a map.? Mappings
are often denoted by the letters f, g, h, F', ¥, etc.

! Equivalently, R is a map iff (z, y) € R and (z, z) € R implies that y = z. (Why?)
2 Note that R~ always exists as a relation, but it need not be a map. For example,

(1 2 3 4
f_(2338)

~1_(2 3 3 8
f_(1234>

is not. (Why?) Here f is not one to one.

is a map, but
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A mapping f is said to be “from A to B” iff Dy = A and D} C B; we then
write

f:A— B (“f maps A into B”).

If, in particular, D; = A and D} = B, we call f a map of A onto B, and we
write

f:A— B (“f maps A onto B”).

onto

If f is both onto and one to one, we write

f:A+«— B

onto

(f: A <— B means that f is one to one).

All pairs belonging to a mapping f have the form (z, f(x)) where f(z) is
the function value at z, i.e., the unique f-relative of x, x € D;. Therefore, in
order to define some function f, it suffices to specify its domain Dy and the
function value f(x) for each s € Dy. We shall often use such definitions. It is
customary to say that f is defined on A (or “f is a function on A”) iff A = Dy.

Examples.
(a) The relation
R ={(z, y) | = is the wife of y}

is a one-to-one map of the set of all wives onto the set of all husbands.
R~ is here a one-to-one map of the set of of all husbands (= D) onto
the set of all wives (= Dg).

(b) The relation
f=A{(z, y) | y is the father of x}

is a map of the set of all people onto the set of their fathers. It is not one
to one since several persons may have the same father (f-relative), and

so ¢ # x' does not imply f(x) # f(z').

(c) Let
(1 2 3 4
9=\2 2 3 8/

Then g is a map of Dy, = {1, 2, 3, 4} onto D, = {2, 3, 8}, with

9(1) =2, g(2) =2, g(3) =3, g(4) = 8.

(As noted above, these formulas may serve to define g.) It is not one to
one since g(1) = g(2), so g1 is not a map.
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(d) Consider
f: N — N, with f(z) = 2z for each z € N.3

By what was said above, f is well defined. It is one to one since = # y
implies 2z # 2y. Here Dy = N (the naturals), but D’ consists of even
naturals only. Thus f is not onto N (it is onto a smaller set, the even
naturals); f~! maps the even naturals onto all of N.

The domain and range of a relation may be quite arbitrary sets. In partic-
ular, we can consider functions f in which each element of the domain Dy is
itself an ordered pair (x, y) or n-tuple (z1, 32, ..., &,). Such mappings are
called functions of two (respectively, n) variables. To any n-tuple (z1, ..., x,)
that belongs to Dy, the function f assigns a unique function value, denoted by
f(z1, ..., ,). It is convenient to regard =i, 2, ..., T, as certain variables;
then the function value, too, becomes a variable depending on the x4, ..., z,.
Often Dy consists of all ordered n-tuples of elements taken from a set A,
ie., Dy = A" (cross-product of n sets, each equal to A). The range may
be an arbitrary set B; so f: A" — B. Similarly, f: A x B — C is a function
of two variables, with Dy = A x B, D} ccC.

Functions of two variables are also called (binary) operations. For example,
addition of natural numbers may be treated as a map f: N x N — N, with

fla,y)=z+y.
Definition 4.
A relation R is said to be
(i) reflexive iff we have zRx for each € Dp;
(ii) symmetric iff xRy always implies yRx;

(iii) transitive iff x Ry combined with yRz always implies zRz.

R is called an equivalence relation on a set A iff A = Dgr and R has all the
three properties (i), (ii), and (iii). For example, such is the equality relation on
A (also called the identity map on A) denoted

Iy ={(z,y) |z €A, z=uy}.

Equivalence relations are often denoted by special symbols resembling equality,
such as =, ~, ~, etc. The formula xRy, where R is such a symbol, is read

“r is equivalent (or R-equivalent) to y,”

3 This is often abbreviated by saying “consider the function f(x) = 2z on N.” However,
one should remember that f(z) is actually not the function f (a set of ordered pairs) but
only a single element of the range of f. A better expression is “f is the map r — 2x on N”
or “f carries x into 2z (x € N).”
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and R[x] = {y | xRy} (i.e., the R-image of x) is called the R-equivalence class
(briefly R-class) of x in A; it consists of all elements that are R-equivalent to
x and hence to each other (for xRy and xRz imply first yRz, by symmetry,
and hence yRz, by transitivity). Each such element is called a representative
of the given R-class, or its generator. We often write [z] for R[x].

Examples.

(a’) The inequality relation < between real numbers is transitive since
r <y and y < z implies x < z;

it is neither reflexive nor symmetric. (Why?)

(b’) The inclusion relation C between sets is reflexive (for A C A) and tran-
sitive (for A C B and B C C implies A C C), but it is not symmetric.

(') The membership relation € between an element and a set is neither re-
flexive nor symmetric nor transitive (x € A and A € M does not imply

r e M).

(d') Let R be the parallelism relation between lines in a plane, i.e., the set of
all pairs (X, Y), where X and Y are parallel lines. Writing || for R, we
have X || X, X || Y implies Y || X, and (X || Y and Y || Z) implies
X || Z, so R is an equivalence relation. An R-class here consists of all
lines parallel to a given line in the plane.

(¢’) Congruence of triangles is an equivalence relation. (Why?)
Theorem 1. If R (also written =) is an equivalence relation on A, then all
R-classes are disjoint from each other, and A is their union.

Proof. Take two R-classes, [p] # [q]. Seeking a contradiction, suppose they
are not disjoint, so

(Jz) =z € [p] and z € [g];
i.e., p =2 = q and hence p = q. But then, by symmetry and transitivity,
yeEpPley=pesy=qeyeld;

i.e., [p] and [q]| consist of the same elements y, contrary to assumption [p] # [q].
Thus, indeed, any two (distinct) R-classes are disjoint.

Also, by reflexivity,
VzxeA) z=x,

i.e., z € [z]. Thus each x € A is in some R-class (namely, in [z]); so all of A is
in the union of such classes,

AC|JR[z].
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Conversely,
(va) Rlz]C A

since
y € Rlz] = 2Ry = yRx = (y,z) e R=y € Dr = A,

by definition. Thus A contains all R[x], hence their union, and so

A=JRlz]. O

Problems on Relations and Mappings

1. For the relations specified in Problem 7 of §§1-3, find Dg, D, and R~ 1.
Also, find R[A] and R™[A] if

(a) A={3} (b) A= {1}
(c) A={0}; (d) A =0;
(e) A= {0, 3, —15}; (f) A={3,4,7,0, -1, 6};

(g) A={z|—20 <z < b5}.
2. Prove that if A C B, then R[A] C R[B]. Disprove the converse by a
counterexample.
3. Prove that
(i) R[AU B] = R[A]U R[B]
(i) R[AN B| C R[A] N R[B]
(iii) R[A — B] D R[A] — R[B].

Disprove reverse inclusions in (ii) and (iii) by examples. Do (i) and (ii)
with A, B replaced by an arbitrary set family {A; | i € I}.

Y

Y

4. Under which conditions are the following statements true?
(i) Rlz] = 0; (it) R~ [a] = 0;
(iii) R[A] = 0; (iv) R™1[A] = 0.
5. Let f: N — N (N = {naturals}). For each of the following functions,

specify f[N], i.e., D}, and determine whether f is one to one and onto
N, given that for all x € N,

i) flz) =2 (i) f(z) =1; (iil) f(x) = [=] + 3;
(iv) f(z) =2%  (v) f(z) =4z +5.

Do all this also if N denotes

(a) the set of all integers;

R
R



§84-7. Relations. Mappings 15

6.

10.

§8. Sequences

(b) the set of all reals.

Prove that for any mapping f and any sets A, B, A; (i € I),

(a) fTHAUB] = _1[A]Uf‘1[B];
(b) f7HANB] = f~HAIN f7H(B];
(c) fTHA—-B]= _1[A]—f‘1[B];
(d) fHU; Al = U, fHAL
(e) f7HN; Ail =N, F7HAdl.

Compare with Problem 3.
[Hint: First verify that z € f~1[A] iff z € Dy and f(z) € A

Let f be a map. Prove that

(a) fIfHA]] € 4

(b) fIf A =Aif AC D’;

(c) if AC Dy and f is one to one, A = f~1[f[A]].
Is f[A]NB C fl[AN f~1[B]]?

Is R an equivalence relation on the set J of all integers, and, if so, what
are the R-classes, if

(a) R={(z, y) |z —y is divisible by a fixed n};
(b) R={(z,y) |z —yis odd};
(¢) R={(x,y) |z —y is a prime}.
(z, y, n denote integers.)
Is any relation in Problem 7 of §§1-3 reflexive? Symmetric? Transitive?

Show by examples that R may be

(a) reflexive and symmetric, without being transitive;
(b) reflexive and transitive without being symmetric.

Does symmetry plus transitivity imply reflexivity? Give a proof or
counterexample.

1

By an infinite sequence (briefly sequence) we mean a mapping (call it u) whose
domain is N (all natural numbers 1, 2, 3, ...); D, may also contain 0.

I This section may be deferred until Chapter 2, §13.
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A finite sequence is a map wu in which D,, consists of all positive (or non-

negative) integers less than a fized integer p. The range D!, of any sequence u
may be an arbitrary set B; we then call u a sequence of elements of B, or in

B. For example,
1 2 3 4 ... n ...
“‘(2 46 8 ... 2n > (1)

D,=N=1{1,2,3,...}

is a sequence with

and with function values
u(l) =2, u(2) =4, u(n) =2n, n=1,23,....

Instead of u(n) we usually write u,, (“index notation”), and call u,, the nth
term of the sequence. If n is treated as a variable, u,, is called the general term
of the sequence, and {u,} is used to denote the entire (infinite) sequence, as
well as its range D!, (whichever is meant, will be clear from the context). The
formula {u,} C B means that D] C B, i.e., that u is a sequence in B. To
determine a sequence, it suffices to define its general term u,, by some formula
or rule.? In (1) above, u, = 2n.

Often we omit the mention of D,, = N (since it is known) and give only the
range D, . Thus instead of (1), we briefly write

2,4,6,...,2n, ...

or, more generally,

U, U2y ooy Up,y -« ..

Yet it should be remembered that u is a set of pairs (a map).

If all u,, are distinct (different from each other), u is a one-to-one map. How-
ever, this need not be the case. It may even occur that all u,, are equal (then u
is said to be constant); e.g., u, = 1 yields the sequence 1, 1, 1, ..., 1, ..., ie.,

1 2 3 ... n ...
“_(1 11 ... 1 ) 2)
Note that here u is an infinite sequence (since D,, = N), even though its
range D) has only one element, D = {1}. (In sets, repeated terms count
as one element; but the sequence u consists of infinitely many distinct pairs

(n, 1).) If all u,, are real numbers, we call u a real sequence. For such sequences,
we have the following definitions.

2 However, such a formula may not exist; the u,, may even be chosen “at random.”
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Definition 1.

A real sequence {u, } is said to be monotone (or monotonic) iff it is either
nondecreasing, i.e.,
(Vn) up < upy,

or monincreasing, i.e.,
(Vn) wup > tUptr.

Notation: {u,}1 and {u,}], respectively. If instead we have the strict
inequalities u,, < unp41 (respectively, u, > u,y1), we call {u,} strictly
monotone (increasing or decreasing).

A similar definition applies to sequences of sets.

Definition 2.

A sequence of sets A1, As, ..., A,, ... is said to be monotone iff it is
either expanding, i.e.,

(\V/TL) An C An—i—la

or contracting, i.e.,
(\V/ TL) An 2 An+1~

Notation: {4, }1 and {A,}], respectively. For example, any sequence of
concentric solid spheres (treated as sets of points), with increasing radii,
is expanding; if the radii decrease, we obtain a contracting sequence.

Definition 3.

Let {uy,} be any sequence, and let
Ny <No < - <N <---

be a strictly increasing sequence of natural numbers. Select from {u,}
those terms whose subscripts are nq, no, ..., ng, .... Then the sequence
{un, } so selected (with kth term equal to u,, ), is called the subsequence
of {u,}, determined by the subscripts ng, k =1, 2, 3, ....

Thus (roughly) a subsequence is any sequence obtained from {u,} by drop-
ping some terms, without changing the order of the remaining terms (this is
ensured by the inequalities ny < ng < --- < ni < --- where the nj are the
subscripts of the remaining terms). For example, let us select from (1) the
subsequence of terms whose subscripts are primes (including 1). Then the
subsequence is

2, 4, 6, 10, 14, 22, ...,

ie.,
Uy, U2, Uz, Us, U7, U1, ----
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All these definitions apply to finite sequences accordingly. Observe that
every sequence arises by “numbering” the elements of its range (the terms): u,
is the first term, us is the second term, and so on. By so numbering, we put
the terms in a certain order, determined by their subscripts 1, 2, 3, ... (like
the numbering of buildings in a street, of books in a library, etc.). The question
now arises: Given a set A, is it always possible to “number” its elements by
integers? As we shall see in §9, this is not always the case. This leads us to
the following definition.

Definition 4.

A set A is said to be countable iff A is contained in the range of some
sequence (briefly, the elements of A can be put in a sequence).

If, in particular, this sequence can be chosen finite, we call A a finite
set. (The empty set is finite.)

Sets that are not finite are said to be infinite.

Sets that are not countable are said to be uncountable.

Note that all finite sets are countable. The simplest example of an infinite
countable set is N = {1, 2,3, ...}.

§9. Some Theorems on Countable Sets!

We now derive some corollaries of Definition 4 in §8.
Corollary 1. If a set A is countable or finite, so is any subset B C A.
For if A C D!, for a sequence u, then certainly B C A C D).
Corollary 2. If A is uncountable (or just infinite), so is any superset B O A.
For, if B were countable or finite, so would be A C B, by Corollary 1.
Theorem 1. If A and B are countable, so is their cross product A X B.

Proof. If A or B is (), then A x B = (), and there is nothing to prove.

Thus let A and B be nonvoid and countable. We may assume that they fill
two infinite sequences, A = {a,}, B = {b,} (repeat terms if necessary). Then,
by definition, A x B is the set of all ordered pairs of the form

(@ny bn), m, me N.

Call n 4+ m the rank of the pair (a,, by,). For each r € N, there are r — 1 pairs
of rank r:

((11, b»,-_l), ((12, b»,-_z), ey (a,,_l, bl) (1)

I This section may be deferred until Chapter 5, §4.
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We now put all pairs (a,, b,,) in one sequence as follows. We start with

(a1, b1)

as the first term; then take the two pairs of rank three,

(a1, b2), (az, b1);

then the three pairs of rank four, and so on. At the (r — 1)st step, we take all
pairs of rank 7, in the order indicated in (1).

Repeating this process for all ranks ad infinitum, we obtain the sequence of
pairs
(ala bl)a (ala b2), (a'27 bl)a (ala b3)7 (a27 b2), (a’37 b1)7 ceey
in which uy = (a1, b1), us = (a1, b2), etc.
By construction, this sequence contains all pairs of all ranks r, hence all pairs

that form the set A x B (for every such pair has some rank r and so it must
eventually occur in the sequence). Thus A x B can be put in a sequence. [J

Corollary 3. The set R of all rational numbers? is countable.

Proof. Consider first the set @ of all positive rationals, i.e.,

. n .
fractions —, with n, m € N.
m

We may formally identify them with ordered pairs (n, m), i.e., with N x N.
We call n + m the rank of (n, m). As in Theorem 1, we obtain the sequence
11 21 2 3 1 2 3 4
172173 21743 2 1777
By dropping reducible fractions and inserting also 0 and the negative rationals,
we put R into the sequence

1 1 1 1
0, 1, —1, 3 "3 2, =2, 3 T3 3, =3, ..., as required. [

Theorem 2. The union of any sequence {A,} of countable sets is countable.
Proof. As each A, is countable, we may put
A, =A{an1, an2, -y Qpmy - - }-

(The double subscripts are to distinguish the sequences representing different
sets A,,.) As before, we may assume that all sequences are infinite. Now, (J,, 4~
obviously consists of the elements of all A,, combined, i.e., all anm, (n, m € N).
We call n +m the rank of a,., and proceed as in Theorem 1, thus obtaining

UAn = {a11, a12, a1, a13, azz, asi, ... }.
n

2 A number is rational iff it is the ratio of two integers, p/q, q¢ # 0.
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Thus |J,, A can be put in a sequence. [

Note 1. Theorem 2 is briefly expressed as
“Any countable union of countable sets is a countable set.”

(The term “countable union” means “union of a countable family of sets”, i.e., a
family of sets whose elements can be put in a sequence {A,}.) In particular,
if A and B are countable, so are AU B, AN B, and A — B (by Corollary 1).

Note 2. From the proof it also follows that the range of any double se-
quence {apm} is countable. (A double sequence is a function u whose domain
D, is N x N;say, u: N x N — B. If n, m € N, we write uy,, for u(n, m);
here Upm = apm-)

To prove the existence of uncountable sets, we shall now show that the
interval

0,1)={z|0<x <1}

of the real axis is uncountable.

We assume as known the fact that each real number = € [0, 1) has a unique
infinite decimal expansion

0.1, 2, ..oy Tpy ooy

where the x,, are the decimal digits (possibly zeros), and the sequence {x,}
does not terminate in nines (this ensures uniqueness).3

Theorem 3. The interval [0, 1) of the real azis is uncountable.

Proof. We must show that no sequence can comprise all of [0, 1). Indeed,
given any {u,}, write each term w,, as an infinite decimal fraction; say,

Up = 0.ap1, Gn2,y -y Gpmy -+ .-
Next, construct a new decimal fraction
z2=0.21, 22, ..., Tpn, -+,

choosing its digits z,, as follows.

If an, (ie., the nth digit of u,) is 0, put z,, = 1; if, however, a,, # 0, put
Zn = 0. Thus, in all cases, x,, # ann, i.€., z differs from each u,, in at least one
decimal digit (namely, the nth digit). It follows that z is different from all u,
and hence is not in {u, }, even though z € [0, 1).

Thus, no matter what the choice of {u,} was, we found some z € [0, 1) not
in the range of that sequence. Hence no {u,} contains all of [0, 1). [

Note 3. By Corollary 2, any superset of [0, 1), e.g., the entire real axis, is
uncountable. See also Problem 4 below.

3 For example, instead of 0.49999. .., we write 0.50000. ...
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Note 4. Observe that the numbers a,,, used in the proof of Theorem 3 form
the diagonal of the infinitely extending square composed of all a,,,,,. Therefore,
the method used above is called the diagonal process (due to G. Cantor).

1.

*6.

Problems on Countable and Uncountable Sets

Prove that if A is countable but B is not, then B — A is uncountable.

[Hint: If B — A were countable, so would be
(B—A)UADB. (Why?)

Use Corollary 1.]

. Let f be a mapping, and A C D¢. Prove that

(i) if A is countable, so is f[A];
(i) if f is one to one and A is uncountable, so is f[A].
[Hints: (i) If A = {un}, then
fIAl = A{f(w), f(uz), ... fun), ... }.
(ii) If f[A] were countable, so would be f~![f[A]], by (i). Verify that
A=A
here; cf. Problem 7 in §§4-7.]

. Let a, b be real numbers (a < b). Define a map f on [0, 1) by

f@)=a+z(b—a).

Show that f is one to one and onto the interval [a, b) = {z | a < z < b}.
From Problem 2, deduce that |a, b) is uncountable. Hence, by Problem
1, sois (a, b) ={z | a < x < b}.

Show that between any real numbers a, b (a < b) there are uncountably
many irrationals, i.e., numbers that are not rational.

[Hint: By Corollary 3 and Problems 1 and 3, the set (a, b)) — R is uncountable.
Explain in detail.]

. Show that every infinite set A contains a countably infinite set, i.e., an

infinite sequence of distinct terms.
[Hint: Fix any a1 € A; A cannot consist of a1 alone, so there is another element

as € A — {al}. (Why?)

Again, A # {a1, a2}, so there is an a3 € A — {a1, a2}. (Why?) Continue thusly ad
infinitum to obtain the required sequence {ay}. Why are all a,, distinct?]

From Problem 5, prove that if A is infinite, there is a map f: A — A

that is one to one but not onto A.

[Hint: With a, as in Problem 5, define f(an) = an+1. If, however, z is none of the
an, put f(z) = x. Observe that f(x) = a1 is never true, so f is not onto A. Show,
however, that f is one to one.]
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*7. Conversely (cf. Problem 6), prove that if there is a map f: A — A that
is one to one but not onto A, then A contains an infinite sequence {a,, }
of distinct terms.

[Hint: As f is not onto A, there is a1 € A such that a1 ¢ f[A]. (Why?) Fix a1 and
define
a2 = f(a1), az = f(a2), ..., ant1 = f(an), ... ad infinitum.

To prove distinctness, show that each a,, is distinct from all a,, with m > n. For aq,
this is true since a1 ¢ f[A], whereas am € f[A] (m > 1). Then proceed inductively.]



Chapter 2
Real Numbers. Fields

§81-4. Axioms and Basic Definitions

Real numbers can be constructed step by step: first the integers, then the
rationals, and finally the irrationals.! Here, however, we shall assume the
set of all real numbers, denoted E*, as already given, without attempting to
reduce this notion to simpler concepts. We shall also accept without definition
(as primitive concepts) the notions of the sum (a + b) and the product, (a - b)
or (ab), of two real numbers, as well as the inequality relation < (read “less
than”). Note that z € E' means “z is in E',” i.e., “z is a real number.”

It is an important fact that all arithmetic properties of reals can be deduced
from several simple axioms, listed (and named) below.

AXI0MS OF ADDITION AND MULTIPLICATION

I (closure laws). The sum x +y, and the product xy, of any real numbers
are real numbers themselves. In symbols,

(Vo,y € E') (z+y) € E' and (zy) € E*.
IT (commutative laws).
(Vz,y€ EY) z+y=y+z and zy = yz.
ITI (associative laws).
Va,y,z€ EY) (z+y)+z=2+ (y+z) and (zy)z = z(y2).

IV (existence of neutral elements).

(a) There is a (unique) real number, called zero (0), such that, for all
real x, x +0 = x.

I See the author’s Basic Concepts of Mathematics, Chapter 2, §15.
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(b) There is a (unique) real number, called one (1), such that 1 # 0
and, for all real x, x -1 = x.

In symbols,
(a) (3'0€ B') Ve e EY) z+4+0=u;
(b) (N1 €E) VzeE) z-1=z,1#0.

(The real numbers 0 and 1 are called the neutral elements of addition and
multiplication, respectively.)

(existence of inverse elements).

(a) For every real x, there is a (unique) real, denoted —x, such that
z+ (—z)=0.

(b) For every real x other than 0, there is a (unique) real, denoted z~1,
such that x - z~1 = 1.

In symbols,
(a) Vze E') Al—z € E') x+ (—x)=0;
(b) VzeE'|z#0) Azt e EY) zz =1

(The real numbers —z and ! are called, respectively, the additive in-

verse (or the symmetric) and the multiplicative inverse (or the reciprocal)
of z.)

(distributive law).

Vo, y,z€ EY) (z+y)z =2z +yz.

AX10MS OF ORDER

(trichotomy). For any real x and y, we have
eitherx <y ory<zorx=y
but never two of these relations together.
(transitivity).
(Vz,y, z€ EY) z <y andy < z implies x < z.

(monotonicity of addition and multiplication). For any z, y, z € E', we
have

(a) x <y implies x + z < y + z;

(b) z <y and z > 0 implies xz < yz.

An additional axiom will be stated in §38-9.
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Note 1. The uniqueness assertions in Axioms IV and V are actually re-
dundant since they can be deduced from other axioms. We shall not dwell on
this.

Note 2. Zero has no reciprocal; i.e., for no x is Ox = 1. In fact, 0x = 0.

For, by Axioms VI and IV,
0z + 0z = (0 + 0)z = 0x = 0z + 0.

Cancelling 0z (i.e., adding —0zx on both sides), we obtain 0z = 0, by Axioms III
and V(a).

Note 3. Due to Axioms VII and VIII, real numbers may be regarded as
given in a certain order under which smaller numbers precede the larger ones.
(This is why we speak of “axioms of order.”) The ordering of real numbers can
be visualized by “plotting” them as points on a directed line (“the real axis”)
in a well-known manner. Therefore, E' is also often called “the real azis,” and
real numbers are called “points”; we say “the point x” instead of “the number

',1:‘77

Observe that the axioms only state certain properties of real numbers without
specifying what these numbers are. Thus we may treat the reals as just any
mathematical objects satisfying our axioms, but otherwise arbitrary. Indeed,
our theory also applies to any other set of objects (numbers or not), provided
they satisfy our axioms with respect to a certain relation of order (<) and
certain operations (+) and (-), which may, but need not, be ordinary addition
and multiplication. Such sets exist indeed. We now give them a name.

Definition 1.

A field is any set F' of objects, with two operations (+) and () defined
in it in such a manner that they satisfy Axioms I-VI listed above (with
E! replaced by F, of course).

If F is also endowed with a relation < satisfying Axioms VII to IX, we
call F' an ordered field.

In this connection, postulates I to IX are called azioms of an (ordered) field.

By Definition 1, E! is an ordered field. Clearly, whatever follows from the
axioms must hold not only in E' but also in any other ordered field. Thus
we shall henceforth state our definitions and theorems in a more general way,
speaking of ordered fields in general instead of E' alone.

Definition 2.

An element z of an ordered field is said to be positive if z > 0 or negative
if x <0.

Here and below, “z > y” means the same as “y < x.” We also write
“x <y” for “o <y or x =y”; similarly for “x > y.”
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Definition 3.

For any elements x, y of a field, we define their difference
z—y=a+(-y).
If y # 0, we also define the quotient of x by y

X
- = wy_la
Y

also denoted by z/y.

Note 4. Division by 0 remains undefined.

Definition 4.

For any element z of an ordered field, we define its absolute value,
iz { T if x >0 and
x|l =
—z if x <O.
It follows that |x| > 0 always; for if x > 0, then
|z| =z > 0;

and if z < 0, then
|z| = —x > 0. (Why?)

Moreover,
—|az| <z < |z,
for,
if z > 0, then |z| = z;
and

if x < 0, then x < |z| since |z| > 0.
Thus, in all cases,
x < |z|.
Similarly one shows that

—lz| < .

As we have noted, all rules of arithmetic (dealing with the four arithmetic
operations and inequalities) can be deduced from Axioms I through IX and
thus apply to all ordered fields, along with E'. We shall not dwell on their
deduction, limiting ourselves to a few simple corollaries as examples.?

2 For more examples, see the author’s Basic Concepts of Mathematics, Chapter 2, §§3—4.
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Corollary 1 (rule of signs).
(i) a(=b) = (=a)b = —(ab);
(ii) (—a)(=b) = ab.
Proof. By Axiom VI,
a(—b) +ab=al(=b)+b=a-0=0.

Thus
a(—b) +ab = 0.

By definition, then, a(—b) is the additive inverse of ab, i.e.,
a(—b) = —(ab).

Similarly, we show that

(—a)b = —(ab)

and that

—(—a) = a.

Finally, (ii) is obtained from (i) when « is replaced by —a. O
Corollary 2. In an ordered field, a # 0 implies
a®> = (a-a) > 0.
(Hence 1 =12 > 0.)
Proof. If a > 0, we may multiply by a (Axiom IX(b)) to obtain

a-a>0-a=0,ie,a>0.

27

If a < 0, then —a > 0; so we may multiply the inequality a < 0 by —a and

obtain
a(—a) < 0(—a) = 0;

i.e., by Corollary 1,
—a? <0,

whence
a?>0. O

§85—6. Natural Numbers. Induction

The element 1 was introduced in Axiom IV(b). Since addition is also assumed

known, we can use it to define, step by step, the elements

2=1+1,3=2+1, 4=3+1, etc.
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If this process is continued indefinitely, we obtain what is called the set N of
all natural elements in the given field F. In particular, the natural elements of
E' are called natural numbers. Note that

(VneN) n+1eN.

* A more precise approach to natural elements is as follows.! A subset S of
a field F is said to be inductive iff

(i) 1 € S and
(i) (VzeS)z+1es.

Such subsets certainly exist; e.g., the entire field F' is inductive since
le Fand Vz e F)xz+1€F.

Define N as the intersection of all inductive sets in F'.

*Theorem 1. The set N so defined is inductive itself. In fact, it is the “small-
est” inductive subset of F' (i.e., contained in any other such subset).

Proof. We have to show that
(i) 1 € N, and
(ii) (Ve N)z+1€ N.

Now, by definition, the unity 1 is in each inductive set; hence it also belongs
to the intersection of such sets, i.e., to N. Thus 1 € N, as claimed.

Next, take any x € N. Then, by our definition of N, z is in each inductive
set S; thus, by property (ii) of such sets, also x + 1 is in each such S; hence
x + 1 is in the intersection of all inductive sets, i.e.,

r+1eN,

and so N is inductive, indeed.

Finally, by definition, N is the common part of all such sets and hence
contained in each. [J

For applications, Theorem 1 is usually expressed as follows.

Theorem 1’ (first induction law). A proposition P(n) involving a natural n
holds for all n € N in a field F if

(i) it holds for n =1, i.e., P(1) is true; and
(ii) whenever P(n) holds for n = m, it holds forn =m+1, i.e.,

P(m) = P(m+1).

L At a first reading, one may omit all “starred” passages and simply assume Theorems 1’
and 2’ below as additional axioms, without proof.
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*Proof. Let S be the set of all those n € N for which P(n) is true,
S={neN|Pn)}.

We have to show that actually each n € N isin S, i.e., N C S.

First, we show that S is inductive.

Indeed, by assumption (i), P(1) is true; so 1 € S.

Next, let € S. This means that P(z) is true. By assumption (ii), however,
this implies P(x + 1), i.e., z +1 € S. Thus

le Sand (Vz e S)z+1eS;

S is inductive.
Then, by Theorem 1 (second clause), N C S, and all is proved. O
This theorem is used to prove various properties of N “by induction.”

Examples.

(a) If m, n € N, then also m+n € N and mn € N.
To prove the first property, fix any m € N. Let P(n) mean

m+neN (neN).

Then

(i) P(1) is true, for as m € N, the definition of N yields m +1 € N,
ie., P(1).

(ii) P(k) = P(k+1) for k € N. Indeed,
Pk)=m+keN=(m+k)+1€N
=m+(k+1)e N= Pk+1).
Thus, by Theorem 1, P(n) holds for all n; i.e.,
(VneN) m+neN

for any m € N.
To prove the same for mn, we let P(n) mean

mneN (né€N)

and proceed similarly.

(b) Ifne N, thenn—1=0 orn—1¢€ N.
For an inductive proof, let P(n) mean

n—1=0orn—1€N (ne€N).

Then proceed as in (a).
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(¢) In an ordered field, all naturals are > 1.
Indeed, let P(n) mean that
n>1 (né€N).
Then
(i) P(1) holds since 1 = 1.
(ii) P(m)= P(m+1) for m € N, since
Pm)=m>1=(m+1)>1= P(m+1).

Thus Theorem 1’ yields the result.

(d) In an ordered field, m, n € N and m > n impliesm —n € N.
For an inductive proof, fix any m € N and let P(n) mean

m—-n<Q0Qorm—-n&eN (née€N).
Use (b).
(e) In an ordered field, m, n € N and m < n + 1 implies m < n.
For, by (d), m > n would imply m —n € N, hence m —n > 1, or
m > n+ 1, contrary to m < n + 1.
Our next theorem states the so-called well-ordering property of N.

Theorem 2 (well-ordering of N). In an ordered field, each nonvoid set A C N
has a least member (i.e., one that exceeds no other element of A).

Proof outline.2 Given () # A C N, let P(n) be the proposition “Any subset
of A containing elements < n has a least member” (n € N). Use Theorem 1’

and Example (e). O

This theorem yields a new form of the induction law.

Theorem 2’ (second induction law). A proposition P(n) holds for alln € N
in an ordered field if

(i') P(1) holds and

(ii") whenever P(n) holds for all naturals less than some m € N, then P(n)
also holds for n = m.

Proof. Assume (i’) and (ii’). Seeking a contradiction,® suppose there are some
n € N (call them “bad”) for which P(n) fails. Then these “bad” naturals form
a nonvoid subset of N, call it A.

2 For a more detailed proof, see Basic Concepts of Mathematics, Chapter 2, §5, Theorem 2.
3 We are using a “proof by contradiction” or “indirect proof.” Instead of proving our
assertion directly, we show that the opposite is impossible, being contradictory.
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By Theorem 2, A has a least member m. Thus m is the least natural for
which P(n) fails. It follows that all n less than m do satisfy P(n). But then,
by our assumption (ii’), P(n) also holds for n = m, which is impossible for, by
construction, m is “bad” (it is in A). This contradiction shows that there are
no “bad” naturals. Thus all is proved. [

Note 1. All the preceding arguments hold also if, in our definition of N
and all formulations, the unity 1 is replaced by 0 or by some k (£k € N).
Then, however, the conclusions must be changed to say that P(n) holds for all
integers n > k (instead of “n > 17). We then say that “induction starts with
k‘”

An analogous induction law also applies to definitions of concepts C(n).
A notion C(n) involving a natural n is regarded as defined for each n € N

(in BY) if

(i) it is defined for n =1 and

(ii) some rule is given that expresses C(n + 1) in terms of C(1), ..., C(n).
(Note 1 applies here, too.)

C(n) itself need not be a number; it may be of quite general nature.

We shall adopt this principle as a kind of logical axiom, without proof
(though it can be proved in a similar manner as Theorems 1’ and 2’). The un-
derlying intuitive idea is a “step-by-step” process—first, we define C'(1); then,
as C(1) is known, we may use it to define C'(2); next, once both are known,
we may use them to define C(3); and so on, ad infinitum. Definitions based
on that principle are called inductive or recursive. The following examples are
important.

Examples (continued).

(f) For any element x of a field, we define its nth power ™ and its n-multiple
nx by

(i) 2! =1z ==
(i) "t = 2"z (respectively, (n + 1)z = nx + ).
We may think of it as a step-by-step definition:

z! = z, z? = xlx, z3 = x2x, etc.
(g) For each natural number n, we define its factorial n! by

=1 (n+ ! =n(n+1);

e.g., 2!l =11(2) =2, 3! = 2!(3) = 6, etc. We also define 0! = 1.
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(h) The sum and product of n field elements 1, x3, ..., Z,, denoted by

n n
Zxk and H Tk
k=1 k=1
or
r1+xo+ -+ x, and x122 - - - ,, respectively,

are defined recursively.

Sums are defined by
1

(i) Z-Tk = x1;

k=1
n+1 n

(ii) ka = (Zxk) +Tpi1,n=1,2,....
k=1 k=1

$1+1§2+$3:(1§1+1§2)+1§3,

1+ X9 + 23+ x4 = (1 + T2 + x3) + 24, etc.

Products are defined by

1
(i) H T = X1;
k=1

n+1 n
(ii) H Ty = < xk) Ty

(i) Given any objects x1, za, ..., Tp, ..., the ordered n-tuple

(.’L’l, L2y oty xn)
is defined inductively by

(i) (z1) = z1 (i-e., the ordered “one-tuple” (x1) is x; itself) and

(i) (21, ®2y .y Tpy1) = ((x1, -+, Tpn), Tnt1), i.e., the ordered (n+1)-
tuple is a pair (y, x,41) in which the first term y is itself an ordered
n-tuple, (z1, ..., x,); for example,

(xla x2, CC3) = ((xla :EQ)a x3)7 etc.

Problems on Natural Numbers and Induction

1. Complete the missing details in Examples (a), (b), and (d).

2. Prove Theorem 2 in detail.
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3. Suppose zx < yi, k=1, 2, ..., in an ordered field. Prove by induction
on n that

(@) > @k < ) ks
k=1 k=1

(b) if all zy, yi are greater than zero, then
n n
H TR < H Yk -
k=1 k=1

4. Prove by induction that
(i) 1" =1;
(i) a<b=a"<b"ifa > 0.
Hence deduce that
(iii) 0<a™<1if0<a<1;
(iv) a™ < b™ = a < b if b > 0; proof by contradiction.

5. Prove the Bernoulli inequalities: For any element € of an ordered field,
(i) A+e)">1+neife > -1,
(ii) (1—e)">1—neife<lyn=1,23,....

6. For any field elements a, b and natural numbers m, n, prove that

(i) a™a” = am—i—n; (ii) (am)n — CLmn;
(iii) (ab)™ = a™d"™; (iv) (m+n)a=ma+ na;
(v) mn(ma)= (nm)-a; (vi) n(a+b) =na+ nbd.

[Hint: For problems involving two natural numbers, fix m and use induction on n].

7. Prove that in any field,
R b)Zakb"_k, n=123,....
k=0

Hence

(sum of n terms of a geometric series).

8. Define
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for integers 0 < k < n. Verify Pascal’s law,

<Zii> - <Z> ! (kzil)

Then prove inductively that

(i) (Z) € N;

(ii) For any field elements a and b,

(a+b)" = Z (Z) a*b" %, n e N (the binomial theorem).
k=0

9. Show by induction that in an ordered field F' any finite sequence
Z1, ..., T, has a largest and a least term (which need not be x; or
x,). Deduce that all of N is an infinite set, in any ordered field.

10. Prove in E! that
- 1
(i) ; k= on(n+1);

(i) Y k= %n(n +1)(2n + 1);
(i) » K= inz(n +1)%
k=1

(iv) Z E* = %n(n +1)(2n 4+ 1)(3n% + 3n — 1).
k=1

§7. Integers and Rationals

All natural elements of a field F', their additive inverses, and 0 are called the
integral elements of F, briefly integers.

An element z € F is said to be rational iff

x ==
q

for some integers p and q (¢ # 0); x is irrational iff it is not rational.
We denote by J the set of all integers, and by R the set of all rationals, in
F. Every integer p is also a rational since p can be written as p/q with ¢ = 1.

Thus
RD>JDN.
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In an ordered field,
N={zeJ|z>0}. (Why?)
Theorem 1. If a and b are integers (or rationals) in F, so are a +b and ab.

Proof. For integers, this follows from Examples (a) and (d) in §§5-6; one only
has to distinguish three cases:

(i) a, b€ N;
(ii) —a € N, b€ N,
(ili) a € N, —b € N.

The details are left to the reader (see Basic Concepts of Mathematics, Chap-
ter 2, §7, Theorem 1).

Now let a and b be rationals, say,

a="2 and b= i,
q S
where p, q, r, s € J and ¢, s # 0. Then, as is easily seen,
s+ qr
aj:b:p q andab:]ﬁ,
qs qs

where ¢gs # 0; and gs and pr are integers by the first part of the proof (since
p,q,r,sEJ).

Thus a + b and ab are fractions with integral numerators and denominators.
Hence, by definition, a b € R and ab € R. [

Theorem 2. In any field F, the set R of all rationals is a field itself, under
the operations defined in F', with the same neutral elements 0 and 1. Moreover,

R is an ordered field if F' is. (We call R the rational subfield of F.)

Proof. We have to check that R satisfies the field axioms.

The closure law I follows from Theorem 1.

Axioms II, ITI, and VI hold for rationals because they hold for all elements
of F'; similarly for Axioms VII to IX if F' is ordered.

Axiom IV holds in R because the neutral elements 0 and 1 belong to R;
indeed, they are integers, hence certainly rationals.

To verify Axiom V, we must show that —z and x~! belong to R if = does.
If, however,

b
ng (p,qEJ,q;éO),
then
-p
—Tr = —_—,
q

where again —p € J by the definition of J; thus —z € R.
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If, in addition, x # 0, then p # 0, and

T = P implies 71 =
q

. (Why?)

E=RES

Thus ' € R. O

Note. The representation
p
x = p (p, g€ J)

is not unique in general; in an ordered field, however, we can always choose
qg>0,ie, g€ N (take p<0if x <0).

Among all such ¢ there is a least one by Theorem 2 of §§5-6. If = = p/q,
with this minimal ¢ € N, we say that the rational x is given in lowest terms.

§88-9. Upper and Lower Bounds. Completeness Axiom

A subset A of an ordered field F' is said to be bounded below (or left bounded)
iff there is p € F' such that

VzeA) p<u
A is bounded above (or right bounded) iff there is ¢ € F such that
VezeAd) z<gq.

In this case, p and ¢ are called, respectively, a lower (or left) bound and an
upper (or right) bound, of A. If both exist, we simply say that A is bounded
(by p and q). The empty set ) is regarded as (“vacuously”) bounded by any p
and ¢ (cf. the end of Chapter 1, §3).

The bounds p and ¢ may, but need not, belong to A. If a left bound p
is itself in A, we call it the least element or minimum of A, denoted min A.
Similarly, if A contains an upper bound ¢, we write ¢ = max A and call ¢ the
largest element or mazimum of A. However, A may well have no minimum or
maximum.

Note 1. A finite set A # () always has a minimum and a maximum
(see Problem 9 of §§5-6).

Note 2. A set A can have at most one maximum and at most one minimum.
For if it had two maxima ¢, ¢’, then

q<q
(since ¢ € A and ¢’ is a right bound); similarly

¢ <g
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so ¢ = ¢’ after all. Uniqueness of min A is proved in the same manner.

Note 3. If A has one lower bound p, it has many (e.g., take any p’ < p).
Similarly, if A has one upper bound g, it has many (take any ¢’ > q).

Geometrically, on the real axis, all lower (upper) bounds lie to the left (right)
of A; see Figure 1.

/ A !/
p p q q
u v
FIGURE 1
Examples.
(1) Let
A={1, -2 7}

Then A is bounded above (e.g., by 7, 8,10, ...) and below (e.g., by
9,5, 12, ...).

We have min A = —2, max A = 7.

(2) The set N of all naturals is bounded below (e.g., by 1, 0, %, —1,...),
and 1 = min N; N has no maximum, for each q € N is exceeded by some
neN (eg,n=q+1).

(3) Given a, b € F (a <b), we define in F the open interval

(a, b) ={z | a <z < b};
the closed interval

[a, b ={x | a <z <b};
the half-open interval

(a, b ={z | a <z < b};
and the half-closed interval

la, b) ={x | a <z < b}.

Clearly, each of these intervals is bounded by the endpoints a and b;
moreover, a € [a, b] and a € [a, b) (the latter provided [a, b) # 0, i.e., a <
b), and a = min[a, b] = min[a, b); similarly, b = max[a, b] = max(a, b|.
But [a, b) has no maximum, (a, b] has no minimum, and (a, b) has neither.

(Why?)

Geometrically, it seems plausible that among all left and right bounds of A
(if any) there are some “ closest” to A, such as v and v in Figure 1, i.e., a least
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upper bound v and a greatest lower bound u. These are abbreviated
lub A and glb A
and are also called the supremum and infimum of A, respectively; briefly,
v =sup A4, u = inf A.

However, this assertion, though valid in E*, fails to materialize in many
other fields such as the field R of all rationals (cf. §§11-12). Even for E!, it
cannot be proved from Axioms I through IX.

On the other hand, this property is of utmost importance for mathematical
analysis; so we introduce it as an aziom (for E'), called the completeness
axiom. It is convenient first to give a general definition.

Definition 1.
An ordered field F is said to be complete iff every nonvoid right-bounded
subset A C F has a supremum (i.e., a lub) in F.
Note that we use the term “complete” only for ordered fields.

With this definition, we can give the tenth and final axiom for E!.

X (completeness axiom). The real field E' is complete in the above sense.
That is, each right-bounded set A C E' has a supremum (sup A) in E!,
provided A # ().

The corresponding assertion for infima can now be proved as a theorem.

Theorem 1. In a complete field F (such as E'), every nonvoid left-bounded
subset A C F has a infimum (i.e., a glb).

Proof. Let B be the (nonvoid) set of all lower bounds of A (such bounds exist
since A is left bounded). Then, clearly, no member of B exceeds any member
of A, and so B is right bounded by an element of A. Hence, by the assumed
completeness of F', B has a supremum in F', call it p.

We shall show that p is also the required infimum of A, thus completing the
proof.

Indeed, we have
(i) p is a lower bound of A. For, by definition, p is the least upper bound of
B. But, as shown above, each x € A is an upper bound of B. Thus
VzeA) p<ux.

(ii) p is the greatest lower bound of A. For p = sup B is not exceeded by any
member of B. But, by definition, B contains all lower bounds of A; so p
is not exceeded by any of them, i.e.,

p=glbA=infB. 0O
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Note 4. The lub and glb of A (if they exist) are unique. For inf A is,
by definition, the maximum of the set B of all lower bounds of A, and hence
unique, by Note 2; similarly for the uniqueness of sup A.

Note 5. Unlike min A and max A, the glb and lub of A need not belong to
A. For example, if A is the interval (a, b) in E' (a < b) then, as is easily seen,

a =inf A and b = sup A,

though a, b ¢ A. Thus sup A and inf A may exist, though max A and min A do
not.

On the other hand, if
g =max A (p = min A),
then also
g=supA (p=inf A). (Why?)

Theorem 2. In an ordered field F, we have ¢ =sup A (A C F) iff

(i) VzeA) z<qand

(ii) each field element p < q is exceeded by some x € A; i.e.,

(Vp<q) Bzl p<u.

Fquivalently,
(it') (Ve>0) (dze€A) q—e<z; (e€F).
Similarly, p = inf A iff
VzeA p<z and (Ve>0) (FxecA) p+e>uzx.

Proof. Condition (i) states that ¢ is an upper bound of A, while (ii) implies
that no smaller element p is such a bound (since it is exceeded by some z in
A). When combined, (i) and (ii) state that ¢ is the least upper bound.

Moreover, any element p < g can be written as ¢ — e (¢ > 0). Hence (ii) can
be rephrased as (ii’).
The proof for inf A is quite analogous. [

Corollary 1. Let b € F and A C F in an ordered field F. If each element
x of A satisfies x < b (x > b), so does sup A (inf A, respectively), provided it
exists i F.

In fact, the condition
VzeA) z<b

means that b is a right bound of A. However, sup A is the least right bound,
so sup A < b; similarly for inf A.
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Corollary 2. In any ordered field, ) # A C B implies
sup A < sup B and inf A > inf B,

as well as
inf A <supA,

provided the suprema and infima involved exist.

Proof. Let p = inf B and ¢ = sup B.
As q is a right bound of B,

x < q for all x € B.
But A C B, so B contains all elements of A. Thus
reA=zrzeB=z<g

so, by Corollary 1, also
sup A < g =sup B,

as claimed.
Similarly, one gets inf A > inf B.
Finally, if A # 0, we can fix some z € A. Then

inf A<z <supA,

and all is proved. [

Problems on Upper and Lower Bounds

. Fields

1. Complete the proofs of Theorem 2 and Corollaries 1 and 2 for infima.

Prove the last clause of Note 4.

2. Prove that F' is complete iff each nonvoid left-bounded set in F' has an

infimum.

3. Prove that if Ay, Ao, ..., A, are right bounded (left bounded) in F, so

is .
U A
k=1
4. Prove that if A = (a, b) is an open interval (a < b), then
a = inf A and b = sup A.

5. In an ordered field F, let ) # A C F. Let ¢ € F and let cA denote the

set of all products cz (z € A); i.e.,
cA={cx|x € A}
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Prove that
(i) if ¢ > 0, then
sup(cA) = c¢-sup A and inf(cA) = ¢ - inf A4;
(ii) if ¢ < 0, then
sup(cA) = c-inf A and inf(cA) = ¢ - sup A.
In both cases, assume that the right-side sup A (respectively, inf A) ex-
ists.

6. From Problem 5(ii) with ¢ = —1, obtain a new proof of Theorem 1.
[Hint: If A is left bounded, show that (—1)A is right bounded and use its supremum.]

7. Let A and B be subsets of an ordered field F. Assuming that the
required lub and glb exist in F', prove that

(i) if Vxz € A) Vy € B) x <y, then sup A < inf B;
(i) if (Vz € A) (Jy € B) x <y, then sup A < sup B;
(iii) if (Vy € B) (3 € A) = <y, then inf A < inf B.
[Hint for (i): By Corollary 1, (Yy € B) sup A <y, so sup A < inf B. (Why?)]

8. For any two subsets A and B of an ordered field F', let A + B denote
the set of all sums « +y with z € A and y € B; i.e.,

A+B={z+y|lxec A, yec B}.
Prove that if sup A = p and sup B = ¢ exist in F', then
p+q=sup(A+ B);

similarly for infima.
[Hint for sup: By Theorem 2, we must show that

(i) Vze A) (Vy € B) z+y < p—+ q (which is easy) and
(ii') (Ve>0) 3z A FyeB)z+y>(p+q) —e¢
Fix any € > 0. By Theorem 2,
(Fze A (JyeB) p—%<xandq—g<y. (Why?)
Then . .
w+y>(p—§)+(q—5)=(p+®—s,

as required.]

9. In Problem 8 let A and B consist of positive elements only, and let
AB ={zy |z € A, y € B}.
Prove that if sup A = p and sup B = ¢ exist in F', then
pq = sup(AB);
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similarly for infima.
[Hint: Use again Theorem 2(ii’). For sup(AB), take

0 <e < (p+ q)min{p, ¢}

and

dy> c
an ’y q——
p+q’

> g
z p
p q

show that
2

£
Ty >pg—e+ ——n >
(p+4q)?

prq — €.

For inf(AB), let s = inf B and r = inf A; choose d < 1, with

3

0<d< ——.
14+7r+s

Now take z € A and y € B with
z<r+dandy<s-+d,

and show that
rxy <rs+e.

Explain!]

Prove that
(i) if (Ve >0) a > b— ¢, then a > b;
(i) if (Ve >0) a <b+e¢, then a <b.

Prove the principle of nested intervals: If [a,,, b,] are closed intervals in
a complete ordered field F', with

[an, bn] 2 [a'nJrl, bn+1], n = 17 2, ey

then
() [an, ba] # 0.
n=1
[Hint: Let
A={a1,a2,...,an, ... }.

Show that A is bounded above by each by, .
Let p = sup A. (Does it exist?)
Show that
(Vn) an <p< by,

i.e.,

P € [an, bn].]



888—9. Upper and Lower Bounds. Completeness Axiom 43

12. Prove that each bounded set A # ) in a complete field F' is contained
in a smallest closed interval [a, b] (so [a, b] is contained in any other
[c, d] D A).
Show that this fails if “closed” is replaced by “open.”
[Hint: Take a = inf A, b = sup A].

13. Prove that if A consists of positive elements only, then g = sup A iff
(i) (Vx € A) z <qand
(ii)) (Vd>1) (Fz€A)q/d<x.
[Hint: Use Theorem 2.]

§10. Some Consequences of the Completeness Axiom

The ancient Greek geometer and scientist Archimedes was first to observe that
even a large distance y can be measured by a small yardstick x; one only has
to mark z off sufficiently many times. Mathematically, this means that, given
any x > 0 and any y, there is an n € N such that nz > y. This fact, known as
the Archimedean property, holds not only in E! but also in many other ordered
fields. Such fields are called Archimedean. In particular, we have the following
theorem.

Theorem 1. Any complete field F (e.g., E') is Archimedean.

That is, given any z, y € F (x > 0) in such a field, there is a naturaln € F
such that nx > y.

Proof by contradiction. Suppose this fails. Thus, given y, x € F' (z > 0),
assume that there is no n € N with nz > y.

Then
(VneN) nx<y;

i.e., y is an upper bound of the set of all products nx (n € N). Let
A={nx|ne N}

Clearly, A is bounded above (by y) and A # 0; so, by the assumed com-
pleteness of F', A has a supremum, say, ¢ = sup A.

As g is an upper bound, we have (by the definition of A) that na < ¢ for all
n € N, hence also (n+ 1)z < g; i.e.,

ne<qg—=zx

for allmn € N (sincen € N =n+1¢€ N).

! However, there also are incomplete Archimedean fields (see Note 2 in §§11-12).
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Thus ¢ — = (which is less than ¢ for > 0) is another upper bound of all nz,
i.e., of the set A.

This is impossible, however, since ¢ = sup A is the least upper bound of A.
This contradiction completes the proof. [J

Corollary 1. In any Archimedean (hence also in any complete) field F, the
set N of all natural elements has no upper bounds, and the set J of all integers
has neither upper nor lower bounds. Thus

VyeF)(dm,neN) —m<y<n.

Proof. Given any y € F, one can use the Archimedean property (with z = 1)
to find an n € N such that

n-1>y,ie,n>y.
Similarly, there is an m € N such that
m > —y, e, —m <y.

This proves our last assertion and shows that no y € F' can be a right bound
of N (for y <n € N), or a left bound of J (for y > —m € J). O

Theorem 2. In any Archimedean (hence also in any complete) field F', each
left (right) bounded set A of integers (0 # A C J) has a minimum (mazimum,
respectively).
Proof. Suppose ) # A C J, and A has a lower bound y.

Then Corollary 1 (last part) yields a natural m, with —m < y, so that

VzeA) —m<uz,

and so x +m > 0.

Thus, by adding m to each x € A, we obtain a set (call it A+m) of naturals.?

Now, by Theorem 2 of §§5-6, A + m has a minimum; call it p. As p is the
least of all sums x +m, p—m is the least of all z € A; so p—m = min A exists,
as claimed.

Next, let A have a right bound z. Then look at the set of all additive inverses
—x of points x € A; call it B.

Clearly, B is left bounded (by —z), so it has a minimum, say, © = min B.
Then —u = max A. (Verify!) O

In particular, given any x € F (F Archimedean), let [x] denote the great-
est integer < x (called the integral part of z). We thus obtain the following
corollary.

2 This is the main point—geometrically, we have “shifted” A to the right by m, so that
its elements became positive integers: A+ m C N.
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Corollary 2. Any element x of an Archimedean field F' has an integral part
[x]. It is the unique integer n such that

n<zx<n-+1.

(It exists, by Theorem 2.)
Any ordered field has the so-called density property:
If a <bin F, there is x € F such that a < x < b; e.g., take
a+b

T = .
2

We shall now show that, in Archimedean fields, x can be chosen rational,

even if a and b are not. We refer to this as the density of rationals in an
Archimedean field.

Theorem 3 (density of rationals). Between any elements a and b (a < b) of
an Archimedean field F (such as E'), there is a rational r € F with

a<r<hb.

Proof. Let p = [a] (the integral part of a). The idea of the proof is to start
with p and to mark off a small “yardstick”

1
—<b—-a
n

several (m) times, until
D+ ™ Jands inside (a, b);
n

then 7 = p + * is the desired rational.

We now make it precise. As F is Archimedean, there are m, n € N such
that

n(b—a)>1andm(%) >a—p.

We fix the least such m (it exists, by Theorem 2 in §§5-6). Then

m—1

m
a—p<g, but <a-—p

(by the minimality of m). Hence
m 1
a<p+—<a+-—<a+(b—a),
n n

since % < b — a. Setting

r=p-+

m
R
n
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we find
a<r<a+b—a=0b 0O

Note. Having found one rational rq,
a<ry<b,
we can apply Theorem 3 to find another r; € R,
re <ro <b,
then a third r3 € R,
ro < r3 <b,

and so on. Continuing this process indefinitely, we obtain infinitely many
rationals in (a, b).

§811-12. Powers With Arbitrary Real Exponents. Irrationals

In complete fields, one can define a” for any a > 0 and r € E! (for r € N, see
§85—6, Example (f)). First of all, we have the following theorem.

Theorem 1. Given a > 0 in a complete field F, and a natural number n € E',
there always is a unique element p € F', p > 0, such that

n

p" = a.
It is called the nth root of a, denoted

a or a'/".
(Note that {/a > 0, by definition.)

A direct proof, from the completeness axiom, is sketched in Problems 1 and
2 below. We shall give a simpler proof in Chapter 4, §9, Example (a). At
present, we omit it and temporarily take Theorem 1 for granted. Hence we
obtain the following result.

Theorem 2. Every complete field F' (such as E') has irrational elements,
i.e., elements that are not rational.

In particular, /2 is irrational .t

Proof. By Theorem 1, F' has the element
p =2 with p? = 2.

L As usual, we write v/a for ¥a.
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Seeking a contradiction, suppose v/2 is rational, i.e.,

Va="

n

for some m, n € N in lowest terms (see §7, final note).
Then m and n are not both even (otherwise, reduction by 2 would yield a
smaller n). From m/n = /2, we obtain

so m? is even.

2

Only even elements have even squares, however.® Thus m itself must be

even; i.e., m = 2r for some r € N. It follows that

4r? =m? = 2n2, ie., 212 = n?

and, by the same argument, n must be even.

This contradicts the fact that m and n are not both even, and this contra-
diction shows that v/2 must be irrational. [

Note 1. Similarly, one can prove the irrationality of \/a where a € N and
a is not the square of a natural. See Problem 3 below for a hint.

Note 2. Theorem 2 shows that the field R of all rationals is not com-
plete (for it contains no irrationals), even though it is Archimedean (see Prob-

lem 6). Thus the Archimedean property does not imply completeness (but see
Theorem 1 of §10).

Next, we define a” for any rational number r > 0.

Definition 1.

Given a > 0 in a complete field F', and a rational number

r=— (m,neNCE"),
n

we define

Here we must clarify two facts.
(1) If n =1, we have

a"=a™' = Vam =a™,
2 For if m is odd, then m = 2q — 1 for some ¢ € N, and hence
m? = (2¢—1)°> =4¢° —4g+ 1 =4q(q— 1) +1

is an odd number.
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If m=1, we get

Thus Definition 1 agrees with our previous definitions of o™ and {/a
(m, n e N).

If r is written as a fraction in two different ways,

then, as is easily seen,
va™ = vaP =a",

and so our definition is unambiguous (independent of the particular rep-
resentation of ).

Indeed,

m
m_P implies mq = np,
n q

whence
a™d — apn’
ie.,
(@)1 = (a")"s
cf. §85—6, Problem 6.
By definition, however,
(Yam)" = a™ and (VaP)? = aP.

Substituting this in (a™)? = (aP)™, we get

(
(Vam)" = (Var)",
whence

vam™ = vaP.

Thus Definition 1 is valid, indeed.

By using the results of Problems 4 and 6 of §§5-6, the reader will easily
obtain analogous formulas for powers with positive rational exponents, namely,

a"a® =a""%; (a")® =a"%; (ab)" =a"b"; a" <a®if 0<a<1landr > s;

a<biff a” <b" (a,b,7>0); a" >a’ifa>1landr >s; 1" =

Henceforth we assume these formulas known, for rational r, s > 0.

Next, we define a” for any real r > 0 and any element a > 1 in a complete
field F.
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Let A, denote the set of all members of F' of the form a®, with x € R and
O0<zxz<r;ie.,
Ay ={a” | 0 <z <r, z rational}.

By the density of rationals in E* (Theorem 3 of §10), such rationals z do exist;
thus A, # 0.

Moreover, A, is Tight bounded in F. Indeed, fix any rational number y > r.
By the formulas in (1), we have, for any positive rational < r,

@V = a® W) = g%V > ¢®
since ¢ > 1 and y — = > 0 implies
a’7* > 1.

Thus a¥ is an upper bound of all a® in Agr.
Hence, by the assumed completeness of F', sup A,, exists. So we may define

a” = sup Ag,.2

We also put

If 0 < a <1 (so that - > 1), we put
1\—7 1
a" = (—) and a” " = —,
a a”

where .
(_) = Sup Al/a,ra
a

as above.
Summing up, we have the following definitions.

Definition 2.
Given a > 0 in a complete field F', and r» € E', we define the following.
(i) If r > 0 and a > 1, then

a” =sup Agr =sup{a® | 0 <z <r, z rational}.
(ii) If r >0 and 0 < a < 1, then a" = W, also written (1/a)~".
(iii) a=" = 1/a". (This defines powers with negative exponents as well.)
3 Note that, if r is a positive rational itself, then a” is the largest a® with = < r (where a”

and a® are as in Definition 1); thus a” = max A, = sup Agr, and so our present definition
agrees with Definition 1. This excludes ambiguities.
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We also define 0" = 0 for any real » > 0, and a” = 1 for any a € F, a # 0;
0° remains undefined.

The power a” is also defined if @ < 0 and r is a rational 7' with n odd
because a” = {/a™ has sense in this case. (Why?) This does not work for
other values of r. Therefore, in general, we assume a > 0.

Again, it is easy to show that the formulas in (1) remain also valid for powers
with real exponents (see Problems 8-13 below), provided F' is complete.

Problems on Roots, Powers, and Irrationals

The problems marked by = are theoretically important. Study them!

1. Let n € N in E'; let p > 0 and a > 0 be elements of an ordered field F.
Prove that

(i) if p" > a, then (3z € F)p >z >0and 2" > q;
(ii) if p™ < a, then (3 z € F) x > p and z" < a.

[Hint: For (i), put
r=p-—d, with 0 <d < p.

Use the Bernoulli inequality (Problem 5(ii) in §§5-6) to find d such that
mn:(p_d)n>aa
i.e.,
d\n a
(1-%)"> =
p p"
Solving for d, show that this holds if

no__
0<d<? — (11 < p. (Why does such a d exist?)
np™—
For (ii), if p™ < a, then
1 1
" a

Use (i) with a and p replaced by 1/a and 1/p.]
2. Prove Theorem 1 assuming that
(i) a > 1,
(ii) 0 < a <1 (the cases a =0 and a = 1 are trivial).

[Hints: (i) Let
A={zeFlz>1, 2" > a}.
Show that A is bounded below (by 1) and A # 0 (e.g., a + 1 € A—why?).
By completeness, put p = inf A.
Then show that p™ = a (i.e., p is the required ¥/a).
Indeed, if p™ > a, then Problem 1 would yield an « € A with

z < p=inf A. (Contradiction!)
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=5.

Similarly, use Problem 1 to exclude p™ < a.
To prove uniqueness, use Problem 4(ii) of §§5-6.

Case (ii) reduces to (i) by considering 1/a instead of a.]

Prove Note 1.

[Hint: Suppose first that a is not divisible by any square of a prime, i.e.,

a =pip2 - Pm,

where the py are distinct primes. (We assume it known that each a € N is the
product of [possibly repeating]| primes.) Then proceed as in the proof of Theorem 2,
replacing “even” by “divisible by pg.”

The general case, a = p2b, reduces to the previous case since va= p\/g]

Prove that if r is rational and ¢ is not, then r & ¢ is irrational; so also
are rq, q/r, and r/q if r # 0.

[Hint: Assume the opposite and find a contradiction.]

Prove the density of irrationals in a complete field F': Ifa < b (a, b € F),
there is an irrational x € F' with

a<zr<b

(hence infinitely many such irrationals z). See also Chapter 1, §9,

Problem 4.
[Hint: By Theorem 3 of §10,

(3r€R) aV2<r <bV2, 7 #0. (Why?)
Put = = 7/+/2; see Problem 4].

Prove that the rational subfield R of any ordered field is Archimedean.
[Hint: If

x=—andy== (k, m,p, ¢ € N),
m

then nx >y for n = mp + 1].

Verify the formulas in (1) for powers with positive rational exponents
r, S.

Prove that

(i) a"™* = a"a® and

(ii) a"=* =a"/a® forr, s € E* and a € F (a > 0).
[Hints: For (i), if r, s > 0 and a > 1, use Problem 9 in §§8-9 to get

a"a® = sup Aqr sup Ags = sup(AarAas).

4 In Problems 8-13, F' is assumed complete. In a later chapter, we shall prove the formulas
in (1) more simply. Thus the reader may as well omit their present verification. The problems
are, however, useful as exercises.
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Verify that
AarAas:{axay|$,y€R, 0<z<r, 0<y§s}
={a®|2z€R, 0<z<r+s}=Aq rts-

Hence deduce that

a"a® = sup(Aq, rts) = a"t*

by Definition 2.
For (ii), if » > s > 0 and a > 1, then by (i),

SO

For the cases ¥ < 0 or s < 0, or 0 < a < 1, use the above results and Defini-
tion 2(ii)(iii).]

From Definition 2 prove that if » > 0 (r € E'), then
a>1<=a" >1

fora € F (a > 0).
Prove for r, s € E! that

(i) r<sea <a®ifa>1;

i) r<sed >a®if0<a<l.
[Hints: (i) By Problems 8 and 9,

as = ar+(s—r) —a"a* " >a”

since a®*”" >1ifa>1and s—r > 0.
(ii) For the case 0 < a < 1, use Definition 2(ii).]
Prove that

(a-b)" =a"b" and (%)T _ e

for r € E' and positive a, b € F.
[Hint: Proceed as in Problem 8.]

Given a, b > 0 in F and r € E', prove that
(i) a>bsa” >b"if r >0, and
(i) a>bea" <bifr <O.

(Hint:

a a\T
a>b<:>g>1<:>(g> >1

if r > 0 by Problems 9 and 11].
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13. Prove that
(aT)S — a’l”S

forr, s € E' and a € F (a > 0).
[Hint: First let 7, s > 0 and a > 1. To show that
(a")® =a" =sup Aqg,rs =sup{a® | z,y € R, 0 < a2y < rs},

use Problem 13 in §§8-9. Thus prove that

(i) (Vz,y€ R|0<ay <rs)a” < (a")®, which is easy, and

(ii) Vd>1)(Fz,yec R|0<ay <rs) (a")® < da™.
Fix any d > 1 and put b = a". Then

(a™)® =b° =sup Aps =sup{b? |y € R, 0 <y < s}.
Hence there is some y € R, 0 < y < s such that
(a")* < dZ(a")¥. (Why?)
Fix that y. Now
a” =supAgr =sup{a® |z € R, 0 <<}

SO

1
FzeR|0<z<r) a" <d2va®. (Why?)

Combining all and using the formulas in (1) for rationals z, y, obtain
1
(a")® < dz (a")¥ < dz (d2va®)Y = da™,

thus proving (ii)].

§13. The Infinities. Upper and Lower Limits of Sequences

I. The Infinities. As we have seen, a set A # () in E' has a lub (glb) if A
is bounded above (respectively, below), but not otherwise.

In order to avoid this inconvenient restriction, we now add to E' two new
objects of arbitrary nature, and call them “minus infinity” (—oo) and “plus
infinity” (4+00), with the convention that —oco < 400 and —oo < z < 400 for
all z € B

It is readily seen that with this convention, the laws of transitivity and
trichotomy (Axioms VII and VIII) remain valid.

The set consisting of all reals and the two infinities is called the extended
real number system. We denote it by E* and call its elements extended real
numbers. The ordinary reals are also called finite numbers, while 0o are the
only two infinite elements of E*. (Caution: They are not real numbers.)

At this stage we do not define any operations involving 4+o0o. (This will
be done later.) However, the notions of upper and lower bound, maximum,
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minimum, supremum, and infimum are defined in E* exactly as in E'. In
particular,

—oo0 =min F* and + co = max E*.

Thus in E* all sets are bounded.

It follows that in E* every set A # 0 has a lub and a glb. For if A has none
in B!, it still has the upper bound 400 in E*, which in this case is the unique
(hence also the least) upper bound; thus sup A = +oco.! Similarly, inf A = —c0
if there is no other lower bound.? As is readily seen, all properties of lub and glb
stated in §88-9 remain valid in E* (with the same proof). The only exception
is Theorem 2(ii’) in the case ¢ = +oo (respectively, p = —o0) since 400 — ¢
and —oo + € make no sense. Part (ii) of Theorem 2 is valid.

We can now define intervals in E* exactly as in E (§§8-9, Example (3)),

allowing also infinite values of a, b, x. For example,
(—0,a)={r € E* | ~co<z<a}={recE'|r<al;
(a, —|—oo) {zx e E'|a<z}
(—00, +00) ={x € E* | —00 < & < +o0} = E;
[—o0, +o0] ={z € E" | —o0 <z < +o0}; etc.

Intervals with finite endpoints are said to be finite; all other intervals are called
infinite. The infinite intervals

(=00, a), (—o0, a], (a, +00), [a, +o0), a € E*,

are actually subsets of E', as is (—oo, +00). Thus we shall speak of infinite
intervals in E* as well.

II. Upper and Lower Limits.? In Chapter 1, §§1-3 we already mentioned
that a real number p is called the limit of a sequence {z,,} C E* (p = limz,,)
iff

Ve>0) (k) (Vn>k) |z, —p|/<e ie,p—e<z,<p+e, (1)

where e € E!' and n, k € N.
This may be stated as follows:

For sufficiently large n (n > k), x,, becomes and stays as close to p as we
like (“e-close”).

I This is true unless A consists of —co alone, in which case sup A = —oco.
21t is also customary to define sup® = —oco and inf ) = +0o. This is the only case where
sup A < inf A.

3 This topic may be deferred until Chapter 3, §14. It presupposes Chapter 1, §8.
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We also define (in E' and E*)

li_>m T, = +00 <= (Va € E*) (3 k) (Vn>k) =z, >aand (2)
lim 2, = —00 <= (Vb € EY (3 k) (Yn>k) x,<b. (3)

Note that (2) and (3) make sense in E', too, since the symbols oo do not
occur on the right side of the formulas. Formula (2) means that z, becomes
arbitrarily large (larger than any a € E' given in advance) for sufficiently large
n (n > k). The interpretation of (3) is analogous. A more general and unified
approach will now be developed for E* (allowing infinite terms x,, t00).

Let {z,} be any sequence in E*. For each n, let A, be the set of all terms
from x,, onward, i.e.,

{Zn, Tpy1, ..}
For example,
Ay ={xy, o, ...}, Ay ={xo, x3, ...}, etc.
The A,, form a contracting sequence (see Chapter 1, §8) since
A1 DA D
Now, for each n, let
pn, = inf A,, and ¢, = sup 4,,
also denoted
Pn = égixk and ¢, = 21;17)1 Ti-

(These infima and suprema always exist in E*, as noted above.) Since A, D
Any1, Corollary 2 of §§8-9 yields

inf A, <infA, 1 <supA,;1 <supA,.
Thus
<P <P <P < <1 < < <2 < o, (4)
and so {p,}1, while {g,}| in E*. We also see that each g, is an upper bound
of all p,, and hence
Gm > supp, (= lub of all p,).
This, in turn, shows that this sup (call it L) is a lower bound of all q,,, and so

L < inf qy,.
m

We put B
inf g,, = L.
m
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Definition 1.
For each sequence {z,} C E*, we define its upper limit L and its lower

limit L, denoted
L =limz, = limsupz, and L = lim x,, = liminf z,,,

n—00 n—00
as follows.
We put (Vn)
¢n = sup xx and p, = inf xj,
k>n k>n
as before. Then we set
L =limz, = inf g, and L = limz,, = sup p,, all in E*. (4)
n n

Here and below, inf,, g, is the inf of all ¢,,, and sup,, p,, is the sup of all p,,.

Corollary 1. For any sequence in E*,

infx, <limz, < lim z,, < sup z,.
n

For, as we noted above,
L =supp, <infq,, = L.
n m
Also, B
L >p, =inf A,, > inf Ay = inf z,, and
n
L < g, =supA, <supA; =supz,,

with A,, as above.

Examples.
(a) Let
1
Ty = —.
n
Here
B {1 1 1 }_1 1 1
g1 = sup 727"'7n>"' - 7q2_2> qn_n
Hence
- . . 1 1
L:qun:mf{l, —,...,—,...}:O,
n 2 n

as easily follows by Theorem 2 in §§8-9 and the Archimedean property.
(Verify!) Also,

1
pr=jnf 2 =0, p>=

=0 —nf L =0
oo Po=nf 2 =0,
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Since all p,, are 0, so is L = sup,, p,. Thus here L = L = 0.
(b) Consider the sequence

1 1
1, -1,2, ——, ...,n, ——, ....
2 n
Here
1 1
p1 = —1 = po, P3= =5 =P4 -5 Pan1 = —— = Pon:
n
Thus
1 1
lim x,, = supp, = sup{—l, —— e, =, } = 0.
— n 2 n

On the other hand, ¢, = +oo for all n. (Why?) Thus

lim z,, = inf ¢, = +00.
n

Theorem 1.

(i) If x,, > b for infinitely many n, then
limz, >b as well.
(i) If x, < a for all but finitely many n,* then
limz, <a as well.

Similarly for lower limits (with all inequalities reversed).

Proof.
(i) If 2, > b for infinitely many n, then such n must occur in each set
A =A{Tm, Tmy1, .-}
Hence
(Ym)  qm =sup Ap, > b;
so L = inf ¢,,, > b, by Corollary 1 of §§8-9.

(ii) If x,, < a except finitely many n, let ng be the last of these “exceptional”
values of n.

Then for n > ng, =, < a, i.e., the set
An = {mn, Tnti, -- }
41In other words, for all except (at most) a finite number of terms x,. This is stronger

than just “infinitely many n” (allowing infinitely many exceptions as well). Caution: Avoid
confusing “all but finitely many” with just “infinitely many.”
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is bounded above by a; so
qn =sup A, < a.

Hence certainly L = infq, <a. O
n

Corollary 2.

(i) If imx, > a, then x,, > a for infinitely many n.

(ii) If imx, < b, then x,, < b for all but finitely many n.
Similarly for lower limits (with all inequalities reversed).

Proof. Assume the opposite and find a contradiction to Theorem 1. [

To unify our definitions, we now introduce some useful notions.

By a neighborhood of p, briefly G,,°we mean, for p € E', any interval of the
form

(p—e,p+e), e>0.
If p = +oo (respectively, p = —00), G, is an infinite interval of the form
(a, +00] (respectively, [—oo, b)), with a, b € E.

We can now combine formulas (1)—(3) into one equivalent definition.

Definition 2.

An element p € E* (finite or not) is called the limit of a sequence {z,} in
E* iff each G, (no matter how small it is) contains all but finitely many
Zn, i.e. all z,, from some z; onward. In symbols,

(VGP) (Fk) (Yn>k) z,¢€ Gp. (5)
We shall use the notation

p=limz, or lim xz,.
n—oo

Indeed, if p € E*, then z, € G, means
p—e<zyp <p-te,
as in (1). If, however, p = +o00, it means
x, > a (respectively, x,, < b),

as in (2) and (3).

5 This terminology and notation anticipates some more general ideas in Chapter 3, §11.



§13. The Infinities. Upper and Lower Limits of Sequences 59

Theorem 2. We have ¢ = limz,, in E* iff

(") each neighborhood G, contains x,, for infinitely many n, and

(ii"”) if ¢ < b, then x,, > b for at most finitely many n.b

Proof. If ¢ = lim z,,, Corollary 2 yields (ii’).
It also shows that any interval (a, b), with a < ¢ < b, contains infinitely
many x, (for there are infinitely many x,, > a, and only finitely many z,, > b,

by (i)

Now if g € E*,

Gy=(g—2 q+¢)

is such an interval, so we obtain (i’). The cases ¢ = ‘oo are analogous; we
leave them to the reader.

Conversely, assume (i) and (ii’).

Seeking a contradiction, let ¢ < L; say,

g<b<limz,.

Then Corollary 2(i) yields z,, > b for infinitely many n, contrary to our as-
sumption (ii’).

Similarly, ¢ > limx,, would contradict (i').

Thus necessarily ¢ = limz,,. O

Theorem 3. We have q = limz,, in E* iff

limz,, = limz, = q.

Proof. Suppose
limz, = limz, = q.
If ¢ € F', then every G, is an interval (a, b), a < ¢ < b; therefore, Corol-
lary 2(ii) and its analogue for lim z,, imply (with ¢ treated as both lim z,, and
lim x,,) that
a <z, <b for all but finitely many n.

Thus by Definition 2, ¢ = lim z,,, as claimed.

Conversely, if so, then any G4 (no matter how small) contains all but finitely
many x,. Hence so does any interval (a, b) with a < g < b, for it contains some
small G.

Now, exactly as in the proof of Theorem 2, one excludes
g # limz, and ¢ # limx,,.

This settles the case ¢ € E'. The cases ¢ = +00 are quite analogous. [

6 A similar theorem (with all inequalities reversed) holds for lim x,.
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Problems on Upper and Lower Limits of Sequences in E*

1. Complete the missing details in the proofs of Theorems 2 and 3, Corol-
lary 1, and Examples (a) and (b).

2. State and prove the analogues of Theorems 1 and 2 and Corollary 2 for
lim z;,.

3. Find lim z,, and lim z,, if

(a) z, = ¢ (constant);

(d) z, = (—1)"n —n.
Does lim z,, exist in each case?

=4. A sequence {z,} is said to cluster at ¢ € E*, and q is called its cluster
point, iff each G, contains z,, for infinitely many values of n.

Show that both L and L are cluster points (L the least and L the
largest).
[Hint: Use Theorem 2 and its analogue for L.

To show that no p < L (or ¢ > L) is a cluster point, assume the opposite and
find a contradiction to Corollary 2.]

=5. Prove that
(i) lim(—z,) = — lim z,, and
(ii) lim(az,) =a-limz, if 0 < a < +oo.
6. Prove that L
limz, < +oo (limz, > —o0)
iff {x,,} is bounded above (below) in E*.
7. Prove that if {z,} and {y,} are bounded in E', then
lim z,, + limy,, > lim(x,, + y,) > limz,, + limy,
> lim(zy + yn) = lim z, + lim yy,.

=8. Prove that if p = limz,, in E', then
im(zy, 4 yp) = p + Lim yy;
similarly for L.

=9. Prove that if {z,} is monotone, then lim z,, exists in E*. Specifically,
if {z,}7, then

lim x,, = sup z,,
n
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and if {z,}], then

lim x,, = inf z,,.
=-10. Prove that
(i) if imz,, = 400 and (Vn) x, < y,, then also limy, = +o0, and
(ii) if limz, = —oco and (Vn) y, < x,, then also limy,, = —oc.
11. Prove that if z,, <y, for all n, then

lim z,, < limy,, and lim,, < limy,.

61






Chapter 3
Vector Spaces. Metric Spaces

§81-3. The Euclidean n-Space, E™

By definition, the Fuclidean n-space E™ is the set of all possible ordered n-
tuples of real numbers, i.e., the Cartesian product

E' x E' x ... x E' (n times).
In particular, E? = E' x E' = {(z, y) | z, y € E'},
E’=E'xE'xE'={(z,y,2) |z, y,z€ E'},

and so on. E! itself is a special case of E™ (n = 1).

In a familiar way, pairs (x, y) can be plotted as points of the zy-plane, or
as “vectors” (directed line segments) joining (0, 0) to such points. Therefore,
the pairs (z, y) themselves are called points or vectors in E?; similarly for E3.

In E™ (n > 3), there is no actual geometric representation, but it is con-
venient to use geometric language in this case, too. Thus any ordered n-tuple
(1, 2, ..., x,) of real numbers will also be called a point or vector in E™, and
the single numbers =1, zs, ..., x, are called its coordinates or components. A
point in E™ is often denoted by a single letter (preferably with a bar or an
arrow above it), and then its n components are denoted by the same letter,
with subscripts (but without the bar or arrow). For example,

T=(x1,...,2Tp), U= (uy, ..., up), etc;

T = (0, —1, 2, 4) is a point (vector) in E* with coordinates 0, —1, 2, and 4
(in this order). The formula Z € E™ means that £ = (21, ..., x,) is a point
(vector) in E™. Since such “points” are ordered m-tuples, Z and y are equal
(z = y) iff the corresponding coordinates are the same, i.e., x1 = y1, T2 = Yo,
.+, Tp, = Yn (see Problem 1 below).
The point whose coordinates are all 0 is called the zero-vector or the origin,
denoted 0 or 0. The vector whose kth component is 1, and the other components
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are 0, is called the kth basic unit vector, denoted €;. There are exactly n such
vectors,

€1=1(1,0,0,...,0), e&2=(0,1,0,...,0), ..., €, =(0,...,0,1).

In E3, we often write 4, j, and k for €, €, €3, and (z, y, 2) for (z1, 2, 3).
Similarly in E2. Single real numbers are called scalars (as opposed to vectors).

Definitions.

Given z = (1, ..., z,) and ¥ = (y1, ..., Yn) in E™, we define the fol-
lowing.

1. The sum of Z and 7,
T+7=(x1+y, T2 +yo, ..., Tn +yn) (hence z+0=2).}
2. The dot product, or inner product, of  and v,
T-y=x1Y1 +x2Y2 + -+ TpYn.
3. The distance between z and 7,
p(Z,9) =V (@1 —y1)2+ (22— 12)2 + - + (T — Yn)?.

4. The absolute value, or length, of T,

|fc|=\/w%+:c%+---+mi=p(i,0>=

Kl
Kl

(three formulas that are all equal by Definitions 2 and 3).

5. The inverse of Z,
—Z = (—x1, —T2y ..., —Ty).
6. The product of by a scalar c € E',
€T = Tc = (cx1, CTay ..., CTyp);

in particular, (-1)Z = (—z1, —%2, ..., —T,) = —Z, 1T = Z, and 07 = 0.

7. The difference of x and ¥,
T—§=yz =(T1 — Y1, T2 — Y2, -y Tn — Yn)-

In particular, z — 0 =z and 0 — z = —z. (Verify!)

Note 1. Definitions 2—4 yield scalars, while the rest are wvectors.

Note 2. We shall not define inequalities (<) in E™ (n > 2), nor shall
we define vector products other than the dot product (2), which is a scalar.
(However, cf. §8.)

I Sums of three or more vectors are defined by induction, as in Chapter 2, §§5-6.
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Note 3. From Definitions 3, 4, and 7, we obtain p(z,y) = |z — y|. (Verify!)
Note 4. We often write Z/c for (1/c)Z, where c € E1, ¢ # 0.
Note 5. In E', Z = (z1) = x;. Thus, by Definition 4,

Z| = /21 = |2,

where |z1| is defined as in Chapter 2, §§1-4, Definition 4. Thus the two defini-
tions agree.

We call Z a unit vector iff its length is 1, i.e., |x| = 1. Note that if  # 0,
then Z/|Z| is a unit vector, since

z2
—_— = 1-
‘!w\) \/]mP ||

The vectors  and g are said to be orthogonal or perpendicular (z L g) iff
z -y =0 and parallel (z || 3) iff Z = tj or §j = tz for some t € E'. Note that
z 1L 0andz| 0.

Examples.
If z=(0, -1, 4, 2) and g = (2,
T+y=1(2,1,1, 4)
(-2, =3, 7,0);

—3, 2) are vectors in E*, then

)=z — gl = V22 + 32+ 72 + 0% = V62;
) =2(=2)+1(=3)+7+0=0.

Theorem 1. For any vectors Z, §, and zZ € E™ and any a, b € E*, we have

(a) T+ gy and ax are vectors in E™ (closure laws);

(b) Z+ 9y =19+ T (commutativity of vector addition);

() (Z4+7)+2z=27+ (§+ 2) (associativity of vector addition);

(d) Z+0=0+7Z =1z, i.e., 0 is the neutral element of addition;
(e) T+ (—x) =0, i.e., —T is the additive inverse of T;

(f) a(z 4+ y) = aZ + ag and (a + b)T = az + bz (distributive laws);
(g) (ab)Z = a(bz);

(h) 1z ==

Proof. Assertion (a) is immediate from Definitions 1 and 6. The rest follows
from corresponding properties of real numbers.
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For example, to prove (b), let Z = (21, ..., ), ¥ = (Y1, - -+, Yn). Then by
definition, we have

T+y=(r1+y1, -y Tn+tyn) and g+ = (y1 + 1, -+, Yn + Tn)-

The right sides in both expressions, however, coincide since addition is com-
mutative in E'. Thus Z + § = § + Z, as claimed; similarly for the rest, which
we leave to the reader. [J

Theorem 2. IfZ = (z1, ..., x,) is a vector in E™, then, with € as above,

n
T= 2161 Ba8o + - Tnfn = Y Tk

k=1

Moreover, if T = 22:1 aréy for some ar € E', then necessarily a = x,

k=1,...,n.

Proof. By definition,

e1=(1,0,...,0), e2=(0,1,...,0), ..., & =(0,0,...,1).
Thus
Tri1€e1 = (ZL‘l, o, ..., 0), To€y = (0, T, vy O), ey, Tpey = (O, o, ..., xn)

Adding up componentwise, we obtain
n
E rrer = (T1, T2, ..., Ty) = T,
k=1

as asserted.

Moreover, if the z;, are replaced by any other a, € E!, the same process
yields

(a1, ..oy an) =T = (x1, ..., Tp),
i.e., the two n-tuples coincide, whence a, = x, k=1, ..., n. U

Note 6. Any sum of the form
Zak.’fk (ak € El, Ty € En)
k=1

is called a linear combination of the vectors Ty (whose number m is arbitrary).
Thus Theorem 2 shows that any * € E™ can be expressed, in a unique way, as
a linear combination of the n basic unit vectors. In E3, we write

T = IL‘J + ZL‘zj + ZL‘3]_€.
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Note 7. If, as above, some vectors are numbered (e.g., T1, T2, --., Tm),
we denote their components by attaching a second subscript; for example, the
components of T, are x11, T12, ..., T1in-

Theorem 3. For any vectors Z, ij, and z € E™ and any a, b € E*, we have
() z-2>0, and -7 >0 iff T #0;

) (az) - (by) = (ab)(Z - P);

(¢) Z-y=17-Z (commutativity of inner products);

(d) (Z+9)-z=2-z+7-z (distributive law).

Proof. To prove these properties, express all in terms of the components of Z,
9, and Z, and proceed as in Theorem 1. [J

Note that (b) implies Z-0 =0 (put a =1, b = 0).

Theorem 4. For any vectors %, ij, and Z € E™ and any a € E*, we have the
following properties:

(@) |z| >0, and |Z| > 0 iff T # 0.
(b) laz| = |al|z].
() |z -g| < |z|l|y|, or, in components,
n 2 n n
( ackyk) < (Z mi) (Z y,%) (Cauchy—Schwarz inequality).
k=1 k=1 k=1
Bquality, |z - y| = |Z[ [y], holds iff | .
(d) |z +7g| < |z|+ |y| and ||| - |7]| < |z — §| (triangle inequalities).
Proof. Property (a’) follows from Theorem 3(a) since
|Z|* = & - T (see Definition 4).
For (b), use Theorem 3(b), to obtain
(aZ) - (aZ) = a*(Z - Z) = a®|Z|°.
By Definition 4, however,

(aZ) - (aZ) = |az|*.

Thus
laz|* = a®|z|?
so that |aZ| = |a||Z|, as claimed.
Now we prove (c¢’). If Z || y then Z = tg or § = tZ; so |z - y| = |Z||g| follows

by (b’). (Verify!)
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Otherwise, Z # tyj and §j # tZ for all t € E'. Then we obtain, for all t € E*,

n n

n n
0T —g* = (tar —yp)? =12 o — 26> auyn + Y vi.
k=1 k=1

k=1 k=1

Thus, setting

n n n
A= Zmi, B = QZZBkyk, and C' = Zyi,
k=1 k=1 k=1
we see that the quadratic equation
0=At* - Bt+C
has no real solutions in ¢, so its discriminant, B? —4AC, must be negative; i.e.,
n 2 n n
1(Sem) 1) (X k) <o
k=1 k=1 k=1
proving (c’).
To prove (d’), use Definition 2 and Theorem 3(d), to obtain
F+of=@+y) - @+y) =z a+y-y+2-g=laf + g’ +22-p
But z -y < |z||g| by (c). Thus we have
|z +g” < [21* + |g1* + 2l2] 5] = (2] + 7)),
whence |Z + y| < |Z| + |y|, as required.
Finally, replacing here z by  — 4, we have
1z —yl+ 1yl =z —g+yl=z], or |z —y| = |z| - y].
Similarly, replacing § by § — &, we get |z — gy| > |y| — |Z|. Hence
iz — gl = (12| - lgl),

i.e., |Z —g| > ||z| — |g||, proving the second formula in (d'). O
Theorem 5. For any points T, y, and z € E™, we have

(i) p(z, y) 20, and p(z, §) = 0 iff z =y;

(i) p(z, 9) = p(y, T);

(iii) p(z, 2) < p(Z, ¥) + p(y, Z) (triangle inequality).
Proof.

(i) By Definition 3 and Note 3, p(Z, ) = |Z—y|; therefore, by Theorem 4(a’),

p(Z, §) =z —g[ > 0.

Also, |z —g| > 0iff Z — g # 0, ie., iff Z # y. Hence p(z, ) # 0 iff
T # y, and assertion (i) follows.
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Note 8. We also have [p(Z, y) — p(Z, 9)| < p(Z, Z). (Prove it!) The two
triangle inequalities have a simple geometric interpretation (which explains
their name). If Z, g, and z are treated as the vertices of a triangle, we obtain
that the length of a side, p(Z, Z) never exceeds the sum of the two other sides
and is never less than their difference.

As E' is a special case of E™ (in which “vectors” are single numbers), all
our theory applies to E' as well. In particular, distances in E' are defined by
p(z, y) = |z — y| and obey the three laws of Theorem 5. Dot products in E*
become ordinary products zy. (Why?) From Theorems 4(b")(d"), we have

lal |z| = lazl; |z +yl < |2| +|yl; |z =yl = [lo] = yl| (a, 2,y € E).

Problems on Vectors in E™

1. Prove by induction on n that

(X1, T2y ooy Tn) = (Y1, Y2, -, Yn) 2 =yp, k=1,2,..., n.
[Hint: Use Problem 6(ii) of Chapter 1, §§1-3, and Example (i) in Chapter 2, §§5-6.]
2. Complete the proofs of Theorems 1 and 3 and Notes 3 and 8.

3. Given z = (-1,2,0, =7), g = (0,0, =1, —=2), and z = (2, 4, —3, —3)
in B4, express Z, ¥, and Z as linear combinations of the basic unit
vectors. Also, compute their absolute values, their inverses, as well as
their mutual sums, differences, dot products, and distances. Are any of
them orthogonal? Parallel?

4. With z, ¢, and Zz as in Problem 3, find scalars a, b, and ¢ such that

aZ + by + ¢z = @,

when
(i) @ = é; (i) @ = és;
(iii) w = (-2, 4, 0, 1); (iv) u = 0.
5. A finite set of vectors T, Ts, ..., Z,, is said to be dependent iff there are
scalars a1, ..., an,, not all zero, such that

m
E arTr = 0,
k=1
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and independent otherwise. Prove the independence of the following
sets of vectors:

(a) e ey Ep in B

(b) ( -3, 4) and (2, 3, 0, 0) in E*;

(c) (2 0, 0) (4, —1, 3), and (0, 4, 1) in E3;
)t

(d) the vectors z, g, and Z of Problem 3.

Prove (for E? and E3) that

-y = |z|[y|cos e,

— —
where « is the angle between the vectors 0x and Oy; we denote a by
(z, y).

[Hint: Consider the triangle 0%y, with sides Z = 0z, § = Oy, and :r_y) =g — T (see
Definition 7). By the law of cosines,

2% + |§]* — 2| [§] cos @ =
Now substitute |Z|? = Z - %, |§]?> = ¥ - ¥, and
-2 =G -2 (-8 =9 -§+& F—2%-§ (Why?)
Then simplify.]
Motivated by Problem 6, define in E™

(z, y) = arccos % if Z and ¢ are nonzero.
Ty

(Why does an angle with such a cosine exist?) Prove that

(i) z L g iff cos(Z,y) =0, i.e., (T, y) = u

2;
(i) ) cos®(z, &) = 1.
k=1

Continuing Problems 3 and 7, find the cosines of the angles between
the sides, E}, ﬁ, and zz of the triangle zyz, with z, y, and Z as in
Problem 3.

Find a unit vector in E*, with positive components, that forms equal
angles with the axes, i.e., with the basic unit vectors (see Problem 7).

Prove for E™ that if w is orthogonal to each of the basic unit vectors éy,
€, ..., €y, then % = 0. Deduce that

u=0iff (Vze E")z-u=0.
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11. Prove that z and gy are parallel iff
T_T T e g
U Y2 Yn
where “xy/yr = ¢” is to be replaced by “xx = 0" if y, = 0.

12. Use induction on n to prove the Lagrange identity (valid in any field),

(EA)(E0) - (Son) - 5 e

1<i<k<n
Hence find a new proof of Theorem 4(c’).

13. Use Problem 7 and Theorem 4(c’) (“equality”) to show that two nonzero
vectors Z and g in E™ are parallel iff cos(z, g) = +1.

14. (i) Prove that |Z + y| = |z| + |g| iff Z = ty or § = t& for some ¢t > 0;
equivalently, iff cos(Z, y) = 1 (see Problem 7).
(ii) Find similar conditions for |z — gy| = |Z| + |g|.
[Hint: Look at the proof of Theorem 4(d’).]

§84—6. Lines and Planes in E™

I. To obtain a line in E? or E? passing through two points @ and b, we take

the vector
H

t=ab=b—a
and, so to say, “stretch” it indefinitely in both directions, i.e., multiply « by
all possible scalars t € E'. Then the set of all points Z of the form
T=a+tu
is the required line. It is natural to adopt this as a definition in E™ as well.
Below, a # b.
Definition 1.

The line ab through the points EL,!_) € E™ (also called the line through a,
in the direction of the vector @ = b — a) is the set of all points & € E™ of
the form

T=a+tu=a+tb-—a),

where t varies over _El. We call t a variable real parameter and 4 a
direction vector for ab. Thus

Lineab={Z € E" |T=a+tiforsometc E'}, @=b—a#0. (1)
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The formula

T=a+ti,orz=a-+tb—a),

is called the parametric equation of the line. (We briefly say “the line z =
a + tu.”) It is equivalent to n simultaneous equations in terms of coordinates,
namely,

xk:ak—f—tuk:ak—f—t(bk—ak), k=1,2,...,n. (2)

Note 1. As the vector u is anyway being multiplied by all real numbers ¢,
the line (as a set of points) will not change if @ is replaced by some cii (c € E*,
¢ # 0). In particular, taking ¢ = 1/|u|, we may replace @ by u/|d|, a unit
vector. We may as well assume that « is a unit vector itself.

If we let ¢ vary not over all of E! but only over some interval in £, we obtain
what is called a line segment.! In particular, we define the open line segment
L(a, b), the closed line segment L[a, b], the half-open line segment L(a,b], and
the half-closed line segment L[a,b), as we did for E*.

Definition 2.

Given © = b — a, we set

In all cases, a and b are called the endpoints of the segment; p(a, b) =
b — @l is its length; and (@ + b) is its midpoint.

Note that in El, line segments simply become intervals, (a, b), [a, b], etc.

II. To describe a plane in E3, we fix one of its points, @, and a vector
*>

@ = ab perpendicular to the plane (imagine a vertical pencil standing at a on

the horizontal plane of the table). Then a point & lies on the plane iff @ | az.
It is natural to accept this as a definition in E™ as well.

Definition 3.
Given a point @ € E™ and a vector @ # 0, we define the plane (also called
hyperplane if n > 3) through a, orthogonal to u, to be the set of all z € E™
such that 4 L a_f, ie., u-(Z—a) =0, or, in terms of components,
n
Zuk(xk —ay) = 0, where @ # 0 (i.e., not all values uy are 0). (3)
k=1

1 We reserve the name “interval” for other kinds of sets (cf. §7).
2 This is an abbreviation for “{Z € E™ | Z = a + til for some t € E', 0 <t < 1}.”
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We briefly say

n
“the plane @ - (Z —a) = 0" or “the plane Zuk(ﬂﬁk —ap) =07
k=1

(this being the equation of the plane). Removing brackets in (3), we have

n
U1To + UsTo + -+ + UpTy, = ¢, OF U - T = ¢, where ¢ = g ugag, 4 # 0. (4)

k—1
An equation of this form is said to be linear in x1, 2, ..., T,.
Theorem 1. A set A C E™ is a plane (hyperplane) iff A is exactly the set of
all T € E™ satisfying (4) for some fived c € E' and @ = (u1, ..., un) # 0.

Proof. Indeed, as we saw above, each plane has an equation of the form (4).
Conversely, any equation of that form (with, say, u; # 0) can be written as

c

ul<m1 - u—) + ugxo +uzrz + - - + upzy = 0.
1

Then, setting a; = ¢/u; and ax, = 0 for £ > 2, we transform it into (3), which is,

by definition, the equation of a plane through a = (¢/uq, 0, ..., 0), orthogonal

tod = (uy, ..., up). O

Thus, briefly, planes are exactly all sets with linear equations (4). In this
connection, equation (4) is called the general equation of a plane. The vector @
is said to be normal to the plane. Clearly, if both sides of (4) are multiplied by
a nonzero scalar g, one obtains an equivalent equation (representing the same
set). Thus we may replace uy by qug, i.e., @ by qu, without affecting the plane.
In particular, we may replace 4 by the wunit vector u/|d]|, as in lines (this is
called the normalization of the equation). Thus

U
= (@—-a)=0 (5)
|4
and .
U
T=a+t— (6)
|ul

are the normalized (or normal) equations of the plane (3) and line (1), respec-
tively.

Note 2. The equation z = ¢ (for a fixed k) represents a plane orthogonal
to the basic unit vector € or, as we shall say, to the kth axis. The equation
results from (4) if we take @ = €j so that up = 1, while u; = 0 (¢ # k). For
example, x1 = ¢ is the equation of a plane orthogonal to €7; it consists of all
T € E", with 21 = ¢ (while the other coordinates of Z are arbitrary). In E?, it
is a line. In E', it consists of ¢ alone.
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Two planes (respectively, two lines) are said to be perpendicular to each
other iff their normal vectors (respectively, direction vectors) are orthogonal;
similarly for parallelism. A plane @ -z = c is said to be perpendicular to a line
T = a+ tv iff 4 || ¥; the line and the plane are parallel iff @ L v.

Note 3. When normalizing, as in (5) or (6), we actually have two choices
of a unit vector, namely, +i/|d|. If one of them is prescribed, we speak of a
directed plane (respectively, line).

Examples.

(a)

Let a = (0, —1,2), b= (1, 1, 1), and = (3,1, —=1) in E®. Then the line

c
ab has the parametric equation Z = a+t(b—a) or, in coordinates, writing
x, y, z for x1, Ts, x3,

r=0+t(1-0)=t, y=—-1+2t, z2=2—1t.

This may be rewritten

7f_:c_y—f—l_z—2
1 2 -1

where @ = (1, 2, —1) is the direction vector (composed of the denomina-
tors). Normalizing and dropping ¢, we have

x y+l z—2

1/v6  2/v6 —1/v6

(the so-called symmetric form of the normal equations).

Similarly, for the line bc, we obtain

zr—1 y—-1 =z-1

t = =
2 0 -2

where “t = (y — 1)/0” stands for “y—1 = 0.” (It is customary to use this
notation.)

Let a = (1, —2,0,3) and @ = (1, 1, 1, 1) in E*. Then the plane normal
to u through a has the equation (z —a) -4 = 0, or

(ml—l)1+($2+2)1+($3—0)1+($4—3)1:0,

or r1 + x3 + 3 + x4 = 2. Observe that, by formula (4), the coeffi-
cients of x1, 2, T3, 4 are the components of the normal vector @ (here
(1,1, 1, 1)).

Now define a map f: E* — E! setting f(Z) = x1 + 22 + 3 + x4 (the
left-hand side of the equation). This map is called the linear functional

corresponding to the given plane. (For another approach, see Problems 4—
6 below.)
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(c) The equation x+3y—2z = 1 represents a plane in E3, with @ = (1, 3, —2).
The point @ = (1, 0, 0) lies on the plane (why?), so the plane equation
may be written (z—a)-4=0or Z-u =1, where T = (z, y, z) and a and
U are as above.

Problems on Lines and Planes in E™

1. Let a = (—1,2,0, -7), b = (0,0, —1,2), and ¢ = (2, 4, —3, —3) be
points in E4. Find the symmetric normal equations (see Example (a)) of
the lines ab, be, and éa. Are any two of the lines perpendicular? Parallel?
On the line ab, find some points inside L(a, b) and some outside L[a, b].
Also, find the symmetric equations of the line through ¢ that is

(i) parallel to ab; (ii) perpendicular to ab.

2. With @ and b as in Problem 1, find the equations of the two planes that
trisect, and are perpendicular to, the line segment La, b].

3. Given a line # = a + tii (@ = b — a) in E", define f: E! — E™ by
f(t) =a+ti for t € E*.

Show that L[a, b] is exactly the f-image of the interval [0, 1] in E*, with
f(0) = a and f(1) = b, while f[E?] is the entire line. Also show that f
is one to one.

[Hint: ¢ # ¢’ implies |f(¢) — f(¢')| # 0. Why?]

4. A map f: E™ — E' is called a linear functional iff
(VZ, 5 € E™") (Va, b€ EY)  f(aZ +by) = af(Z) + bf (7).

Show by induction that f preserves linear combinations; that is,
m m
f(z akivk) = arf(zr)
k=1 k=1

for any a;, € E' and z;, € E".

5. From Problem 4 prove that a map f: E™ — E! is a linear functional iff
there is @ € E™ such that

(Vz e E") f(z)=1u-z (“representation theorem”).

[Hint: If f is a linear functional, write each Z € E™ as & = > ;_; xx€ (§81-3,
Theorem 2). Then

f(@) = f<1§:1 mkék> = ké:léﬂkf(ék)

Setting uy, = f(éx) € E' and @ = (u1, ..., un), obtain f(Z) = @ -Z, as required. For
the converse, use Theorem 3 in §§1-3.]
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6. Prove that a set A C E™ is a plane iff there is a linear functional f
(Problem 4), not identically zero, and some ¢ € E' such that

A={z e E" | f(z) = c}.

(This could serve as a definition of planes in E™.)
[Hint: A isaplaneiff A= {z |4 -Z =c}. Put f(Z) = @z and use Problem 5. Show
that f # 0 iff @ # 0 by Problem 10 of §§1-3.]

7. Prove that the perpendicular distance of a point p to a plane 4 - = ¢
in E™ is
ji-p—c
p(p, To) = —5—

|l

(Zo is the orthogonal projection of p, i.e., the point on the plane such
— 5

that pzo || @.)

[Hint: Put ¢ = 4/|u|. Consider the line £ = p + ¢¥. Find t for which p + t7 lies on

both the line and plane. Find |¢|.]

8. A globe (solid sphere) in E™, with center p and radius € > 0, is the set
{z | p(@, p) < e}, denoted Gp(¢). Prove that if @, b € Gj(¢), then also
L[a, b] C G(¢). Disprove it for the sphere S;(e) = {z | p(z, p) = €}
[Hint: Take a line through p.]

§7. Intervals in E™

. . Y
Consider the rectangle in E? shown | )
in Figure 2. Its interior (without ba | lq b
the perimeter) consists of all points \
(z, y) € E? such that P } Q

a; <z <by and ay <y < by; az | 1
. a | p | \
1.e., | | |

0 ai c b1 X
z € (a1, b1) and y € (a2, by).
Ficure 2

Thus it is the Cartesian product of

two line intervals, (a1, by) and (ag, bz). To include also all or some sides,
we would have to replace open intervals by closed, half-closed, or half-open
ones. Similarly, Cartesian products of three line intervals yield rectangular
parallelepipeds in E3. We call such sets in E™ intervals.

Definitions.

1. By an interval in E™ we mean the Cartesian product of any n intervals
in E' (some may be open, some closed or half-open, etc.).
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2. In particular, given
a=(ay,...,a,) and b= (by, ..., b,)

with
akgbk, k:1,2,...,n,

we define the open interval (a, b), the closed interval [a, b], the half-open
interval (a, b], and the half-closed interval [a, b) as follows:

(&,5):{i|ak<xk<bk, k:1,2,...,n}

= (al, bl) X (az, bg) X - X (an, bn);

[C_L,B]:{i"akgl'kgbk,]{?:1,2,...,71}
:[al, bl] X [CLQ, bg] X oo X [an,bn];
(a,E]:{i|ak<xk§bk,k::1,2,...,n}

:(al, bl] X (ag, bg] X+ X (an, bn],
[a,b):{a_:]akgxk<bk, ]{?:1,2,...,71}

= [al, bl) X [CLQ, b2) X X [an, bn)

In all cases, @ and b are called the endpoints of the interval. Their distance
p(a’, Z_)) = |Z_) - C_l|
is called its diagonal. The n differences
bk—akzﬁk (k:].,...,n)

are called its n edge-lengths. Their product

ka = H(bk — ak)
k=1 k=1

is called the volume of the interval (in E? it is its area, in E' its length). The
point

1 _
e Ya1h
c= (@a+b)
is called its center or midpoint. The set difference
[C_L, l_)] - (d7 B)
is called the boundary of any interval with endpoints @ and b; it consists of 2n
“faces” defined in a natural manner. (How?)
We often denote intervals by single letters, e.g., A = (@, b), and write dA for
“diagonal of A” and vA or vol A for “volume of A.” If all edge-lengths by — ax
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are equal, A is called a cube (in E?, a square). The interval A is said to be
degenerate iff by = ax for some k, in which case, clearly,

vol A = H(bk - ak) =0.
k=1

Note 1. We have Z € (a, b) iff the inequalities ar, < 2, < by hold simul-
taneously for all k. This is impossible if ap = by for some k; similarly for the
inequalities ap < zp < bg or ar < xp < bg. Thus a degenerate interval is
empty, unless it is closed (in which case it contains @ and b at least).

Note 2. In any interval A,

dA = p(a, b) = Zbk—ak =\/Ze2

In E?, we can split an interval A into two subintervals P and Q by drawing
a line (see Figure 2). In E3, this is done by a plane orthogonal to one of the
axes of the form xj = ¢ (see §54-6, Note 2), with ar < ¢ < bg. In particular, if
¢ = 1 (ap +by), the plane bisects the kth edge of A; and so the kth edge-length
of P (and Q) equals %Ek = %(bk —ay). If Ais closed, so is P or @, depending
on our choice. (We may include the “partition” zj, = ¢ in P or Q.)?

Now, successively draw n planes
Ty = ¢k, o = s3lak + by), k = |
1,2, ..., n. The first plane bisects | b
¢; leaving the other edges of A un- ;
changed. The resulting two subinter- I o] _
vals P and ) then are cut by the }
plane zo, = co, bisecting the sec- _ i
\
\

Y

ond edge in each of them. Thus we

get four subintervals (see Figure 3 for o
E?). Each successive plane doubles

the number of subintervals. After n

steps, we thus obtain 2™ disjoint intervals, with all edges ¢} bisected. Thus by
Note 2, the diagonal of each of them is

"1 o\2 1< 1
) == 2 = —dA.
;(2 ’“) 2\/; 2

Note 3. If Ais closed then, as noted above, we can make any one (but only
one) of the 2" subintervals closed by properly manipulating each step.

FIGURE 3

The proof of the following simple corollaries is left to the reader.

L'We have either P={Z € A |2, < clandQ ={Z € A |z >c},or P={Z € A |z} < c}
and Q ={z € A|xz > c}.
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Corollary 1. No distance between two points of an interval A exceeds dA, its
diagonal. That is, (VZ, g € A) p(Z, ) < dA.

Corollary 2. If an interval A contains p and q, then also L[p, q] C A.

Corollary 3. FEvery nondegenerate interval in E™ contains rational points,
i.e., points whose coordinates are all rational.

(Hint: Use the density of rationals in E! for each coordinate separately.)

Problems on Intervals in E™
(Here A and B denote intervals.)
1. Prove Corollaries 1-3.
2. Prove that if A C B, then dA < dB and vA <vB.
3. Give an appropriate definition of a “face” and a “vertex” of A.
4. Find the edge-lengths of A = (@, b) in E* if
a=(1,-2,4,0)and b= (2,0, 5, 3).
Is A a cube? Find some rational points in it. Find dA and vA.

5. Show that the sets P and () as defined in footnote 1 are intervals, indeed.
In particular, they can be made half-open (half-closed) if A is half-open
(half-closed).

[Hint: Let A = (@, b],

P={ze€eA|zpy <cl,and Q={T € A|z > c}.
To fix ideas, let k = 1, i.e., cut the first edge. Then let
p=1(c a2, ...,an) and g = (c, ba, ..., by) (see Figure 2),
and verify that P = (a, q] and Q = (p, b]. Give a proof.]
6. In Problem 5, assume that A is closed, and make @ closed. (Prove it!)

7. In Problem 5 show that (with & fixed) the kth edge-lengths of P and @
equal ¢ — a; and by — ¢, respectively, while for ¢ # k the edge-length ¢;
is the same in A, P, and @, namely, ¢; = b; — a;.
[Hint: If k = 1, define p and § as in Problem 5.]

8. Prove that if an interval A is split into subintervals P and @ (PNQ = 0),
then vA = vP + vQ.
[Hint: Use Problem 7 to compute vA, vP, and vQ. Add up.]
Give an example. (Take A as in Problem 4 and split it by the plane
Ty = 1)

*9. Prove the additivity of the volume of intervals, namely, if A is subdivided,
in any manner, into m mutually disjoint subintervals Ay, Ao, ..., Apm
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in E™, then

(This is true also if some A; contain common faces).

[Proof outline: For m = 2, use Problem 8.
Then by induction, suppose ad-

ditivity holds for any number of in- Y

tervals smaller than a certain m

(m > 1). Now let

!
.
.

\

|

\

\

m
A=|J A (A disjoint).
=1

o]

A
One of the A; (say, A1 = [a, p]) ' A2

must have some edge-length smaller a |
than the corresponding edge-length 0 ci X
of A (say, £1). Now cut all of A into

P = [a, d] and Q = A—P (Figure 4) FIGURE 4

by the plane 1 = ¢ (¢ = p1) so that

A1 C P while A2 C Q. For simplicity, assume that the plane cuts each A; into two
subintervals A} and A/'. (One of them may be empty.)

Then

m m
P=|]JAjand Q=[] A}

=1 =1

Actually, however, P and Q are split into fewer than m (nonempty) intervals since
Al =0 = Al by construction. Thus, by our inductive assumption,

vP = f:vA; and v@Q = f:vA;’,
i=1 i=1

where vA] =0 =vA}, and vA; = vA, +vA! by Problem 8. Complete the inductive
proof by showing that

m
vA=vP +vQ = ZUAi-]
i=1

§8. Complex Numbers

With all the operations defined in §§1-3, E™ (n > 1) is not yet a field because
of the lack of a vector multiplication satisfying the field axioms. We shall now
define such a multiplication, but only for £2. Thus E? will become a field,
which we shall call the complex field, C.



§8. Complex Numbers 81

We make some changes in nota-

tion and terminology here. Points of Y ’
E?, when regarded as elements of C, }
will be called complex numbers (each \
being an ordered pair of real num- 0 !
bers). We denote them by single let- }
ters (preferably z) without a bar or .
an arrow. For example, z = (z, y). FIGURE 5

We preferably write (z, y) for (z1, x2). If z = (z, y), then = and y are called
the real and imaginary parts of z, respectively,! and z denotes the complex
number (z, —y), called the conjugate of z (see Figure 5).

z

Complex numbers with vanishing imaginary part, (z, 0), are called real
points of C. For brevity, we simply write x for (z, 0); for example, 2 = (2, 0).
In particular, 1 = (1, 0) = 6, is called the real unit in C. Points with van-
ishing real part, (0, y), are called (purely) imaginary numbers. In particular,
0, = (0, 1) is such a number; we shall now denote it by i and call it the imag-
inary unit in C. Apart from these peculiarities, all our former definitions of
§61-3 remain valid in E? = C. In particular, if z = (z, y) and 2/(z', 3/'), we
have

22 = (v, y)+ (@, y) = (@+a, y+y),

p(z, 2') =/ (z — )2+ (y —y)?, and
|z| = Va2 +y2.
All theorems of §§1-3 are valid.
We now define the new multiplication in C, which will make it a field.

Definition 1.

If 2= (x, y) and 2’ = (2/, ¢/), then 22’ = (za2’ — yy', xy’ + ya').

Theorem 1. E? = C is a field, with zero element 0 = (0, 0) and unity 1 =
(1, 0), under addition and multiplication as defined above.

Proof. We only must show that multiplication obeys Axioms I-VT of the field
axioms. Note that for addition, all is proved in Theorem 1 of §§1-3.

Axiom I (closure) is obvious from our definition, for if z and 2’ are in C, so
is z2/.

To prove commutativity, take any complex numbers

z=(z,y) and 2’ = (2, ¢/)

1 This terminology is solely traditional. Actually, there is nothing “imaginary” about
(0, y), no more than about (z, 0), or (z, y).
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and verify that 2z’ = 2’z. Indeed, by definition,
22 = (zx' —yy', zy +y2') and 2’2 = (2’2 — vy, 2’y + y'2);
but the two expressions coincide by the commutative laws for real numbers.

Associativity and distributivity are proved in a similar manner.

Next, we show that 1 = (1, 0) satisfies Axiom IV(b), i.e., that 1z = z for
any complex number z = (z, y). In fact, by definition, and by axioms for E?!,

1z =(1,0)(z, y) = (lz — Oy, ly + 0z) = (x — 0, y + 0) = (z, y) = 2.

It remains to verify Axiom V(b), i.e., to show that each complex number
z = (z,y) # (0, 0) has an inverse 2~ ! such that 22! = 1. It turns out that
the inverse is obtained by setting

(-
2127 22

In fact, we then get

. (932 v ay y:v) (w2+y2
A = _ —_—

FERRFEENFEREFE Pk

, 0) ~(1,0)=1
since 22 + y? = |2|?, by definition. This completes the proof. [

Corollary 1. i? = —1; i.e., (0, 1)(0, 1) = (-1, 0).
Proof. By definition, (0, 1)(0, 1) = (0-0—1-1,0-1+1-0) = (-1, 0). O

Thus C has an element i whose square is —1, while E! has no such element,
by Corollary 2 in Chapter 2, §§1-4. This is no contradiction since that corollary
holds in ordered fields only. It only shows that C' cannot be made an ordered
field.

However, the “real points” in C' form a subfield that can be ordered by
setting

(z,0) < (2/,0) iff z < 2’ in E'.2

Then this subfield behaves exactly like E'.3 Therefore, it is customary not to
distinguish between “real points in C” and “real numbers,” identifying (x, 0)
with . With this convention, E' simply is a subset (and a subfield) of C.
Henceforth, we shall simply say that “z is real” or “z € E'” instead of “z =
(x, 0) is a real point.” We then obtain the following result.

Theorem 2. FEvery z € C' has a unique representation as
z =z 4+ yi,
2 The proof is left as an exercise (Problem 1’ below).

3 This can be made precise by using the notion of isomorphism (see Basic Concepts of
Mathematics, Chapter 2, §14). We shall not go deeper into this topic here.
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where x and y are real and i = (0, 1). Specifically,
z=x+yiiff z=(x, y).

Proof. By our conventions, z = (z, 0) and y = (y, 0), so

Computing the right-hand expression from definitions, we have for any x, y €
E! that

r4+yi=(x,0)+(y-0-0-1,y-14+0-1)=(z, 0)+ (0, y) = (z, y).

Thus (z, y) = = + yi for any x, y € E'. In particular, if (x, y) is the given
number z € C of the theorem, we obtain z = (z, y) = x + yi, as required.
To prove uniqueness, suppose that we also have

z=2a'+y'i with 2’ = (2/, 0) and y' = (¥, 0).

Then, as shown above, z = (2/, y’). Since also z = (z, y), we have (z, y) =
(', y'), i.e., the two ordered pairs coincide, and so x = 2’ and y = y’ after
all. O

Geometrically, instead of Carte- v
sian coordinates (z, y), we may also B
use polar coordinates r, 6, where Yy -

r= a1y =4 .

and 6 is the (counterclockwise) rota-

tion angle from the x-axis to the di- 0
—).

rected line 0z; see Figure 6. Clearly,
z is uniquely determined by r and 6,
but 6 is not uniquely determined by
z; indeed, the same point of E? results if 6 is replaced by 0+2n7 (n =1, 2, ...).
(If z = 0, then 6 is not defined at all.) The values r and 6 are called, respec-
tively, the modulus and argument of z = (x, y). By elementary trigonometry,
x =rcosf and y = rsinf. Substituting in z = x + yi, we obtain the following
corollary.

FIGURE 6

Corollary 2. z = r(cosf + isin0) (trigonometric or polar form of z).

Problems on Complex Numbers

1. Complete the proof of Theorem 1 (associativity, distributivity, etc.).
1’. Verify that the “real points” in C' form an ordered field.
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2. Prove that 2z = |2|?. Deduce that 2! = z/|2|? if 2 #£ 0.4

3. Prove that
z+2 =zZ+ 2 and zz/ =2z - 2.

Hence show by induction that
n n
Z"=(z)", n=1,2,..., and Zakzk = Zakz’“.
k=1 k=1

4. Define

e = cosf + isin 6.

Describe €% geometrically. Is |e?| = 17

5. Compute
1+ 2
(b) (14 2¢)(3 —1); and
r+1+1
Rl
Do it in two ways: (i) using definitions only and the notation (z, y) for
x + yi; and (ii) using all laws valid in a field.
6. Solve the equation (2, —1)(z, y) = (3, 2) for z and y in E'.

7. Let

€ EL.

z =r(cosf +isinb),
2 =1r'(cosf +isind’), and
2" =7r"(cos0"” +isinf")
as in Corollary 2. Prove that if z = 2’2", then
r=|z| =7r"r" ie., |22 = || |2"|,and 0 = 0" +0".

__Discuss the following statement: To multiply 2’ by 2" means to rotate
0z counterclockwise by the angle 8” and to multiply it by the scalar
r" = |2"|. Consider the cases 2"’ =i and 2" = —1.

[Hint: Remove brackets in
r(cosf +isinf) = r’(cos§’ +isind’) - r" (cos 0" + isind"’)
and apply the laws of trigonometry.]

8. By induction, extend Problem 7 to products of n complex numbers, and
derive de Moivre’s formula, namely, if z = r(cos@ + isin ), then

2" = r"(cos(nh) + isin(nd)).

4 Recall that Z means “conjugate of z.”
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Use it to find, forn =1, 2, ...,
1
a) i’ b) (1+4)"; c) ——.
(a) (b) (1+4) ()(1+z)n
9. From Problem 8, prove that for every complex number z # 0, there are
exactly n complex numbers w such that
w" = z;

they are called the nth roots of z.
[Hint: If
z =r(cosf +isinf) and w = r'(cos 8’ + isinf’),

the equation w™ = z yields, by Problem 8,
(r')* =r and nd’ =0,

and conversely.
While this determines 7’ uniquely, § may be replaced by 6 + 2kw without affecting

z. Thus
0+ 2k
e L N S
n
Distinct points w result only from k =0, 1, ...,n — 1 (then they repeat cyclically).

Thus n values of w are obtained.]

10. Use Problem 9 to find in C
(a) all cube roots of 1; (b) all fourth roots of 1.

Describe all nth roots of 1 geometrically.

*89. Vector Spaces. The Space C™. Euclidean Spaces

I. We shall now follow the pattern of E™ to obtain the general notion of a
vector space (just as we generalized E! to define fields).

Let V be a set of arbitrary elements (not necessarily n-tuples), called “vec-
tors” or “points,” with a certain operation (call it “addition,” +) somehow
defined in V. Let F be any field (e.g., E* or C); its elements will be called
scalars; its zero and unity will be denoted by 0 and 1, respectively. Suppose
that yet another operation (“multiplication of scalars by vectors”) has been
defined that assigns to every scalar ¢ € F' and every vector x € V a certain
vector, denoted cx or xzc and called the c-multiple of x. Furthermore, sup-
pose that this multiplication and addition in V satisfy the nine laws specified
in Theorem 1 of §§1-3. That is, we have closure:

Vz,yeV) (VeceF) z+yeVandcxeV.
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Vector addition is commutative and associative. There is a unique zero-vector,
0, such that

VxeV) z+0=uz,
and each z € V has a unique nverse, —x, such that
z+ (—z) = 0.
We have distributivity:
a(z +y) = ax + ay and (a + b)x = ax + bz.

Finally, we have

lx ==z

and
(ab)x = a(bx)

(a,be F;z,yeV).

In this case, V together with these two operations is called a vector space
(or a linear space) over the field F'; F is called its scalar field, and elements of
F' are called the scalars of V.

Examples.
(a) E™ is a vector space over E! (its scalar field).

(a’) R™, the set of all rational points of E™ (i.e., points with rational coordi-
nates) is a vector space over R, the rationals in E*. (Note that we could
take R as a scalar field for all of E™; this would yield another vector
space, E™ over R, not to be confused with E™ over E!, i.e., the ordinary

(b) Let F be any field, and let '™ be the set of all ordered n-tuples of elements
of F, with sums and scalar multiples defined as in E™ (with F' playing
the role of E'). Then F™ is a vector space over F' (proof as in Theorem 1

of §§1-3).

(¢) FEach field F is a vector space (over itself) under the addition and multi-
plication defined in F'. Verify!

(d) Let V be a vector space over a field F', and let W be the set of all possible
mappings

ftA=V

from some arbitrary set A # () into V. Define the sum f + g of two such
maps by setting

(f +9)(x) = f(z) + g(z) for all z € A*
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Similarly, given a € F and f € W, define the map af by
(af)(z) = af (x).

Under these operations, W is a vector space over the same field F', with
each map f: A — W treated as a single “vector” in W. (Verify!)

Vector spaces over E! (respectively, C) are called real (respectively, complex)
linear spaces. Complex spaces can always be transformed into real ones by
restricting their scalar field C' to E' (treated as a subfield of C).

II. An important example of a complex linear space is C"™, the set of all
ordered n-tuples

= (T1, ..., Tpn)

of complex numbers zj (now treated as scalars), with sums and scalar multiples
defined as in E™. In order to avoid confusion with conjugates of complex
numbers, we shall not use the bar notation z for a vector in this section,
writing simply « for it. Dot products in C™ are defined by

n
Ty = kaﬂk,
k=1

where gy, is the conjugate of the complex number y, (see §8), and hence a scalar
in C. Note that ¢, = vy, if yr € E'. Thus, for vectors with real components,

n
k=1

as in E™. The reader will easily verify (exactly as for E™) that, for z, y € C™
and a, b € C, we have the following properties:

(i) -y € C; thus = - y is a scalar, not a vector.
(ii) -z € E', and - 2 > 0; moreover, z -z = 0 iff z = 0. (Thus the dot
product of a vector by itself is a real number > 0.)
(iii) -y =7y-7 (= conjugate of y - ). Commutativity fails in general.
(iv) (az) - (by) = (ab)(z - y). Hence (iv') (az) -y = a(z - y) = z - (ay).
V) (x4+y)-z=xz-z4+y-zand (V) z-(z+y) =2z -+ z-y.
Observe that (v') follows from (v) by (iii). (Verify!)
ITI. Sometimes (but not always) dot products can also be defined in real or

complex linear spaces other than E™ or C', in such a manner as to satisfy the
laws (i)—(v), hence also (v'), listed above, with C replaced by E' if the space

L Here “f +g” must be treated as one letter (function symbol); “(f+g)(x)” means “h(z),”
where h = f + g; similarly for such symbols as af, etc.
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is real. If these laws hold, the space is called Fuclidean. For example, E™ is a
real Euclidean space and C" is a complex one.

In every such space, we define absolute values of vectors by

|| = V- .

(This root exists in E' by formula (ii).) In particular, this applies to E™
and C™. Then given any vectors z, y and a scalar a, we obtain as before the
following properties:

(a') |z| > 0; and |z| = 0 iff z = 0.

(b) laz| = |af |2|.
(c) Triangle inequality: |x + y| < |z| + |y|.
(d") Cauchy—Schwarz inequality: |z -y| < |z||y|, and |z - y| = |z||y| if = || y

(i.e., ¢ = ay or y = ax for some scalar a).

We prove only (d’); the rest is proved as in Theorem 4 of §§1-3.

If x -y =0, all is trivial, so let z =z -y = rc # 0, where r = |z - y| and ¢ has
modulus 1, and let ' = cy. For any (variable) t € E', consider |tz + y'|. By
definition and (v), (iii), and (iv),

ite +9/ > = (te + o) - (tz + )
=tr-te+y te+tz-y +y -9y
=tz 2) +t(y - x) +t(z-y) + (YY)
since t = t. Now, since c¢ = 1,
-y =x-(cy)=(cx)-y=crc=r=|z-yl.

Similarly,

yor=z-y=r=r=lz-ylz-z=zf andy -y =y -y =1y
Thus we obtain
(Vte EY) |to + cy? = 2[a]® + 2tz - y| + |y[>. (1)

Here |z|2, 2|z - y|, and |y|? are fixed real numbers. We treat them as coeffi-
cients in ¢ of the quadratic trinomial

ft) =tz + 2t|z - y| + [y[*.
Now if z and y are not parallel, then cy # —tx, and so
[tz + cy| = |tz +y'| # 0

for any t € E'. Thus by (1), the quadratic trinomial has no real roots; hence
its discriminant,
Alz -y — 4(lz| y])?,
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is negative, so that |z - y| < |z||y|.
If, however, z || y, one easily obtains |z - y| = |z| |y|, by (b"). (Verify.)
Thus |z -y| = |z| |y| or |z -y| < |z| |y| according to whether z || y or not. O

In any Euclidean space, we define distances by p(z, y) = |x — y|. Planes,
lines, and line segments are defined exactly as in E™. Thus

line pg = {p + t(q — p) | t € E'} (in real and complex spaces alike).

Problems on Linear Spaces

1. Prove that F™ in Example (b) is a vector space, i.e., that it satisfies all
laws stated in Theorem 1 in §§1-3; similarly for W in Example (d).

2. Verify that dot products in C™ obey the laws (i)—(v'). Which of these
laws would fail if these products were defined by

n n
Ty = kayk instead of -y = ZﬂUkﬂk?
k=1 k=1

How would this affect the properties of absolute values given in (a’)—(d")?

3. Complete the proof of formulas (a’)—(d’) for Euclidean spaces. What
change would result if property (ii) of dot products were restated as

“x-mZOandﬁ-ﬁzO”?

4. Define orthogonality, parallelism and angles in a general Euclidean space
following the pattern of §§1-3 (text and Problem 7 there). Show that
u = 0 iff u is orthogonal to all vectors of the space.

5. Define the basic unit vectors e; in C™ exactly as in E™, and prove
Theorem 2 in §§1-3 for C™ (replacing E' by C). Also, do Problem 5(a)
of §81-3 for C™.

6. Define hyperplanes in C™ as in Definition 3 of §§4-6, and prove
Theorem 1 stated there, for C™. Do also Problems 4-6 there for C"
(replacing E! by C) and Problem 4 there for vector spaces in general
(replacing E' by the scalar field F).

7. Do Problem 3 of §§4—6 for general Euclidean spaces (real or complex).
Note: Do not replace E' by C in the definition of a line and a line
segment.

8. A finite set of vectors B = {x1, ..., @, } in a linear space V over F is
said to be independent iff

(Vay, ag,y ..., am € F) (Zaixizﬁzmzl:agz---:amzo).

=1
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Prove that if B is independent, then
(i) 0¢ B;
(ii) each subset of B is independent () counts as independent); and

(iii) if for some scalars a;, b; € F,

m m

E ;T = E bix,

i=1 i=1
thena; =b;,i=1,2, ..., m.

9. Let V be a vector space over F and let A C V. By the span of Ain V,
denoted span(A), is meant the set of all “linear combinations” of vectors
from A, i.e., all vectors of the form

m

Zaixi, a; € F,z; € A, me N2

i=1
Show that span(A) is itself a vector space V! C V (a subspace of V)
over the same field F', with the operations defined in V. (We say that
A spans V'.) Show that in E™ and C", the basic unit vectors span the
entire space.

*§10. Normed Linear Spaces

By a normed linear space (briefly normed space) is meant a real or complex
vector space E in which every vector z is associated with a real number |z,
called its absolute value or norm, in such a manner that the properties (a’)—(c’)
of §9 hold.! That is, for any vectors z, y € E and scalar a, we have

(i) [z =0;
(i') |z| = 0 iff z = 0;
(i) |az| = |af |z|; and
(iii) |z 4+ y| < |z| + |y| (triangle inequality).

Mathematically, the existence of absolute values in £ amounts to that of a
map (called a norm map) x — |z| on E, i.e., a map p: E — E', with function
values p(x) written as |z|, satisfying the laws (i)—(iii) above. Often such a map
can be chosen in many ways (not necessarily via dot products, which may not

21f A =0, then span(A) = {0} by definition.
L Roughly, it is a vector space (over E! or C) in which “well-behaved” absolute values are
defined, resembling those in E™.
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exist in F), thus giving rise to different norms on E. Sometimes we write | ||
for |x| or use other similar symbols.

Note 1. From (iii), we also obtain |z — y| > ||z — |y|| exactly as in E™.

Examples.

(A) Each Fuclidean space (§9), such as E™ or C™, is a normed space, with

norm defined by
|£L'| =VI-T,

as follows from formulas (a’)—(c¢’) in §9. In E™ and C™, one can also

equivalently define
n
2 = o[ 3 e,
k=1

where x = (1, ..., ,). This is the so-called standard norm, usually
presupposed in E™ (C™).

”

One can also define other, “nonstandard,” norms on E™ and C™. For

example, fix some real p > 1 and put

|z, = (§é|wﬂp)%~

k=1

One can show that |z|, so defined satisfies (i)—(iii) and thus is a norm
(see Problems 5-7 below).

Let W be the set of all bounded maps
firA—=FE
from a set A # () into a normed space F, i.e., such that
(Vie A) |f{) <c

for some real constant ¢ > 0 (dependent on f but not on t). Define f + g
and af as in Example (d) of §9 so that W becomes a vector space. Also,
put

If]] = sup [£(2)],
tcA

i.e., the supremum of all |f(¢)|, with ¢ € A. Due to boundedness, this
supremum exists in E', so || f| € E.

It is easy to show that | f|| is a norm on W. For example, we verify
(iii) as follows.
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By definition, we have for f, g € W and x € A,
[(f +9)(@)| = |f(z) + g(z)]
< |f(x)] + lg(2)]
< sup |£(t)] + suplg(¢)| @
teA teA
= [lf1l + llgll-

(The first inequality is true because (iii) holds in the normed space E to
which f(z) and g(x) belong.) By (1), ||f|| + |lg]| is an upper bound of all
expressions |(f + g)(z)|, z € A. Thus

I£1+llal > sup (£ + 9)@)] = 1f +gl.

Note 2. Formula (1) also shows that the map f + g is bounded and hence
is a member of W. Quite similarly we see that af € W for any scalar a and
f € W. Thus we have the closure laws for W. The rest is easy.

In every normed (in particular, in each Euclidean) space E, we define dis-
tances by

p(z,y)=|zr—y| foralz, yeckE.

Such distances depend, of course, on the norm chosen for E; thus we call them
norm-induced distances. In particular, using the standard norm in E™ and C"
(Example (A)), we have

p(z, y) = \/Z!wk—yk\?
k=1

Using the norm of Example (B), we get

1
P
plo ) = (3 bow il
k=1
instead. In the space W of Example (C), we have

p(f, 9)=If—gll= sup |f(z) — g(z)].

Proceeding exactly as in the proof of Theorem 5 in §§1-3, we see that norm-
induced distances obey the three laws stated there. (Verify!) Moreover, by
definition,

plz+u, y+u)=|(xr+u)—(y+u)|=|r—yl=p v).
Thus we have

p(z, y) = p(x + u, y + u) for norm-induced distances; (2)
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i.e., the distance p(z, y) does not change if both x and y are “translated” by
one and the same vector u. We call such distances translation-invariant.

A more general theory of distances will be given in §§11ff.

Problems on Normed Linear Spaces

1. Show that distances in normed spaces obey the laws stated in Theorem 5

of §51-3.
2. Complete the proof of assertions made in Example (C) and Note 2.
3. Define |z| = z;1 for x = (21, ..., z,) in C™ or E™. Is this a norm? Which

(if any) of the laws (i)—(iii) does it obey? How about formula (2)?

4. Do Problem 3 in §§4-6 for a general normed space E, with lines defined
as in E™ (see also Problem 7 in §9). Also, show that contracting se-
quences of line segments in E are f-images of contracting sequences of
intervals in E'. Using this fact, deduce from Problem 11 in Chapter 2,
§68-9, an analogue for line segments in F, namely, if

Llan, b,) 2 Llant1, bnt1], n=1,2,...,
then -
ﬂ L[ana bn] - 0.
n=1

5. Take for granted the lemma that

al/Ppl/a < 9+9
P q
if a, b, p, ¢ € E* with a, b> 0 and p, ¢ > 0, and
1 1
S =1
p q

(A proof will be suggested in Chapter 5, §6, Problem 11.) Use it to
prove Hélder’s inequality, namely, if p > 1 and ]19 + % =1, then

1 1
n n = n =

p q

D eyl < (Z |33k|p> (Z |yk|q> for any zy, y, € C.

k=1 k=1 k=1

[Hint: Let

n 1

A= (X faule) " ana B = (kzzjl w)%.

k=1

If A=0or B =0, then all 3 or all y, vanish, and the required inequality is trivial.
Thus assume A # 0 and B # 0. Then, setting

p q
_ el 1
Ap B4
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in the lemma, obtain

p q
lZryel leel” lyel® gy

AB = pa 4B cee, M

Now add up these n inequalities, substitute the values of A and B, and simplify.]

. Prove the Minkowski inequality,

(Z\ +yk|p>% < (ZH) n (kg mrp)%

k=1 k=1
for any real p > 1 and zy, yi € C.
[Hint: If p = 1, this follows by the triangle inequality in C. If p > 1, let

A= fon+ P £0.
k=1

(If A =0, all is trivial.) Then verify (writing “}>” for “>°7_,” for simplicity)

A= "o +ylloe + el <D lzellee +uelPT + D lukllze + uelP

Now apply Holder’s inequality (Problem 5) to each of the last two sums, with g =
p/(p—1), so that (p —1)g =p and 1/p =1—1/q. Thus obtain

1

A< (X lenl)? (S hon+ )+ (Sloel?)? (3l +wnl?) 7.

1 1
Then divide by A4 = (3 |zx + yx|P) ¢ and simplify.]

. Show that Example (B) indeed yields a norm for C™ and E™.

[Hint: For the triangle inequality, use Problem 6. The rest is easy.]

. A sequence {z,,} of vectors in a normed space E (e.g., in E™ or C™) is

said to be bounded iff
(3ce EY (Ym) |zm| <c

i.e., iff sup,, |zm| is finite.
Denote such sequences by single letters, x = {z,,}, y = {ym}, etc.,
and define

z+y={Tm +ym}, and ax = {ax,,} for any scalar a.

Also let
2| = sup |2 |.
m

Show that, with these definitions, the set M of all bounded infinite
sequences in E becomes a normed space (in which every such sequence

is to be treated as a single vector, and the scalar field is the same as
that of E).
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§11. Metric Spaces

I. In §§1-3, we defined distances p(z, y) for points Z, § in E™ using the
formula

n

p(z, §) = Z(ka —yk)? = |z — 7.

k=1

This actually amounts to defining a certain function p of two variables z, y €
E™. We also showed that p obeys the three laws of Theorem 5 there. (We call
them metric laws.)

Now, as will be seen, such functions p can also be defined in other sets,
using quite different defining formulas. In other words, given any set S # ()
of arbitrary elements, one can define in it, so to say, “fancy distances” p(z, y)
satisfying the same three laws. It turns out that it is not the particular formula
used to define p but rather the preservation of the three laws that is most
important for general theoretical purposes.

Thus we shall assume that a function p with the same three properties has
been defined, in some way or other, for a set S # (), and propose to study the
consequences of the three metric laws alone, without assuming anything else.
(In particular, no operations other than p, or absolute values, or inequalities <,
need be defined in S.) All results so obtained will, of course, apply to distances
in E™ (since they obey the metric laws), but they will also apply to other cases
where the metric laws hold.

The elements of S (though arbitrary) will be called “points,” usually denoted
by p, q, x, y, z (sometimes with bars, etc.); p is called a metric for S. We
symbolize it by

p: Sx S — E!

since it is function defined on S x S (pairs of elements of S) into E'. Thus we
are led to the following definition.

Definition 1.

A metric space is a set S # () together with a function
p: Sx8— FE

(called a metric for S) satisfying the metric laws (azioms):
For any z, y, and z in S, we have

(i) p(z, y) 20, and (V') p(z, y) =0 iff z = y;
(ii) p(z, y) = p(y, ) (symmetry law); and
(iii) p(z, 2z) < p(x, y) + p(y, z) (triangle law).
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Thus a metric space is a pair (S, p), namely, a set S and a metric p for it.
In general, one can define many different metrics

p, 005

for the same S. The resulting spaces

(S, p), (S,0), (S,07), ...

then are regarded as different. However, if confusion is unlikely, we simply
write S for (S, p). We write “p € (5, p)” for “p € S with metric p,” and
“AC (S, p)” for “AC Sin (S, p).”

Examples.

1) In E™, we always assume
( , y
p(Z, y) = |z —g| (the “standard metric”)
unless stated otherwise.! By Theorem 5 in §§1-3, (E™, p) is a metric
space.

(2) However, one can define for E™ many other “nonstandard” metrics. For
example,

n 1/p
Pz, §) = <Z |z) — yk\p) for any real p > 1
k=1

likewise satisfies the metric laws (a proof is suggested in §10, Problems 5—
7); similarly for C™.

(3) Any set S # () can be “metrized” (i.e., endowed with a metric) by setting

p(z, y) = 1if x # y, and p(z, z) = 0.
(Verify the metric laws!) This is the so-called discrete metric. The space

(S, p) so defined is called a discrete space.

(4) Distances (“mileages”) on the surface of our planet are actually measured
along circles fitting in the curvature of the globe (not straight lines). One
can show that they obey the metric laws and thus define a (nonstandard)
metric for S = (surface of the globe).

(5) A mapping f: A — E' is said to be bounded iff

3K c EY) (Vze A) |f(z) <K.

L Similarly in other normed spaces (§10), such as C™. (A reader who has omitted the
“starred” §10 will consider E™ only.)
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For a fixed A # (), let W be the set of all such maps (each being treated
as a single “point” of W). Metrize W by setting, for f, g € W,

p(f, g) = sup |f(x) — g(z)|.
€A
(Verify the metric laws; see a similar proof in §10.)

IT. We now define “balls” in any metric space (.5, p).

Definition 2.

Given p € (S, p) and a real £ > 0, we define the open ball or globe with
center p and radius € (briefly “c-globe about p”), denoted

G, or G,(e) or G(pie),
to be the set of all x € S such that
p(z, p) < e.
Similarly, the closed e-globe about p is
Gy =Gyle) = {a € S| pla, p) < <}.
The e-sphere about p is defined by
Sp(e) = {a € § | pla, p) = <}.

Note. An open globe in E3 is an ordinary solid sphere (without its surface
Sy(€)), as known from geometry. In E?, an open globe is a disc (the interior
of a circle). In E', the globe G, (¢) is simply the open interval

(p_67p+8),

while G, (¢) is the closed interval
p—e,p+el

The shape of the globes and spheres depends on the metric p. It may become
rather strange for various unusual metrics. For example, in the discrete space
(Example (3)), any globe of radius < 1 consists of its center alone, while G,(2)
contains the entire space. (Why?) See also Problems 1, 2, and 4.

ITI. Now take any nonempty set
AC (S, p).

The distances p(x, y) in S are, of course, also defined for points of A (since
A C S), and the metric laws remain valid in A. Thus A is likewise a (smaller)
metric space under the metric p “inherited” from S; we only have to restrict
the domain of p to A x A (pairs of points from A). The set A with this metric
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is called a subspace of S. We shall denote it by (A, p), using the same letter p,
or simply by A. Note that A with some other metric p’ is not called a subspace
of (S, p).

By definition, points in (A, p) have the same distances as in (S, p). However,
globes and spheres in (A, p) must consist of points from A only, with centers
in A. Denoting such a globe by

Gy(e) = {w € A| plx, p) < e},

we see that it is obtained by restricting G,(g) (the corresponding globe in S)
to points of A, i.e., removing all points not in A. Thus

G(e) = AN Gyle);

similarly for closed globes and spheres. AN Gy (¢) is often called the relativized
(to A) globe G (¢). Note that p € G (¢) since p(p, p) =0 < ¢, and p € A.

For example, let R be the subspace of E' consisting of rationals only. Then
the relativized globe G () consists of all rationals in the interval

Gple) =(p—e,p+e),
and it is assumed here that p is rational itself.

IV. A few remarks are due on the extended real number system E* (see
Chapter 2, §13). As we know, E* consists of all reals and two additional
elements, 400, with the convention that —oco < z < +oo for all x € E'.
The standard metric p does not apply to E*. However, one can metrize E* in
various other ways. The most common metric p’ is suggested in Problems 5 and
6 below. Under that metric, globes turn out to be finite and infinite intervals
mn E*.

Instead of metrizing E*, we may simply adopt the convention that intervals
of the form

(a, +00] and [~o0, a), a € E*,

will be called “globes” about 400 and —oo, respectively (without specifying
any “radii”). Globes about finite points may remain as they are in E'. This
convention suffices for most purposes of limit theory. We shall use it often (as
we did in Chapter 2, §13).

Problems on Metric Spaces

The “arrowed” problems should be noted for later work.

1. Show that E? becomes a metric space if distances p(Z, 7) are defined
by

(a) p(Z, §) = |z1 —y1| + |22 — y2| or
(b) p(Z, y) = max{|x1 — y1]|, |z2 — Y2},
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=5.

=6.

where Z = (21, x2) and § = (y1, y2). In each case, describe Gj(1)
and Sg(1). Do the same for the subspace of points with nonnegative
coordinates.

. Prove the assertions made in the text about globes in a discrete space.

Find an empty sphere in such a space. Can a sphere contain the entire
space?

. Show that p in Examples (3) and (5) obeys the metric axioms.

Let M be the set of all positive integers together with the “point” oo.
Metrize M by setting

1
, with the convention that — = 0.
00

1 1
Mmﬂﬂ—h;—ﬁ

Verify the metric axioms. Describe Goo(3), Sx(3), and G1(1).

Metrize the extended real number system E* by

o' (z, y) = |f(x) = f(y)l,
where the function

f: B —[-1, 1]

onto

is defined by
flz) =

T+ 2] if z is finite, f(—oc0) = —1, and f(4o00) = 1.
Compute pl(ov +OO)7 pl(o’ _00)7 pl(_oo7 +OO)7 1(07 1)7 pl(la 2)7 and
p'(n, +00). Describe Go(1), G1oo(1), and G_oo(3). Verify the metric
axioms (also when infinities are involved).

In Problem 5, show that the function f is one to one, onto [—1, 1], and
increasing; i.e.,

r < 2’ implies f(z) < f(2') for z, 2’ € E*.

Also show that the f-image of an interval (a, b)) C E* is the interval
(f(a), f(b)). Hence deduce that globes in E* (with p’ as in Problem 5)
are intervals in E* (possibly infinite).

[Hint: For a finite =, put
T

y=f(w)=1+|x|-

Solving for = (separately in the cases > 0 and z < 0), show that

(Fye(-11) @=f1w) = 2

thus z is uniquely determined by y, i.e., f is one to one and onto—each y € (—1, 1)
corresponds to some x € El. (How about 417)
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To show that f is increasing, consider separately the three cases z < 0 < z/,
z <z’ <0and 0 <z <z (also for infinite z and z').]

Continuing Problems 5 and 6, consider (E!, p’) as a subspace of (E*, p')
with p’ as in Problem 5. Show that globes in (E!, p’) are exactly all
open intervals in E*. For example, (0, 1) is a globe. What are its center
and radius under p’ and under the standard metric p?

Metrize the closed interval [0, +o0] in E* by setting
1 1

with the conventions 1 + (+00) = 400 and 1/(+00) = 0. Verify the
metric axioms. Describe G, (1) for arbitrary p > 0.

Prove that if p is a metric for S, then another metric p’ for S is given
by

(i) p'(z, y) = min{l, p(z, y)};

p(z, y)
L+ p(z, y)
In case (i), show that globes of radius < 1 are the same under p and p'.
In case (ii), prove that any Gp(e) in (S, p) is also a globe in (S, p’) of
radius

(ii) p'(z, y) =

€
1+¢

and any globe of radius < 1 in (5, p’) is also a globe in (S, p). (Find
the converse formula as well!)

[Hint for the triangle inequality in (ii): Let a = p(z, 2), b = p(z, y), and ¢ = p(y, z),
so that a < b+ ¢. The required inequality is

Y

a b n c
l4a = 14b 14c’
Simplify it and show that it follows from a < b+ c.]

Prove that if (X, p’) and (Y, p”) are metric spaces, then a metric p for
the set X x Y is obtained by setting, for x1, x2 € X and y;1, y2 € Y,

(1) p((z1, 91); (22, y2)) = max{p’(z1, x2), p" (41, y2)}; or

(i) p((z1, v1), (z2, y2)) = V/p' (21, T2)2 + 0" (41, ¥2)? .

[Hint: For brevity, put p5 = p'(z1, z2), p{s = p” (y1, y2), etc. The triangle inequal-
ity in (ii),

V(012)? + (0127 < [ (01)? + (012)? + 1/ () + (015)?

is verified by squaring both sides, isolating the remaining square root on the right
side, simplifying, and squaring again. Simplify by using the triangle inequalities valid
in X and Y, i.e.,
/ / / /1 /! //
P13 < p12 + p23 and pi3 < poy + pa3.
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Reverse all steps, so that the required inequality becomes the last step.]

11. Prove that

in any metric space (S, p).
[Caution: The formula p(z, y) = |x—y|, valid in E™, cannot be used in (S, p). Why?]

12. Prove that

p(p1, p2) + p(P2, P3) + -+ + p(Pn—1, Pn) = p(P1, Pn).

[Hint: Use induction.]

§12. Open and Closed Sets. Neighborhoods

I. Let A be an open globe in (S, p) or an open interval (a, b) in E™. Then
every p € A can be enclosed in a small globe G,,(d) C A (Figures 7 and 8).
(This would fail for “boundary” points; but there are none inside an open G,
or (a, b).)

P

—
S
N——

FiGURE 7 FIGURE 8

This suggests the following ideas, for any (S, p).
Definition 1.

A point p is said to be interior to a set A C (S, p) iff A contains some
Gyp; i.e., p, together with some globe G, belongs to A. We then also say
that A is a neighborhood of p. The set of all interior points of A (“the
interior of A”) is denoted A°. Note: )° = () and S° = S.!

Definition 2.

A set A C (S, p) is said to be open iff A coincides with its interior
(A% = A). Such are ) and S.

I Indeed, @ has no points at all, and hence no interior points; i.e., #° is void. On the other
hand, S contains any Gp. Thus any p is interior to S; i.e., S° = S.



102 Chapter 3. Vector Spaces. Metric Spaces

Examples.
(1) As noted above, an open globe G4(r) has interior points only, and thus
is an open set in the sense of Definition 2. (See Problem 1 for a proof.)

(2) The same applies to an open interval (a, b) in E™. (See Problem 2.)

(3) The interior of any interval in E™ never includes its endpoints a and b.
In fact, it coincides with the open interval (a, b). (See Problem 4.)

(4) The set R of all rationals in E! has no interior points at all (R = 0)
because it cannot contain any G, = (p — ¢, p + ). Indeed, any such
G contains irrationals (see Chapter 2, §§11-12, Problem 5), so it is not
entirely contained in R.

Theorem 1 (Hausdorff property?). Any two points p and q (p # q) in (S, p)
are centers of two disjoint globes.

More precisely,

(Fe>0) Gpe) NGy(e) = 0.

Proof. As p # q, we have p(p, q) > 0 by metric axiom (i’). Thus we may put
1
e = 5pp, 4) > 0.

It remains to show that with this €, G,(e) N G,(e) = 0.

Seeking a contradiction, suppose this fails. Then there is z € Gp(e) N G4(¢)
so that p(p, z) < € and p(zx, q) < €. By the triangle law,

p(p, q) < p(p, ) + p(z, @) <e+e =2 ie, p(p, q) < 2,
which is impossible since p(p, q) = 2e. O

< p\5\> //17&:
N \ y
\\‘/ a
\
I \
| | |
p1 a1 by
FI1GURE 9 FIGURE 10

Note. A look at Figure 9 explains the idea of this proof, namely, to obtain
two disjoint globes of equal radius, it suffices to choose ¢ < %p(p, q). The
reader is advised to use such diagrams in E? as a guide.

I1I. We can now define closed sets in terms of open sets.

2 Named after Felix Hausdorff.
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Definition 3.

A set A C (S, p) is said to be closed iff its complement —A4 = S — A is
open, i.e., has interior points only.
That is, each p € —A (outside A) is in some globe G, C —A so that

ANG,=0.

Examples (continued).

(5) The sets ) and S are closed, for their complements, S and (), are open, as
noted above. Thus a set may be both closed and open (“clopen”).

(6) All closed globes in (S, p) and all closed intervals in E™ are closed sets by
Definition 3. Indeed (see Figures 9 and 10), if A = G,(r) or A = [a, b],
then any point p outside A can be enclosed in a globe G, () disjoint from
A; so, by Definition 3, A is closed (see Problem 12).

(7) A one-point set {q} (also called “singleton”) in (S, p) is always closed, for
any p outside {q} (p # q) is in a globe disjoint from {q} by Theorem 1.
In a discrete space (§11, Example (3)), {q} is also open since it is an
open globe, {q} = Gq(%) (why?); so it is “clopen.” Hence, in such a space,
all sets are “clopen”. For p € A implies {p} = Gp(%) C A; similarly for
—A. Thus A and — A have interior points only, so both are open.

(8) The interval (a, b] in E' is neither open nor closed. (Why?)

*III. (The rest of this section may be deferred until Chapter 4, §10.)
Theorem 2. The union of any finite or infinite family of open sets A; (i € I),

denoted
U Ai7
iel

s open itself. So also is

for finitely many open sets. (This fails for infinitely many sets A;; see Prob-
lem 11 below.)

Proof. We must show that any point p of A = J, A; is interior to A.

Now if p € |, 4s, p is in some A;, and it is an interior point of A; (for A;
is open, by assumption). Thus there is a globe

GpgAnga

as required.
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For finite intersections, it suffices to consider two open sets A and B (for
n sets, all then follows by induction). We must show that each p € AN B is
interior to AN B.

Now as p € A and A is open, we have some Gp(8’) C A. Similarly, there is
Gp(8") C B. Then the smaller of the two globes, call it G), is in both A and
B, so

G, CANB

and p is interior to A N B, indeed. [J
Theorem 3. If the sets A; (i € I) are closed, so is

N
el

(even for infinitely many sets). So also is

for finitely many closed sets A;. (Again, this fails for infinitely many sets A;.)
Proof. Let A =(),.; A;. To prove that A is closed, we show that —A is open.
Now by set theory (see Chapter 1, §§1-3, Theorem 2),
—A=—-4={J(-4),
where the (—A;) are open (for the A; are closed). Thus by Theorem 2, —A is
open, as required.
The second assertion (as to |J;_; A;) follows quite similarly. O

Corollary 1. A nonempty set A C (S, p) is open iff A is a union of open
globes.

For if A is such a union, it is open by Theorem 2. Conversely, if A is open,
then each p € A is in some G, C A. All such G, (p € A) cover all of A, so
ACU G,p. Also, | G, C A since all G, are in A. Thus

A= ]G,

peEA

pEA pEA

Corollary 2. FEwvery finite set F' in a metric space (S, p) is closed.
Proof. If F =), F is closed by Example (5). If F' # (), let

F=A{p1, ..., o} = [ J{ps}
k=1

Now by Example (7), each {py} is closed; hence so is F' by Theorem 3. [
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Note. The family of all open sets in a given space (S, p) is denoted by G;
that of all closed sets, by F. Thus “A € G” means that A is open; “A € F”
means that A is closed. By Theorems 2 and 3, we have

(VA,BeG) AuBegGand ANB € gG;

similarly for F. This is a kind of “closure law.” We say that F and G are
“closed under finite unions and intersections.”

In conclusion, consider any subspace (A, p) of (S, p). As we know from §11,
it is a metric space itself, so it has its own open and closed sets (which must
consist of points of A only). We shall now show that they are obtained from
those of (S, p) by intersecting the latter sets with A.

Theorem 4. Let (A, p) be a subspace of (S, p). Then the open (closed) sets
in (A, p) are exactly all sets of the form ANU, with U open (closed) in S.

Proof. Let G be open in (A, p). By Corollary 1, G is the union of some open
globes G (i € I) in (A, p). (For brevity, we omit the centers and radii; we
also omit the trivial case G = 0).)

As was shown in §11, however, G; = AN G;, where G; is an open globe in
(S, p). Thus

by set theory (see Chapter 1, §§1-3, Problem 9).
Again by Corollary 1, U = |J; G; is an open set in (S, p). Thus G has the
form

AnlJGi=AnT,

with U open in S, as asserted.

Conversely, assume the latter, and let p € G. Then p € A and p € U. As
U is open in (S, p), there is a globe G}, in (S, p) such that p € G, C U. As
p € A, we have

pe ANG, CANU.
However, AN G, is a globe in (A, p), call it G. Thus
peG, CANU =G;

i.e., p is an interior point of G in (A, p). We see that each p € G is interior to
G, as a set in (A, p), so G is open in (A4, p).

This proves the theorem for open sets. Now let F' be closed in (A, p). Then
by Definition 3, A — F' is open in (A, p). (Of course, when working in (4, p),
we replace S by A in taking complements.) Let G = A—F,so F = A— G, and
G is open in (A, p). By what was shown above, G = ANU with U open in S.
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F=A-G=A—(ANU)=A-U=An(-U)

by set theory. Here —U = S —U is closed in (S, p) since U is open there. Thus
F =An(-U), as required.
The proof of the converse (for closed sets) is left as an exercise. [

=1.

=2.

Problems on Neighborhoods, Open and Closed Sets
Verify Example (1).
[Hint: Given p € Gg(r), let
d=r—p(p, qg) >0. (Why >07?)
Use the triangle law to show that
z € Gp(d) = p(x, q) <r =z € Gy(r).]
Check Example (2); see Figure 8.
[Hint: If p € (@, b), choose § less than the 2n numbers
pr —ar and by —px, k=1,..., n;

then show that G(8) C (@, b).]

. Prove that if p € G4(r) in E™, then G4(r) contains a cube [¢, d| with

center p.

[Hint: By Example (1), there is G5(6) C Gg(r). Inscribe in Gﬁ(%é) a cube of diagonal
8. Find its edge-length (6/+/n). Then use it to find the coordinates of the endpoints,
¢ and d (given p, the center). Prove that [¢, d] C G(5).]

Verify Example (3).

[Hint: To show that no interior points of [a, b] are outside (a, b), let § ¢ (a, b). Then
at least one of the inequalities ap < pg or px < by fails. (Why?) Let it be a1 < p1,
say, so p1 < a1.

Now take any globe G;(8) about p and prove that it is not contained in [a, b]
(so p cannot be an interior point). For this purpose, as in Problem 3, show that
Gp(8) D [¢,d] with ¢1 < p1 < a1. Deduce that & € G5(), but ¢ ¢ [a, b]; so
Gp(9) Z [a, b]]

. Prove that each open globe Gz(r) in E™ is a union of cubes (which can

be made open, closed, half-open, etc., as desired). Also, show that each
open interval (@, b) # () in E™ is a union of open (or closed) globes.
[Hint for the first part: By Problem 3, each p € Gg(r) is in a cube C, C Gg(r). Show
that Gg(r) = JCp.]

Show that every globe in E™ contains rational points, i.e., those with
rational coordinates only (we express it by saying that the set R™ of
such points is dense in E™); similarly for the set I™ of irrational points
(those with irrational coordinates).

[Hint: First check it with globes replaced by cubes (¢, d); see §7, Corollary 3. Then
use Problem 3 above.]
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T.

10.

11.

12.

*13.
*14.

*15.

Prove that if Z € G4(r) in E", there is a rational point p (Problem 6)
and a rational number § > 0 such that £ € G5(0) C Gz(r). Deduce that
each globe G4(r) in E™ is a union of rational globes (those with rational
centers and radii). Similarly, show that Gz(r) is a union of intervals
with rational endpoints.

[Hint for the first part: Use Problem 6 and Example (1).]

Prove that if the points p1, ..., p, in (S, p) are distinct, there is an
e > 0 such that the globes G(py;e) are disjoint from each other, for
k=1,2,..., n.

Do Problem 7, with G3(r) replaced by an arbitrary open set G # () in
E™.

Show that every open set G # () in E™ is infinite (*even uncountable;
see Chapter 1, §9).
[Hint: Choose G3(r) C G. By Problem 3, G5(r) D L[¢, d], a line segment.]

Give examples to show that an infinite intersection of open sets may not
be open, and an infinite union of closed sets may not be closed.
[Hint: Show that

0o
n=1

and

Ol 2] -
n=1

Verify Example (6) as suggested in Figures 9 and 10.
[Hints: (i) For G4(r), take

0=p(p,q)—r>0(Why >07?)

(ii) If p ¢ [a, b], at least one of the 2n inequalities ap < py or pp < by fails (why?),
say, p1 < ai. Take § = a1 — p1.
In both (i) and (ii) prove that AN Gp(6) = 0 (proceed as in Theorem 1).]

Prove the last parts of Theorems 3 and 4.

Prove that A°, the interior of A, is the union of all open globes contained
in A (assume A° # ). Deduce that A° is an open set, the largest
contained in A.3

For sets A, B C (S, p), prove that
(i) (AnB)?= A°n BY;
(i) (A%)% = A% and

(i) if A C B then A° C BO.

3 That is, the one that contains all other open subsets of A.
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[Hint for (ii): A% is open by Problem 14.]

16. Is AU B = (AU B)"?
[Hint: See Example (4). Take A= R, B = E' — R/]

17. Prove that if M and N are neighborhoods of p in (S, p), then
(a) pe M NN;
(b) M N N is a neighborhood of p;
*(c) so is M?; and
(d) so also is each set P C S such that P O M or P O N.
[Hint for (c): See Problem 14.]
18. The boundary of a set A C (5, p) is defined by

bd A = —[A° U (—A)");

thus it consists of points that fail to be interior in A or in —A.
Prove that the following statements are true:

(i) S=A°Ubd AU (—A)? all disjoint.
(i) bd S =0, bd0 = 0.
*(iii) A is open iff ANbd A = 0; A is closed iff A D bd A.
(iv) In E™,
bd G5(r) = bd G5(r) = Sp(r)

(the sphere with center p and radius r). Is this true in all metric
spaces?
[Hint: Consider Gp(%) in a discrete space; see §11, Example (3).]

(v) In E™, if (a, b) # 0, then
bd(a, b] = bdla, b) = bd(a, b) = bd|a, b] = [a, b] — (@, b).
(vi) In E™, (R™)° = (); hence bd R™ = E™ (R™ as in Problem 6).

19. Verify Example (8) for intervals in E™.

§13. Bounded Sets. Diameters

I. Geometrically, the diameter of a closed globe in E™ could be defined as
the maximum distance between two of its points. In an open globe in E™, there
is no “maximum” distance (why?), but we still may consider the supremum of
all distances inside the globe. Moreover, this makes sense in any set A C (S, p).
Thus we accept it as a general definition, for any such set.
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Definition 1.
The diameter of a set A # () in a metric space (S, p), denoted dA, is

109

the

supremum (in E*) of all distances p(z, y), with z, y € A4;! in symbols,

dA = sup p(z, y).
z,yeA

If A=0, we put dA = 0. If dA < +o0, A is said to be bounded (in

(S, p))-

Equivalently, we could define a bounded set as in the statement of the
lowing theorem.

fol-

Theorem 1. A set A C (S, p) is bounded iff A is contained in some globe. If

so, the center p of this globe can be chosen at will.

Proof. If A =), all is trivial.

Thus let A # (); let ¢ € A, and choose
any p € S. Now if A is bounded, then
dA < 400, so we can choose a real ¢ >
p(p, ¢)+dA as a suitable radius for a globe
Gp(e) O A (see Figure 11 for motivation).
Now if x € A, then by the definition of dA,
p(q, ©) < dA; so by the triangle law,

p(p, z) < p(p, q) + p(q, )
< ,O(p, q) +dA < £; FIGURE 11

ie.,z € Gp(e). Thus (Vz € A) x € Gp(e),
as required.

Conversely, if A C Gp(¢), then any z, y € A are also in G(¢); so p(z, p)
and p(p, y) < e, whence

p(z, y) < p(z, p) + p(p, y) <e+e=2e
Thus 2¢ is an upper bound of all p(z, y) with x, y € A. Therefore,
dA = sup p(z, y) < 2e < 4o0;
i.e., A is bounded, and all is proved. []

As a special case we obtain the following.

Theorem 2. A set A C E™ is bounded iff there is a real K > 0 such that
Vzed) |z|<K

(similarly in C™ *and other normed spaces).

! Recall that the supremum always exists in E* (finite or not); see Chapter 2, §13.

<e€
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Proof. By Theorem 1 (choosing 0 for p), A is bounded iff A is contained in
some globe Gg(e) about 0. That is,

(Vz e A) z € Ggle)or p(z, 0) =|z| <e.
Thus € is the required K. (*The proof for normed spaces is the same.) [
Note 1. In E', this means that
VzeAd) —-—K<z<K;

i.e., A is bounded by —K and K. This agrees with our former definition, given
in Chapter 2, §§8-9.

Caution: Upper and lower bounds are not defined in (S, p), in general.

Examples.
(1) 0 is bounded, with df) = 0, by definition.

(2) Let A = [a, b] in E™, with d = p(a, b) its diagonal. By Corollary 1 in §7,
d is the largest distance in A. In nonclosed intervals, we still have

d= sup p(z,y) =dA < +oo (see Problem 10(ii)).
z,yeA

Thus all intervals in E™ are bounded.

(3) Each globe G,(¢) in (S, p) is bounded, with dGp(e) < 2e < +00, as was
shown in the proof of Theorem 1. See, however, Problems 5 and 6 below.

(4) All of E™ is not bounded, under the standard metric, for if E™ had a finite
diameter d, no distance in E™ would exceed d; but p(—de;, de;) = 2d, a
contradiction!

(5) On the other hand, under the discrete metric (§11, Example (3)), any set
(even the entire space) is contained in G(3) and hence bounded. The
same applies to the metric p’ defined for E* in Problem 5 of §11, since
distances under that metric never exceed 2, and so E* C G,(3) for any
choice of p.

Note 2. This shows that boundedness depends on the metric p. A set may
be bounded under one metric and not bounded under another. A metric p is
said to be bounded iff all sets are bounded under p (as in Example (5)).

Problem 9 of §11 shows that any metric p can be transformed into a bounded
one, even preserving all sufficiently small globes; in part (i) of the problem, even
the radii remain the same if they are < 1.

Note 3. An idea similar to that of diameter is often used to define distances
between sets. If A # () and B # () in (S, p), we define p(A, B) to be the infimum
of all distances p(z, y), with x € A and y € B. In particular, if B = {p} (a
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singleton), we write p(A, p) for p(A, B). Thus

p(4, p) = inf p(z, p).

I1. The definition of boundedness extends, in a natural manner, to sequences
and functions. We briefly write {x,,} C (S, p) for a sequence of points in (S, p),
and f: A — (S, p) for a mapping of an arbitrary set A into the space S. Instead
of “infinite sequence with general term z,,,” we say “the sequence x,,.”

Definition 2.

A sequence {z,,} C (S, p) is said to be bounded iff its range is bounded
in (S, p), i.e., iff all its terms z,, are contained in some globe in (S, p).
In E™, this means (by Theorem 2) that

(Vm) |z, < K

for some fixed K € E1.2

Definition 3.

A function f: A — (S, p) is said to be bounded on a set B C A iff the
image set f[B] is bounded in (S, p); i.e. iff all function values f(z), with
x € B, are in some globe in (S, p).

In E™, this means that
(VzeB) |f(x) <K

for some fixed K € E'.2
If B = A, we simply say that f is bounded.

Note 4. If S = E! or S = E*, we may also speak of upper and lower
bounds. It is customary to call sup f[B] also the supremum of f on B and
denote it by symbols like

sup f(x) or sup{f(z) | x € B}.
zeB

In the case of sequences, we often write sup,, «,, or sup x,, instead; similarly
for infima, maxima, and minima.

Examples.

(a) The sequence

Ty = — in B!
m

is bounded since all terms x,,, are in the interval (0, 2) = G1(1). We have
inf z,, = 0 and sup x,, = maxz,, = 1.

2 *Similarly in C™ and other normed spaces.
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(b) The sequence
Ty =m in E*
is bounded below (by 1) but not above. We have inf z,,, = minz,, = 1
and sup z,, = +oo (in E*).
(c) Define f: E! — E! by
f(z) = 2.

This map is bounded on each finite interval B = (a, b) since f[B] =
(2a, 2b) is itself an interval and hence bounded. However, f is not
bounded on all of E! since f[E'] = E! is not a bounded set.

(d) Under a bounded metric p, all functions f: A — (.9, p) are bounded.
(e) The so-called identity map on S, f: S — (S, p), is defined by

f(z) =z

Clearly, f carries each set B C S onto itself; i.e., f[B] = B. Thus f is
bounded on B iff B is itself a bounded set in (.5, p).

(f) Define f: E' — E! by

f(z) =sinz.

Then f[E'] = [~1, 1] is a bounded set in the range space E*. Thus f is
bounded on E! (briefly, bounded).

Problems on Boundedness and Diameters

1. Show that if a set A in a metric space is bounded, so is each subset
B C A.

2. Prove that if the sets Ay, As, ..., A, in (S, p) are bounded, so is

U Ap.
k=1

Disprove this for infinite unions by a counterexample.

[Hint: By Theorem 1, each Ag is in some Gp(er), with one and the same center
p. If the number of the globes is finite, we can put max(e1, ..., en) = €, so Gp(e)
contains all Aj. Verify this in detail.]

=3. From Problems 1 and 2 show that a set A in (S, p) is bounded iff it is
contained in a finite union of globes,

U Goxsen).
k=1
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4. A set A in (S, p) is said to be totally bounded iff for every € > 0 (no
matter how small), A is contained in a finite union of globes of radius
€. By Problem 3, any such set is bounded. Disprove the converse by a
counterexample.
[Hint: Take an infinite set in a discrete space.]

5. Show that distances between points of a globe G)(¢) never exceed 2e.
(Use the triangle inequality!) Hence infer that dGp(e) < 2¢. Give an
example where dG,(¢) < 2e. Thus the diameter of a globe may be less
than twice its radius.

[Hint: Take a globe Gp(%) in a discrete space.]

6. Show that in E™ (*as well as in C™ and any other normed linear space
# {0}), the diameter of a globe G, (¢) always equals 2¢ (twice its radius).
[Hint: By Problem 5, 2¢ is an upper bound of all p(Z, §) with Z, § € Gp(e).

To show that there is no smaller upper bound, prove that any number
2¢e —2r (r>0)
is exceeded by some p(Z, §); e.g., take T and § on some line through p,
T =p+ iy,
choosing suitable values for ¢ to get p(Z, §) = | — §| > 2e — 2r.]
7. Prove that in E™, a set A is bounded iff it is contained in an interval.
8. Prove that
p(A, B) < p(A, p) + p(p, B).
Disprove
p(A, B) < p(A, p) + p(p, B)
by an example.

9. Find supz,, infz,, maxx,, and minz, (if any) for sequences with
general term

(a) m;
(b) (=D)™(2—2>"");
@ 1-
n(n —1)
(d) (n—2)2"
Which are bounded in E'?

10. Prove the following about lines and line segments.

(i) Show that any line segment in E™ is a bounded set, but the entire
line is not.

(i) Prove that the diameter of L(a, b) and of (@, b) equals p(a, b).
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11. Let f: E' — E! be given by
1
flx) = - if  # 0, and f(0) = 0.
Show that f is bounded on an interval [a, b] iff 0 ¢ [a, b]. Is f bounded
on (0, 1)?

12. Prove the following:
(a) If AC B C (S, p), then dA < dB.

(b) dA =0 iff A contains at most one point.
(c) If AN B # (), then
d(AUB) < dA + dB.
Show by an example that this may fail if AN B = (.

§14. Cluster Points. Convergent Sequences

1 1
A:{l, —,...,—,...};
2 m

we may as well let A denote the sequence z,, = 1/m in E*.* Plotting it on
the axis, we observe a remarkable fact: The points xz,, “cluster” close to 0,
approaching 0 as m increases—see Figure 12.

Consider the set

—¢ £

‘ ""HH\HH
0

|
1 1
2

(S
W=
W=

| |
11
76
FIGURE 12

To make this more precise, take any globe about 0 in E', Go(g) = (—¢, ¢).
No matter how small, it contains infinitely many (even all but finitely many)
points x,,, namely, all from some x; onward, so that

(Vm > k) x, € Go(e).
Indeed, take k > 1/¢,s0 1/k < e. Then

(Vm > k) < —<g

1
m
e, xm € (—¢, €) = Go(e).

This suggests the following generalizations.

1 “Sequence” means “infinite sequence”; m, n, k denote integers > 0.
) ) )
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Definition 1.

A set, or sequence, A C (S, p) is said to cluster at a point p € S (not
necessarily p € A), and p is called its cluster point or accumulation point,
iff every globe G, about p contains infinitely many points (respectively,
terms) of A. (Thus only infinite sets can cluster.)

Note 1. In sequences (unlike sets) an infinitely repeating term counts as
infinitely many terms. For example, the sequence 0, 1, 0, 1, ... clusters at 0
and 1 (why?); but its range, {0, 1}, has no cluster points (being finite). This
distinction is, however, irrelevant if all terms z,,, are distinct, i.e., different from
each other. Then we may treat sequences and sets alike.

Definition 2.

A sequence {z,,} C (S, p) is said to converge or tend to a point p in S,
and p is called its limit, iff every globe G,(¢) about p (no matter how
small) contains all but finitely many terms x,,.%> In symbols,

(Ve >0) (k) (Vm >k) z, € Gyle), ie., p(xm, p) <e. (1)

If such a p exists, we call {z,,} a convergent sequence (in (S, p));
otherwise, a divergent one. The notation is

Tm — p, Or limz,, =p, or lim z, =p.
m— o0

In E"?2 p(Zm, P) = |Zm — p|; thus formula (1) turns into
T — pin E"iff (Ve >0) (3k) (Ym > k) |Zm —D| <e. (2)

Since “all but finitely many” (as in Definition 2) implies “infinitely many” (as
in Definition 1), any limit is also a cluster point. Moreover, we obtain the
following result.

Corollary 1. If z,, — p, then p is the unique cluster point of {z,,}. (Thus a
sequence with two or more cluster points, or none at all, diverges.)

For if p # q, the Hausdorff property (Theorem 1 of §12) yields an € such
that

Gp(e) NGy(e) = 0.

As z,, — p, Gp(e) leaves out at most finitely many z,,, and only these can
possibly be in Gy(g). (Why?) Thus ¢ fails to satisfy Definition 1 and hence is
no cluster point. Hence lim z,,, (if it exists) is unique.

2 That is, Gp(e) leaves out at most finitely many terms x,, say, €1, ®2, ..., Tk, whereas
in Definition 1, Gp(¢) may leave out even infinitely many points of A.
3 *Similarly for sequences in C™ and in other normed spaces (§10).
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Corollary 2.
(i) We have x,, — p in (S, p) iff p(Tm, p) — 0 in EL.
Hence
(ii) Zp, = p in E™ iff [Z,, — | — 0 and
(iii) &, — 0 in E™ iff |Z,| — 0.
Proof. By (2), we have p(z,, p) — 0 in E' if
(Ve>0) (k) (Vm>k) |p(zm, p)—0|=p(zm, p) <e.

By (1), however, this means that x,, — p, proving our first assertion. The rest
easily follows from it, since p(Z,, p) = |Zm — p| in E™. O

Corollary 3. If x,, tends to p, then so does each subsequence T,, .

For z,, — p means that each G, leaves out at most finitely many x,,. This
certainly still holds if we drop some terms, passing to {x,,, }.

Note 2. A similar argument shows that the convergence or divergence of
{zm}, and its limit or cluster points, are not affected by dropping or adding
a finite number of terms; similarly for cluster points of sets. For example, if
{z;,} tends to p, so does {z,,4+1} (the same sequence without x1).

We leave the following two corollaries as exercises.

Corollary 4. If {x,,} splits into two subsequences, each tending to the same
limit p, then also x,, — p.

Corollary 5. If{x,,} convergesin (S, p), it is bounded there. (See Problem 4.)

Of course, the convergence or divergence of {x,,} and its clustering depend
on the metric p and the space S. Our theory applies to any (S, p). In particu-
lar, it applies to E*, with the metric p' of Problem 5 in §11. Recall that under
that metric, globes about +o0o have the form (a, +o0] and [—oo, a), respec-
tively. Thus limits and cluster points in (E*, p’) coincide with those defined
in Chapter 2, §13, (formulas (1)—(3) and Definition 2 there).* Our theory then
applies to infinite limits as well, and generalizes Chapter 2, §13.

Examples.
(a) Let
Ty =p forallm
(such sequences are called constant). As p € G,, any G, contains all

ZTm- Thus x,, — p, by Definition 2. We see that each constant sequence
converges to the common value of its terms.

4 The second part of Chapter 2, §13, should be reviewed at this stage.
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(b)

In our introductory example, we showed that

1
lim — =0 inE'
m—o00 1M,
and that 0 is the (unique) cluster point of the set A = {1, 3, ...}. Here
0¢ A

The sequence
0,1,0,1, ...

has two cluster points, 0 and 1, so it diverges by Corollary 1. (It “os-
cillates” from 0 to 1.) This shows that a bounded sequence may diverge.
The converse to Corollary 5 fails.

The sequence
Ty, =M

(or the set N of all naturals) has no cluster points in E!, for a globe of
radius < % (with any center p € E') contains at most one z,,, and hence
no p satisfies Definition 1 or 2.

*

However, {z,,} does cluster in (E*, p'), and even has a limit there,

namely +oo. (Prove it!)
The set R of all rationals in E! clusters at each p € E'. Indeed, any
globe

Gp(e)=(p—¢&, p+e)

contains infinitely many rationals (see Chapter 2, §10, Theorem 3), and
this means that each p € E' is a cluster point of R.

The sequence

1 1

2, =, 3, =, ...
M ? 2 9 M 3 ?

has only one cluster point, 0, in E!; yet it diverges, being unbounded (see

Corollary 5). In (E*, p'), it has two cluster points, 0 and +oo. (Verify!)

1,1

1
, (with zo = z and xop_1 = k)

The lim and lim of any sequence in E* are its cluster points (cf. Chapter 2,
§13, Theorem 2 and Problem 4). Thus in E*, all sequences cluster.

Let
A=1la, b, a<b.

Then A clusters exactly at all its points, for if p € A, then any globe
Gple)=(p—¢,p+e)

overlaps with A (even with (a, b)) and so contains infinitely many points
of A, as required. Even the endpoints a and b are cluster points of A (and
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of (a, b), (a, b, and [a, b)). On the other hand, no point outside A is a
cluster point. (Why?)

(i) In a discrete space (§11, Example (3)), no set can cluster, since small
globes, such as G,(3), are singletons. (Explain!)

Example (h) shows that a set A may equal the set of its cluster points (call
it A); i.e.,
A=A
Such sets are said to be perfect. Sometimes we have A C A, A/ C A, A =8
(as in Example (e)), or A" = ). We conclude with the following result.

Corollary 6. A set A C (S, p) clusters at p iff each globe G, (about p) contains
at least one point of A other than p.’

Indeed, assume the latter. Then, in particular, each globe
1
Gp<ﬁ), n=1,2, ...

contains some point of A other than p; call it x,,. We can make the z,, distinct
by choosing each time z,41 closer to p than x,, is. It easily follows that each
G\ (e) contains infinitely many points of A (the details are left to the reader),
as required. The converse is obvious.

Problems on Cluster Points and Convergence

1. Is the Archimedean property (see Chapter 2, §10) involved in the proof

that

1
lim — =07
m—o00 M,

2. Prove Note 2 and Corollaries 4 and 6.
3. Verify Example (c) in detail.’
4. Prove Corollary 5.

[Hint: Fix some Gp(e). Use Definition 2. If Gy (e) leaves out z1, z2, ..., Tk, take a
larger radius r greater than

p(@m,p)y m=1,2, ..., k
Then the enlarged globe Gy (r) contains all zr,. Use Theorem 1 in §13.]
5. Show that z,,, = m tends to 400 in E*. Does it contradict Corollary 57
6. Show that E! is a perfect set in E': E' = (E'). Is E! a perfect set in
E*? Why?

5 This corollary does not apply to cluster points of sequences.
6 In particular, show that there are no other cluster points.
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=7. Review Problems 2 and 4 of Chapter 2, §13. (Do them if not done
before.)

8. Verify Examples (f) and (h).
9. Explain Example (i) in detail.

10. In the following cases find the set A’ of all cluster points of A in E'. Is
A C A7 Is A C A’? Is A perfect? Give a precise proof.

(a) A consists of all points of the form

1 1
—and1+—, n=1,2,...;
n n
i.e., A is the sequence
{1 R Lagd }
7 727 27"'7n7 n?"' °

Does it converge?
(b) A is the set of all rationals in (0, 1). Answer: A’ = [0, 1]. Why?

(c) A is the union of the intervals

[ 2n 2n+1

—0.1.2 ...
2n+1’2n+2]’ =4

(d) A consists of all points of the form
2 mand 27" +2 "k n keN.

11. Can a sequence {z,,} C E' cluster at each p € E'?
[Hint: See Example (e).]

12. Prove that if
p=supAorp=infAin E*

(0 £ AC EY), and if p ¢ A, then p is a cluster point of A.
[Hint: Take Gp(e) = (p — &, p+¢). Use Theorem 2 of Chapter 2, §§8-9.]

13. Prove that a set A C (S, p) clusters at p iff every neighborhood of p
(see §12, Definition 1) contains infinitely many points of A; similarly for
sequences. How about convergence? State it in terms of cubic neigh-
borhoods in E™.

14. Discuss Example (h) for nondegenerate intervals in E™. Give a proof.

15. Prove that a set A # () clusters at p (p ¢ A) iff p(p, A) = 0. (See §13,
Note 3.)

16. Show that in E" (*and in any other normed space # {0}), the cluster
points of any globe Gj(¢) form exactly the closed globe G;(¢), and that
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Gp(e) is perfect. Is this true in other spaces? (Consider a discrete
space!)

[Hint: Given g € Gp(g) in E™, show that any G3(§) overlaps with the line pg. Show
also that no point outside Gg(g) is a cluster point of Gp(¢).]

17. (Cantor’s set.) Remove from [0, 1] the open middle third

G3)

From the remaining closed intervals

o, 3] wna [5.1),

remove their open middles,

(55) = (5 5)

Do the same with the remaining four closed intervals, and so on, ad
infinitum. The set P which remains after all these (infinitely many)
removals is called Cantor’s set.

Show that P is perfect.

[Hint: If p ¢ P, then either p is in one of the removed open intervals, or p ¢ [0, 1].
In both cases, p is no cluster point of P. (Why?) Thus no p outside P is a cluster
point.

On the other hand, if p € P, show that any Gp(e) contains infinitely many
endpoints of removed open intervals, all in P; thus p € P’. Deduce that P = P’/]

§15. Operations on Convergent Sequences’

Sequences in E! and C can be added and multiplied termwise; for example,
adding {z,,} and {y,,}, one obtains the sequence with general term z,, + ¥u,.
This leads to important theorems, valid also for E™ (*and other normed spaces).
Theorem 1 below states, roughly, that the limit of the sum {z,, + ym} equals
the sum of limx,, and limy,, (if these exist), and similarly for products and
quotients (when they are defined).?

Theorem 1. Let z,, — q, Ym — 7, and a,, — a in E* or C (the complex
field). Then

(i) Tm tym —>qxr;

! This section (and the rest of this chapter) may be deferred until Chapter 4, §2. Then
Theorems 1 and 2 may be combined with the more general theorems of Chapter 4, §3. (It is
rather a matter of taste which to do first.)

2 Theorem 1 is known as “continuity of addition, multiplication, and division” (for reasons
to be clarified later). Note the restriction a # 0 in (iii).
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(i) amzm — ag;
x
(i) ™ — L ifa 0.
Am a
This also holds if the Ty, Ym, q, and r are vectors in E™ (* or in another normed
space), while the a,, and a are scalars for that space.

Proof. (i) By formula (2) of §14, we must show that
(Ve>0) (k) (Vm>k) |emEtym—(gxr)|<e.

Thus we fix an arbitrary € > 0 and look for a suitable k. Since z,, — ¢ and
Ym — T, there are k' and k” such that

Vm>k) |zm—ql <=

and .

Vm>k") |ym—r| < 2
(as € is arbitrary, we may as well replace it by %5) Then both inequalities hold
for m > k, k = max(k’, k). Adding them, we obtain

Vm>k) |xm—q|l+ |lym —71| <e.
Hence by the triangle law,
[T — q £ (Yym —7)| <&, L€, |Tm £ym — (¢ £7)| < e for m >k,
as required. [

This proof of (i) applies to sequences of vectors as well, without any change.
The proof of (ii) and (iii) is sketched in Problems 1-4 below.

Note 1. By induction, parts (i) and (ii) hold for sums and products of any
finite (but fixed) number of suitable convergent sequences.

Note 2. The theorem does not apply to infinite limits ¢, r, a.

Note 3. The assumption a # 0 in Theorem 1(iii) is important. It ensures
not only that ¢/a is defined but also that at most finitely many a,, can vanish
(see Problem 3). Since we may safely drop a finite number of terms (see Note 2
in §14), we can achieve that no a,, is 0, so that x,,/a,, is defined. It is with
this understanding that part (iii) of the theorem has been formulated. The
next two theorems are actually special cases of more general propositions to be
proved in Chapter 4, §83 and 5. Therefore, we only state them here, leaving
the proofs as exercises, with some hints provided.

Theorem 2 (componentwise convergence). We have Z,, — p in E™ (*C"™) iff
each of the n components of Z,, tends to the corresponding component of p,
i, iff Tk — pr, k=1,2, ..., n, in EY(C). (See Problem 8 for hints.)
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Theorem 3. Every monotone sequence {x,} C E* has a finite or infinite
limit, which equals sup,, x,, if {z,}T and inf, x, if {z,}|. If {x,} is monotone
and bounded in E1, its limit is finite (by Corollary 1 of Chapter 2, §13).

The proof was requested in Problem 9 of Chapter 2, §13. See also Chapter 4,
85, Theorem 1. An important application is the following.

Example (the number e).

IRNL
Let z,, = (1 + —) in E'. By the binomial theorem,
n

n(n —1 nn—1)(n —2
+n(n—1)---(n—(n—1))

2 (- D3 (-0 Dy

)00 (-1

If n is replaced by n + 1, all terms in this expansion increase, as does
their number. Thus z, < z,1, i.e., {z,}T. Moreover, for n > 1,

1 1
2<$n<2+§++ﬁ ]_n—|—1
1— (=
<oyt oyt (2> <241=3
- 2 on 2 1 e

Thus 2 < z,, < 3 for n > 1. Hence 2 < sup,, ,, < 3; and by Theorem 3,
sup,, € = limx,. This limit, denoted by e, plays an important role in
analysis. It can be shown that it is irrational, and (to within 1072)
e = 2.71828182845904523536 . ... In any case,

1\n
2<e=lim (1+-)" <3 (1)
n

n— o0

The following corollaries are left as exercises for the reader.
Corollary 1. Suppose lim s,,, = p and limy,, = q exist in E*.
(a) If p > q, then x,, > Yy, for all but finitely many m.
(b) If Xy, < Yyp for infinitely many m, then p < q; i.e., limx,, < limy,,.
This is known as passage to the limit in inequalities. Caution: The strict
inequalities x,, < ¢, do not imply p < ¢ but only p < ¢q. For example, let

1
Ty = — and y,, = 0.
m
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Then
(VYm) Zm > Ym;
yet lim z,, = limy,, = 0.

Corollary 2. Let z,, — p in E*, and let ¢ € E* (finite or not). Then the
following are true:

(a) If p > c (respectively, p < c), we have x,,, > ¢ (x, < c) for all but finitely
many m.

(b) If x < c (respectively, x,, > ¢) for infinitely many m, thenp < c (p > ¢).

One can prove this from Corollary 1, with y,,, = ¢ (or x,,, = ¢) for all m.

Corollary 3 (rule of intermediate sequence). If x,, — p and y,, — p in E*
and if T < Zm < Ym for all but finitely many m, then also z,, — p.

Theorem 4 (continuity of the distance function). If
Ty — p and y,, — q in a metric space (S, p),
then
p(@ms ym) = p(p, @) in E.
Hint: Show that

|p(Zm, Ym) — (P, Q)| < p(Tm, P) + p(q5 Ym) — 0
by Theorem 1.

Problems on Limits of Sequences
See also Chapter 2, §13.
1. Prove that if z,,, — 0 and if {a,,} is bounded in E! or C, then

AT — 0.

This is true also if the x,, are vectors and the a,, are scalars (or vice
versa).
[Hint: If {an} is bounded, there is a K € E! such that

(Ym) lam| < K.
As xm — 0,
(Ve >0) (3k) (Ym > k) |zm]| < % (why?),
SO |amTm| < €.]

2. Prove Theorem 1(ii).
[Hint: By Corollary 2(ii)(iii) in §14, we must show that amzm — aw — 0. Now

amTm — aq = am (Tm — q) + (am — a)q,



124

Chapter 3. Vector Spaces. Metric Spaces

where z,;, — ¢ — 0 and am — a — 0 by Corollary 2 of §14. Hence by Problem 1,
am(zm —¢q) — 0 and (am —a)g — 0

(treat q as a constant sequence and use Corollary 5 in §14). Now apply Theorem 1(i).]

. Prove that if a,, — a and a # 0 in E' or C, then

(Fe>0) 3k) (Vm>k) |am| > e.

(We briefly say that the a,, are bounded away from 0, for m > k.) Hence
prove the boundedness of {i} for m > k.

[Hint: For the first part, proceed as in the proof of Corollary 1 in §14, with ., = am,
p=a, and g = 0.
For the second part, the inequalities

(Ym > k) ‘i‘ Sé

lead to the desired result.]

. Prove that if a,, — a # 0 in E' or C, then

1 1
— = —.
Am, a

Use this and Theorem 1(ii) to prove Theorem 1(iii), noting that

T 1

- = mm .
am am
[Hint: Use Note 3 and Problem 3 to find that
1 1 1 1
(Vm > k) ]———(:ﬁ lam — a
Am

)
a

|am|
1 . 1

where {—} is bounded and ﬁ |am —al — 0. (Why?)
am a

1 1
Hence, by Problem 1, | — — —‘ — 0. Proceed.]
am a

. Prove Corollaries 1 and 2 in two ways:

(i) Use Definition 2 of Chapter 2, §13 for Corollary 1(a), treating in-
finite limits separately; then prove (b) by assuming the opposite
and exhibiting a contradiction to (a).

(ii) Prove (b) first by using Corollary 2 and Theorem 3 of Chapter 2,
§13; then deduce (a) by contradiction.

6. Prove Corollary 3 in two ways (cf. Problem 5).
7. Prove Theorem 4 as suggested, and also without using Theorem 1(i).

8. Prove Theorem 2.

[Hint: If Z,, — p, then

(Ve>0) (3q) (Ym>gq) &> |Zm —P| = [#mr — pel- (Why?)
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8’.

10.

11.

Thus by definition z,,x — pr, k=1,2, ..., n.

Conversely, if so, use Theorem 1(i)(ii) to obtain
n n
D Tk — Y Prék,
k=1 k=1
with €}, as in Theorem 2 of §§1-3].

In Problem 8, prove the converse part from definitions. (Fix ¢ > 0, etc.)

Find the following limits in E!, in two ways: (i) using Theorem 1,
justifying each step; (ii) using definitions only.

1 3 2

(a) lim ﬂ; (b) lim ﬂ;
m— o0 m m—r 00 2m -1

1 n(n —1)

(c) lim

A (d) lim

n—oo 1 —2n2 "
[Solution of (a) by the first method: Treat

1 1
m+l_,, 1
m m

as the sum of z,, = 1 (constant) and
1 .
ym = — — 0 (proved in §14).
m

Thus by Theorem 1(i),

m+1
—— =Zm +Ym +14+0=1.
m

Second method: Fix € > 0 and find k such that
1
(Ym > k) ‘u—l‘<s.
m

1 1
Solving for m, show that this holds if m > —. Thus take an integer £ > —, so
€ €

(Ym > k) (mTH

—1‘<s.

Caution: One cannot apply Theorem 1(iii) directly, treating (m + 1)/m as the
quotient of x,,, = m+1 and a,, = m, because z,, and an, diverge in E. (Theorem 1
does not apply to infinite limits.) As a remedy, we first divide the numerator and
denominator by a suitable power of m (or n).]

Prove that

1
|Zp,| = +o0in E* if — — 0 (z,, #0).
Lm

Prove that if

Tm — +00 and y,, — q # —oo in B,
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then
Lo + Ym — +0O0.

This is written sybolically as
“400+ q = +o0 if ¢ # —00.”
Do also
“—00 4+ q = —o0 if ¢ # +00.”
Prove similarly that
“(400) - g = o0 if ¢ > 07
and
“(400) - qg=—00if ¢ < 0.7
[Hint: Treat the cases ¢ € E', ¢ = +00, and q = —oco separately. Use definitions.]
12. Find the limit (or lim and lim) of the following sequences in E*:
(a) ¢, =2-4---2n=2"nl;
(b) %
(c) z, =2n* —n3 —3n? - 1;
)

( Tn = (_1)nn!§

(e) xn =
[Hint for (b): x,, = n(5 — n?); use Problem 11.]
13. Use Corollary 4 in §14, to find the following;:

(a) lim (=1

n—oo 1 —+ 'n2 ;
1— -n"
(b) lim L=+ (D
14. Find the following.
. 142+ +n
(a) lim 5
n—oo n

n 2
(b) lim S —

T, =5 —n

o,

(1"

n!

(c) lim

[Hint: Compute »;_, k™ using Problem 10 of Chapter 2, §§5-6.]

1
What is wrong with the following “solution” of (a): — — 0,
n

— 0
2 )
etc.; hence the limit is 07

n2
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15.

16.

17.

18.

For each integer m > 0, let
Spn = 1™ +2M 4+ oo 0™,
Prove by induction on m that

. S 1
im = :
n—oo (n+1)m+tl  m41

[Hint: First prove that

m—1

(m+1)Smn =(n+ 1)m+1 (m + 1)
1=0

by adding up the binomial expansions of (k+ 1)t k=1,..., n]

Prove that

lim ¢" = +o0ifg>1; lim ¢"=0if|¢g| <1; lim 1" =1.

n—oco n—oco n—oco
[Hint: If ¢ > 1, put ¢ =1+ d, d > 0. By the binomial expansion,

=1+d"=1+nd+---+d" >nd - +oo. (Why?)
If |q| < 1, then {%| > 1; so lim|%{n = +4-00; use Problem 10.]

Prove that

lim 3—01f|q|>1 and lim £—+001f0<q<1

n—o0 q n— o0 q

[Hint: If |g| > 1, use the binomial as in Problem 16 to obtain

1 n 2
"s pn-—1d? n>2 s0 — < ———— (.
" > gnln— i, n2 2, s0 o <

Use Corollary 3 with

n 2
Zn =0, |zn] = —, and yn

lq|™ C (n—-1)d?

127

to get |zn| — 0; hence also z, — 0 by Corollary 2(iii) of §14. In case 0 < ¢ < 1, use

10,
Let r, a € E'. Prove that

lim n"a " =0if |a| > 1.

n— o0

[Hint: If » > 1 and a > 1, use Problem 17 with ¢ = al/" to get na=™/" — 0. As

0<n"a™™=(na"™")" <na" ™" =0,

obtain n"a™™ — 0.
If r <1, then n"a™™ < na™™ — 0. What if a < —17)
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19. (Geometric series.) Prove that if |¢| < 1, then

lim (a+aq+---+ag" ') =

n—00 1—q'

[Hint:

a(l+g+--+¢" ) =a

where g™ — 0, by Problem 16.]
20. Let 0 < ¢ < +o00. Prove that

lim c=1.

n—oo
[Hint: If ¢ > 1, put ¥c=1+dn, dn > 0. Expand ¢ = (1 + d)™ to show that

0<dy, << 50,
n

so dn, — 0 by Corollary 3.]

21. Investigate the following sequences for monotonicity, lim, lim, and lim.
(In each case, find suitable formula, or formulas, for the general term.)

(a) 2, 5,10, 17, 26, ...;

(b) 2 -2, ...
(c) 2, 6, 10, —14, .. .:
(d) 1, -1, -1,1,1, -1, —1, ...
3 4 6 5-10 6-14
(e) , , Y
4 9 16

22. Do Problem 21 for the following sequences.
(a) 1 -8 27 —-64 125
a -
2-373-4°4-55-6"6-7 """

2 5 8 13

p) 2. -2 2 =2

( ) 97 97 9’ 9’ )

(©) 2 2 4 4 6 6

C) =y — =y =y — =y — ey e
37577 911 13’ ’

(d) 1,3,51,1,3,5 2 1,3,5,3,...,1,3,5 1, ...;

(e) 0.9, 0.99, 0.999, ...

(f) +o0, 1, 400, 2, 400, 3, ...;

() 1 1 1
—00, 1, =00, =, ..., —00, —, ....

g ) b 727 b 7n7

23. Do Problem 20 as follows: If ¢ > 1, {{/c}|. (Why?) By Theorem 3,
p= lim {/c exists and

n—oo
(Vn) 1<p< e ie, 1<p" <c
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By Problem 16, p cannot be > 1, so p = 1.
In case 0 < ¢ < 1, consider {/1/c and use Theorem 1(iii).

24. Prove the existence of lim z,, and find it when x,, is defined inductively

(1) r1 = \/5, Tp+1 = \/2113n;
(il) 21 =¢ >0, xpr1 = V2 + xp;

CcT, "

; hence deduce that lim € _ 0.
n+1 n—o0 n!

(i) 21 =¢> 0, Tpy1 =
[Hint: Show that the sequences are monotone and bounded in E! (Theorem 3).
For example, in (ii) induction yields
Tn < Tpy1 < c+ 1. (Verify!)
Thus lim z, = limx,4+1 = p exists. To find p, square the equation
o1 =V +an  (given)

and use Theorem 1 to get
p’> =c®+p. (Why?)

Solving for p (noting that p > 0), obtain

p=limz, = %(1 +V/4c2 +1);
similarly in cases (i) and (iii).]
25. Find limz,, in E! or E* (if any), given that
(a) z, =(n+1)7—n%,0<qg< 1
(b) @p =vn(Vn+1-+/n);
1
(c) zn = \/ﬁ ;

(d) x, =n(n+1)c", with |¢|] < 1;

(e) zp, = ay , with ag > 0;
k=1
) o _3:5-7-- (2n+1)
" 2.5.8.--(3n—1)
[Hints

(a) 0 < zp <nq[<1+l>q—1} <nq(1+%—1> =n?"1 - 0. (Why?)

1 1 1
b) &p = —————, where 1 < 4/1+ = <1+ — — 1,50 25, — 2. (Why?
() 1++/1+1/n V' " n 2+ (Why?)

(c) Verify that
n n

— <zp < ——,
VrZtn T Vn2+1
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so n — 1 by Corollary 3. (Give a proof.)
(d) See Problems 17 and 18.
(e) Let a = max(ai, ..., am). Prove that a < z, < a ¥Ym. Use Problem 20.]

The following are some harder but useful problems of theoretical importance.
The explicit hints should make them not too hard.

26. Let {x,} C E'. Prove that if 2,, — p in E', then also

n

1
lim — ; =
Jm 2=
i=1
(i.e., p is also the limit of the sequence of the arithmetic means of the
Tn).
[Solution: Fix & > 0. Then
€ g
Fk) (Vn>k) p-— 1 <zn <p+ 7

Adding n — k inequalities, get

n

(n—k)(p— Z) < Z z; < (n—k)(p—}—i).

i=k+1
With k so fixed, we thus have

—k € 1
(Vn > k) ﬁ——(——)<—(m+rw~+xw<
n 4 n

n—=k

Here, with k and ¢ fixed,

I n—k( 5) €
1im —=)=p--.
p 4

n— oo n 4

Hence, as p — %8 <p-— %8, there is k’ such that

Vn> k) p—§< ”;k(p_i)_

Similarly,
—k € €
" " £ £
FK) (vn > k") = (p+ D) <pt s

Combining this with (i), we have, for K/ = max(k’, k'),

€ 1 €
(Vn > K') p—5<;(xk+1+---+xn)<p+5. (ii)

Now with k fixed,

. 1
lim —(z1+2z2+---+ag)=0.

n—oo n

Hence
15

1
3K") (vn>K") - 5 < E(xl +o o) < =

2
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26’

27.

28.

29.

30.

Let K = max(K’, K'"). Then combining with (ii), we have
1
Vn>K) p—e< —(x1+-+zn) <p+e,
n

and the result follows.]

Show that the result of Problem 26 holds also for infinite limits p =
+oo € E*.

Prove that if z,, — p in E* (x, > 0), then

lim Yzi29-- -2, = Pp.

n—oo

[Hint: Let first 0 < p < +00. Given € > 0, use density to fix § > 1 so close to 1 that
p—s<§<p<p5<p+s.

As xp, — p,

(k) (Vn > k) P < @y < pVo.

Vs
Continue as in Problem 26, replacing € by d, and multiplication by addition (also

subtraction by division, etc., as shown above).? Find a similar solution for the case
p = +oo. Note the result of Problem 20.]

Disprove by counterexamples the converse implications in Problems 26
and 27. For example, consider the sequences

1,-1,1, -1, ...

and

Prove the following.

(i) If {z,} C E' and lim (2,41 — x,) = p in E*, then In D.
n—00 n

(ii) If {z,} C E' (z, > 0) and if Intl , p e B, then /zn — p.

n

Disprove the converse statements by counterexamples.

[Hint: For (i), let y1 = =1 and yn = p — xp—1,n =2, 3, .... Then y, — p and
1 & Ty
_Zyl =
n = n

so Problems 26 and 26’ apply.
For (ii), use Problem 27. See Problem 28 for examples.]

From Problem 29 deduce that
(a) lim ¥n!= +oo;

n— oo

3 Another solution (reducing all to Problem 26) will be obtained by applying logarithms.
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n+1_

O =0
(c) Yim {/ < =e
1., 1
(d) lim —Vn!l=—;
n—oo N (&
(e) lim {n=1.
n—oo
31. Prove that
) a+2b
lim z, = ,
n— o0 3

given

xo=a, vr1 =b, and x40 = 5(30” + Zpt1)-
[Hint: Show that the differences d,, = ©n, — zn,—1 form a geometric sequence, with
ratio ¢ = —%, and z, = a+ Y ;_; di. Then use the result of Problem 19.]

=-32. For any sequence {x,} C E', prove that

. 1S — 1 —
limz,, < h_mg le < hmﬁin < limz,.
1=1 =1
Hence find a new solution of Problems 26 and 26'.
[Proof for lim: Fix any k € N. Put

k

c= Za:z and b = Sup ;.
i—1 ik

Verify that
(Vn> k)) Thtl + Thgo + -+ xn < (n—k)b

Add ¢ on both sides and divide by n to get

n—=k

n

1 n
Vn>k) =3 @<+ b. (i%)
n im1 n

n—=k

Now fix any € > 0, and first let |b] < +00. As € 4 0and b — b, there is
n

ny > k such that n

n—=k

(Yn > nyg) < = and

€ €
— b<b+ —.
2 +2

Slo

Thus by (i*),

1 n
Vn > — i < b.
(Vn > ng) n;x <e+

This clearly holds also if b = sup x; = +0c0. Hence also
i>k

1 n
sup — E z; < € +supx;.
n>ng N i—1 i>k
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As k and € were arbitrary, we may let first k — +o00, then € — 0, to obtain

_ 1< _
lim — Z z; < lim supx; = limz,. (Explain!)]
n =1 k—oo j>

=33. Given {z,} C E', z,, > 0, prove that

limz,, <lim ¥/x129 - -z, and lim Yzixe - 2, < limzx,.

Hence obtain a new solution for Problem 27.
[Hint: Proceed as suggested in Problem 32, replacing addition by multiplication.]

34. Given z,,, y, € E! (y, > 0), with

T, > p€FE” andbn:Zyi—>+oo,
i=1
prove that
lim 721711 iYi =p
n—oo Zi:1 y’L

Note that Problem 26 is a special case of Problem 34 (take all y,, = 1).

[Hint for a finite p: Proceed as in Problem 26. However, before adding the n — k
inequalities, multiply by y; and obtain

n n n
€ €
(_Z)Zyi<zmiyi<(l’+z)zyi~
n
Put b, = Z y; and show that

=1

1 & 1 &

b_ Z xz’yizl—b— Z%‘yia

" i=k+1 ™ oi=1

where b, — 400 (by assumption), so

k
1
- szyz — 0 (for a fixed k).

moi=1
Proceed. Find a proof for p = +00.]

35. Do Problem 34 by considering lim and lim as in Problem 32.

c c -
Hint: Repl — by —, wh bn:E P — .
[Hin eplace — by - w ere y +00.]

" i=1

36. Prove that if u,,, v, € E', with {v,}1 (strictly) and v,, — +00, and if

Up — Up— *
lim —— "1 =p (peE"),
n—=00 VUp — Un—1
then also
o u'l’L
lim — =»p
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[Hint: The result of Problem 34, with

Un — Un—1
Tp, = ——— and Yynp, = Un — Un—1.
Un — Un—1

leads to the final result.]
37. From Problem 36 obtain a new solution for Problem 15. Also prove that

1im(5mn _ ):l

n—oo\nmtl  m 41 2

[Hint: For the first part, put
Up = Smn and vy, = n™ L

For the second, put

Uup = (M + 1)Smn —n™ ! and v, = n™(m +1).]
38. Let 0 < a < b < 4o0. Define inductively: a; = vab and by = %(a +b);

1
—(an+bn), n=1,2,....

apt1 =\ anby and by = 2(

Then a,41 < by for

1
b1 = Gni1 = 5 (an +bn) - Vanb f Van)?

Deduce that
a<ay <apyr <bpyr <b, <D,

so {a,}T and {b,}|. By Theorem 3, a, — p and b, — ¢ for some
q € E'. Prove that p = ¢, i.e.,

lima, = limb,.
(This is Gauss’s arithmetic—geometric mean of a and b.)
[Hint: Take limits of both sides in ap41 = %(an +bp) to get p = %(p +q).]
39. Let 0 < a < bin E'. Define inductively a; = a, by = b,

2anby,
Ap4+1 = aib’ and bn+1 -

1
“(ay +by), n=1,2....
o (an +byp), n

2

Prove that
Vab = lim a, = lim b,,.

n—oo n—oo
[Hint: Proceed as in Problem 38.]

40. Prove the continuity of dot multiplication, namely, if

Zp, — qand g, — 7 in E"
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(*or in another Fuclidean space; see §9), then

§16. More on Cluster Points and Closed Sets. Density

I. The notions of cluster point and closed set (§§12, 14) can be characterized
in terms of convergent sequences. We start with cluster points.

Theorem 1.

i) A sequence {x,,} C (S, p) clusters at a point p € S iff it has a subsequence
P
{2, } converging to p.t
ii) A set A C (S, p) clusters at p € S iff p is the limit of some sequence {x.,
p

of points of A other than p; if so, the terms x,, can be made distinct.

Proof. (i) If p = lim,, ;o0 T, , then by definition each globe about p contains
all but finitely many x,, _, hence infinitely many x,,. Thus p is a cluster point.

Conversely, if so, consider in particular the globes

1
Gp<ﬁ), n=1,2,....

By assumption, G, (1) contains some z,,. Thus fix
Tm, € Gp(1).

Next, choose a term
1
T, € Gp(§> with mo > mjy.
(Such terms exist since Gp,(%) contains infinitely many ,,.) Next, fix

1
Ty € Gp(§>, with ms3 > mo > my,

and so on.
Thus, step by step (inductively), select a sequence of subscripts

mp <mg < ‘- <My < -

that determines a subsequence (see Chapter 1, §8) such that

1 1
m — L. ) My - 07
(Vn) py,, € Gp(n) ie., p(xm,,p) < ~

! Therefore, cluster points of {x,,} are also called subsequential limits.
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whence p(z,,, p) = 0, or z,,, — p. (Why?) Thus we have found a subse-
quence &, — p, and assertion (i) is proved.

Assertion (ii) is proved quite similarly—proceed as in the proof of Corollary 6
in §14; the inequalities m; < mgy < --- are not needed here. [J

Examples.

(a) Recall that the set R of all rationals clusters at each p € E! (§14,
Example (e)). Thus by Theorem 1(ii), each real p is the limit of a se-
quence of rationals. See also Problem 6 of §12 for p in E™.

(b) The sequence
0,1,0,1, ...

has two convergent subsequences,
To, =1 — 1 and 29,1 =0 — 0.
Thus by Theorem 1(i), it clusters at 0 and 1.
Interpret Example (f) and Problem 10(a) in §14 similarly.

As we know, even infinite sets may have no cluster points (take N in E%).
However, a bounded infinite set or sequence in E™ (*or C™) must cluster. This
important theorem (due to Bolzano and Weierstrass) is proved next.

Theorem 2 (Bolzano—Weierstrass).

(i) Each bounded infinite set or sequence A in E™ (*or C™) has at least one
cluster point p there (possibly outside A).

(ii) Thus each bounded sequence in E™ (*C™) has a convergent subsequence.
Proof. Take first a bounded sequence {z,,} C [a, b] in E'. Let
p = lim z,,.
By Theorem 2(i) of Chapter 2, §13, {z,,} clusters at p. Moreover, as
a <z, <b,

we have
a<infz, <p<supz, <b

by Corollary 1 of Chapter 2, §13. Thus
p € [a, b C E,

and so {z,,} clusters in E'.
Assertion (ii) now follows—for E*—by Theorem 1(i) above.
Next, take

{Zm} - E27 Zm = (xma ym)§ Tmy Ym € E*.
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If {2,,} is bounded, all Z, are in some square [a, b]. (Why?) Let
a = (al, (LQ) and b = (bl, bg)

Then
a1 < Xy < by and as < Yy, < bo in E'.

Thus by the first part of the proof, {x,,} has a convergent subsequence
T, — p1 for some py € [ay, b1].

For simplicity, we henceforth write x,, for x,,,, ym for y,,, and z,, for z,,, .
Thus Z,, = (Tm, Ym) is now a subsequence, with z,, — p1, and as < Yy, < ba,
as before.

We now reapply this process to {ym,} and obtain a subsubsequence
Ym,; — P2 for some py € [ag, bal.

The corresponding terms z,,, still tend to p; by Corollary 3 of §14. Thus we
have a subsequence

Zm; = (Tmys Ym,) = (p1, p2) in E?

by Theorem 2 in §15. Hence p = (p1, p2) is a cluster point of {Z,,}. Note that
P € [a, b] (see above). This proves the theorem for sequences in E? (hence in
C).

The proof for E™ is similar; one only has to take subsequences n times.
(*The same applies to C™ with real components replaced by complex ones.)

Now take a bounded infinite set A C E™ (*C™). Select from it an infinite
sequence {Zz,,} of distinct points (see Chapter 1, §9, Problem 5). By what was
shown above, {Z,,} clusters at some point p, so each G contains infinitely
many distinct points z,, € A. Thus by definition, A clusters at p. [

Note 1. We have also proved that if {,} C [a, b] C E", then {2} has a
cluster point in [a, b]. (This applies to closed intervals only.)

Note 2. The theorem may fail in spaces other than E™ (*C™). For example,
in a discrete space, all sets are bounded, but no set can cluster.

I1. Cluster points are closely related to the following notion.

Definition 1.

The closure of a set A C (S, p), denoted A, is the union of A and the set
of all cluster points of A (call it A’). Thus A =AU A’.

Theorem 3. We have p € A in (S, p) iff each globe G,(8) about p meets A,
1.e.,

(V6 >0) ANG,(8) #0.
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Equivalently, p € A iff

p= lim z, for some {z,} C A.
n— oo

The proof is as in Corollary 6 of §14 and Theorem 1. (Here, however, the
x,, need not be distinct or different from p.) The details are left to the reader.

This also yields the following new characterization of closed sets (cf. §12).

Theorem 4. A set A C (S, p) is closed iff one of the following conditions
holds.

(i) A contains all its cluster points (or has none); i.e., A D A’
(i) A= 4.
(iii) A contains the limit of each convergent sequence {x,} C A (if any).?

Proof. Parts (i) and (ii) are equivalent since
ADA & A= AUA = A (Explain!)

Now let A be closed. If p ¢ A, then p € —A; therefore, by Definition 3 in
§12, some G,, fails to meet A (G,NA = (). Hence no p € —A is a cluster point,
or the limit of a sequence {z,,} C A. (This would contradict Definitions 1 and
2 of §14.) Consequently, all such cluster points and limits must be in A, as
claimed.

Conversely, suppose A is not closed, so —A is not open. Then —A has a
noninterior point p; i.e., p € —A but no G, is entirely in —A. This means that
each G, meets A. Thus

p € A (by Theorem 3),
and

p= lim x, for some {z,} C A (by the same theorem),
n—oo

even though p ¢ A (for p € —A).
We see that (iii) and (ii), hence also (i), fail if A is not closed and hold if A
is closed. (See the first part of the proof.) Thus the theorem is proved. O

The following corollaries are left as exercises (see Problems 6-9).
Corollary 1. 0 = 0.
Corollary 2. ACB=— AC B.
Corollary 3. A is always a closed set O A.

2 Property (iii) is often called the sequential closedness of A.
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Corollary 4. AU B = AU B (the closure of AU B equals the union of A and
B).

III. As we know, the rationals are dense in E' (Theorem 3 of Chapter 2,
§10). This means that every globe G,(§) = (p — d, p + §) in E' contains
rationals. Similarly (see Problem 6 in §12), the set R™ of all rational points is
dense in E™. We now generalize this idea for arbitrary sets in a metric space

(S, p).
Definition 2.

Given A C B C (S, p), we say that A is dense in B iff each globe G,
p € B, meets A. By Theorem 3, this means that each p € B is in A; i.e.,

p= lim =z, for some {z,} C A.
n—roo

Equivalently, A C B C A3
Summing up, we have the following:

A is open iff A= A°.
A is closed iff A = A; equivalently, iff A D A’
A is dense in B iff AC B C A.
A is perfect iff A= A"*

Problems on Cluster Points, Closed Sets, and Density

Complete the proof of Theorem 1(ii).

Prove that R = E! and R" = E" (Example (a)).

Prove Theorem 2 for E3. Prove it for E™ (*and C™) by induction on n.
Verify Note 2.

Prove Theorem 3.

Prove Corollaries 1 and 2.

Prove that (AU B) = A’ UB’.

[Hint: Show by contradiction that p ¢ (A’ U B’) excludes p € (AU B)’. Hence
(AU B) C A’ U B’. Then show that A’ C (AU B)’, etc.]

8. From Problem 7, deduce that A U B is closed if A and B are. Then
prove Corollary 4. By induction, extend both assertions to any finite
number of sets.

S AR o A

31f B is closed (e.g., if B = S) this means that A = B. Why?
4 See §14, the remarks following Example (i).
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10.

11.

12.

13.
14.

15.

16.

17.
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From Theorem 4, prove that if the sets A; (i € I) are closed, so is
ﬂiel A;.

Prove Corollary 3 from Theorem 3. Deduce that A = 4 and prove
footnote 3.
[Hint: Consider Figure 7 and Example (1) in §12 when using Theorem 3 (twice).]

Prove that A is contained in any closed superset of A and is the inter-
section of all such supersets.
[Hint: Use Corollaries 2 and 3.]

(i) Prove that a bounded sequence {Z,,} C E™ (*C™) converges to p
iff p is its only cluster point.

(ii) Disprove it for
(a) unbounded {Z,,} and
(b) other spaces.

[Hint: For (i), if Z;, — P fails, some Gp leaves out infinitely many Zn,. These Zm
form a bounded subsequence that, by Theorem 2, clusters at some § # p. (Why?)
Thus g is another cluster point (contradiction!).

For (ii), consider (a) Example (f) in §14 and (b) Problem 10 in §14, with (0, 2]
as a subspace of E1.]

In each case of Problem 10 in §14, find A. Is A closed? (Use Theorem 4.)

Prove that if {b,} C B C Ain (S, p), there is a sequence {a,,} C A such
that p(an, b,) — 0. Hence a,, — p iff b,, — p.
[Hint: Choose an € Gy, (1/n).]

We have, by definition,
pe AYiff (36 > 0) G,(9) C 4;
hence
p¢g AYff (V6 > 0) Gp(0) € A, ie., Gp(6) — A #0.

(See Chapter 1, §§1-3.) Find such quantifier formulas for p € A, p ¢ A,
pe A andp ¢ A
[Hint: Use Corollary 6 in §14, and Theorem 3 in §16.]
Use Problem 15 to prove that

(i) —(4)=(-4)° and

(i) —(A4%) = —A.
Show that -

AN (—A) =bdA (boundary of A);

cf. §12, Problem 18. Hence prove again that A is closed iff A O bd A.
[Hint: Use Theorem 4 and Problem 16 above.]
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*18.

*19.

*20.

*21.

§17.

A set A is said to be nowhere dense in (S, p) iff (A)° = (). Show that
Cantor’s set P (§14, Problem 17) is nowhere dense.
[Hint: P is closed, so P = P.]

Give another proof of Theorem 2 for E*.
[Hint: Let A C [a, b]. Put

Q = {z € [a, b] |  exceeds infinitely many points (or terms) of A}.

Show that @ is bounded and nonempty, so it has a glb, say, p = inf A. Show that A
clusters at p.]

For any set A C (S, p) define

Ga(e) = | Gale).

€A

Prove that .
— 1
A= Ql Ga(=).
Prove that
A={xecS|p(x, A) =0}; see §13, Note 3.
Hence deduce that a set A in (.5, p) is closed iff
VzeS) plx, A)=0= z € A.

Cauchy Sequences. Completeness

A convergent sequence is characterized by the fact that its terms x,, become
(and stay) arbitrarily close to its limit, as m — +o00. Due to this, however, they
also get close to each other; in fact, p(z,,, ,) can be made arbitrarily small
for sufficiently large m and n. It is natural to ask whether the latter property,
in turn, implies the existence of a limit. This problem was first studied by
A.L. Cauchy (1789-1857). Thus we shall call such sequences Cauchy sequences.
More precisely, we formulate the following.

Definition 1.

A sequence {z,,} C (S, p) is called a Cauchy sequence (we briefly say
that “{x,,} is Cauchy”) iff, given any ¢ > 0 (no matter how small), we
have p(Z.,, ) < € for all but finitely many m and n. In symbols,

(Ve>0) (k) (Vm,n>k) plxm, z,) <e. (1)
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Observe that here we only deal with terms x,,, x,, not with any other point.
The limit (if any) is not involved, and we do not have to know it in advance.
We shall now study the relationship between property (1) and convergence.

Theorem 1. FEvery convergent sequence {x.,,} C (S, p) is Cauchy.

Proof. Let x,, — p. Then given € > 0, there is a k£ such that
(Vm>k) p(zm,p) < %

As this holds for any m > k, it also holds for any other term z,, with n > k.
Thus .
(Vm,n>k) p(xm,p) < 2 and p(p, z,) <

N ™

Adding and using the triangle inequality, we get
P(Tm; Tn) < p(Tm, P) + o, Tn) <€,
and (1) is proved. O
Theorem 2. Every Cauchy sequence {x,,} C (S, p) is bounded.

Proof. We must show that all x,,, are in some globe. First we try an arbitrary
radius €. Then by (1), there is k such that p(x,,, x,) < € for m, n > k. Fix
some n > k. Then

(Vm > k) p(@m, z,) <e, e, xm € Gy, (€).

Thus the globe G, (¢) contains all x,, except possibly the k terms z1, ..., z.
To include them as well, we only have to take a larger radius r, greater than
p(Tm, Tn), m =1, ..., k. Then all z,, are in the enlarged globe G, (r). O

Note 1. In E', under the standard metric, only sequences with finite limits
are regarded as convergent. If xz, — 4oo, then {x,} is not even a Cauchy
sequence in E' (in view of Theorem 2); but in E*, under a suitable metric
(cf. Problem 5 in §11), it is convergent (hence also Cauchy and bounded).

Theorem 3. If a Cauchy sequence {x,,} clusters at a point p, then x,, — p.

Proof. We want to show that x,, — p, i.e., that
(Ve>0) (3k) (Vm >k) p(xm,p) <e.

Thus we fix € > 0 and look for a suitable k. Now as {z,,} is Cauchy, there is
a k such that .
Vm,n>k) p(xm, x,) < 3

Also, as p is a cluster point, the globe G,(5) contains infinitely many x,,, so we
can fix one with n > k (k as above). Then p(z,, p) < 5 and, as noted above,
also p(Zm, ) < 5 for m > k. Hence

(Vm > k) p(zm, xn) + p(xn, p) <&,
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implying p(Zm, p) < p(Tm, Tn) + p(Tn, p) < €, as required. [

Note 2. It follows that a Cauchy sequence can have at most one cluster
point p, for p is also its limit and hence unique; see §14, Corollary 1.

These theorems show that Cauchy sequences behave very much like conver-
gent ones. Indeed, our next theorem (a famous result by Cauchy) shows that,
in E™ (*and C™) the two kinds of sequences coincide.

Theorem 4 (Cauchy’s convergence criterion). A sequence {Z.,,} in E™ (*or

C™) converges if and only if it is a Cauchy sequence.

Proof. If {z,,} converges, it is Cauchy by Theorem 1.

Conversely, let {z,,} be a Cauchy sequence. Then by Theorem 2, it is
bounded. Hence by the Bolzano—Weierstrass theorem (Theorem 2 of §16), it
has a cluster point p. Thus by Theorem 3 above, it converges to p, and all is
proved. [J

Unfortunately, this theorem (along with the Bolzano—Weierstrass theorem
used in its proof) does not hold in all metric spaces. It even fails in some
subspaces of E'. For example, we have

Ty = i — 0in E%
m
By Theorem 1, this sequence, being convergent, is also a Cauchy sequence.
Moreover, it still preserves (1) even if we remove the point 0 from E! since
the distances p(x,,, =, ) remain the same. However, in the resulting subspace
S = E' — {0}, the sequence no longer converges because its limit (and unique
cluster point) 0 has disappeared, leaving a “gap” in its place. Thus we have a
Cauchy sequence in S, without a limit or cluster points, so Theorem 4 fails in
S (along with the Bolzano—Weierstrass theorem).
Quite similarly, both theorems fail in (0, 1) (but not in [0, 1]) as a subspace
of E'. By analogy to incomplete ordered fields, it is natural to say that S
is “incomplete” because of the missing cluster point 0, and call a space (or
subspace) “complete” if it has no such “gaps,” i.e., if Theorem 4 holds in it.
Thus we define as follows.

Definition 2.

A metric space (or subspace) (S, p) is said to be complete if every Cauchy
sequence in S converges to some point p in S.

Similarly, a set A C (S, p) is called complete iff each Cauchy sequence
{z,,} C A converges to some point p in A, i.e., iff (A, p) is complete as a
subspace.

In particular, E™ (*and C™) are complete by Theorem 4. The sets (0, 1)
and E' — {0} are incomplete in E*, but [0, 1] is complete. Indeed, we have the
following theorem.
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*Theorem 5.

(i) FEvery closed set in a complete space is complete itself .

(i) Every complete set A C (S, p) is necessarily closed.!

Proof. (i) Let A be a closed set in a complete space (S, p). We have to show
that Theorem 4 holds in A (as it does in S). Thus we fix any Cauchy sequence
{z;m} C A and prove that it converges to some p in A.

Now, since S is complete, the Cauchy sequence {z,,} has a limit p in S. As
A is closed, however, that limit must be in A by Theorem 4 in §16. Thus (i)
is proved.

(ii) Now let A be complete in a metric space (S, p). To prove that A is
closed, we again use Theorem 4 of §16. Thus we fix any convergent sequence
{zm} C A, x,, — p €S, and show that p must be in A.

Now, since {z,,} converges in 5, it is a Cauchy sequence, in S as well as
in A. Thus by the assumed completeness of A, it has a limit ¢ in A. Then,
however, the uniqueness of lim x,, (in S) implies that p = ¢ € A, so that p is
in A, indeed. [ o

Problems on Cauchy Sequences

1. Without using Theorem 4, prove that if {z,} and {y,} are Cauchy
sequences in E! (or C), so also are

(i) {zn + yn} and (ii) {znyn}-

2. Prove that if {z,,} and {y,,} are Cauchy sequences in (S, p), then the
sequence of distances

p($m7ym)7 m:172""7

converges in E*.
[Hint: Show that this sequence is Cauchy in E'; then use Theorem 4.]

3. Prove that a sequence {z,,} is Cauchy in (S, p) iff
(Ve>0) (k) (Vm>k) p(xm, k) <e.
4. Two sequences {z,,} and {y,,} are called concurrent iff

(T, Ym) — 0.
Notation: {z,,} ~ {ym}. Prove the following.

(i) If one of them is Cauchy or convergent, so is the other, and
lim z,,, = lim y,, (if it exists).

L Here (S, p) itself need not be complete.
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5.

5.

*5//

(ii) If any two sequences converge to the same limit, they are concur-
rent.

Show that if {z,,} and {y,,} are Cauchy sequences in (5, p), then

im p(Zm, Ym)

m— o0

does not change if {z,,} or {y,,} is replaced by a concurrent sequence
(see Problems 4 and 2).

Call
lim p(Zp,, Ym)

m—r o0
the “distance”

p{zm}; {ym})

between {z,,} and {y,,}. Prove that such “distances” satisfy all met-
ric axioms, except that p({z,,}, {ym}) may be 0 even for different se-
quences. (When?)

Also, show that if
(Vm) z,, =a and y,, = b (constant),

then p({zm}, {ym}) = pla, b).

Continuing Problems 4 and 5, show that the concurrence relation (=)
is reflexive, symmetric, and transitive (Chapter 1, §§4-7), i.e., an equiv-
alence relation. That is, given {x,,}, {ym} in S, prove that

(a) {zm} ~{zm} (reflexivity);
(b) if {z,,} =~ {ym} then {y.,} =~ {z,} (symmetry);

(c) if {xm} ~ {ym} and {ym} = {zm}, then {z,,} = {2} (transitiv-
ity).

From Problem 4 deduce that the set of all sequences in (.S, p) splits into
disjoint equivalence classes (as defined in Chapter 1, §§4-7) under the
relation of concurrence (/). Show that all sequences of one and the
same class either converge to the same limit or have no limit at all, and
either none of them is Cauchy or all are Cauchy.

. Give examples of incomplete metric spaces possessing complete sub-

spaces.

Prove that if a sequence {x,,} C (S, p) is Cauchy then it has a subse-
quence {Z,,, } such that

(VE)  p(@Tmy, Tmpy) < 27,

Show that every discrete space (S, p) is complete.
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*9.

*10.

*11.

*12.
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Let C be the set of all Cauchy sequences in (S, p); we denote them by
capitals, e.g., X = {z,,}. Let

X*={YeC|Y=~X}

denote the equivalence class of X under concurrence, ~ (see Problems 2,
5, and 5"). We define

o(X*, Y7) = p({xm}, {ym}) = lIm p(zm, ym).

m— o0

By Problem 5, this is unambiguous, for p({zm}, {ym}) does not de-
pend on the particular choice of {z,,} € X* and {y.,} € Y*; and
lim p(z,,, ym) exists by Problem 2.

Show that o is a metric for the set of all equivalence classes X*

(X € C); call this set C*.

Continuing Problem 9, let z* denote the equivalence class of the se-
quence with all terms equal to z; let C’ be the set of all such “constant”
equivalence classes (it is a subset of C*).

Show that C’ is dense in (C*, o), i.e., C’ = C* under the metric o.
(See §16, Definition 2.)
[Hint: Fix any “point” X* € C* and any globe G(X*;¢) about X* in (C*, o). We
must show that it contains some z* € C”.

By definition, X* is the equivalence class of some Cauchy sequence X = {zn, } in
(S, p), so
k) (Vm, n>k) p(@m, n) < g

Fix some * = x, (n > k) and consider the equivalence class z* of the sequence
{z, z, ..., z, ... }; thus, z* € C’, and

5
5
Thus z* € G(X™, ¢), as required.]

Two metric spaces (S, p) and (T, o) are said to be isometric iff there is
amap f: S +— T such that

onto

(Va,yeS) plz,y)=o(f(z), f(y))

Show that the spaces (S, p) and (C', o) of Problem 10 are isometric.
Note that it is customary not to distinguish between two isometric
spaces, treating each of them as just an “isometric copy” of the other.
Indeed, distances in each of them are alike.

[Hint: Define f(x) = z*.]

Continuing Problems 9 to 11, show that the space (C*, o) is complete.
Thus prove that for every metric space (S, p), there is a complete metric
space (C*, o) containing an isometric copy C' of S, with C' dense in
C*. C* is called a completion of (S, p).
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[Hint: Take a Cauchy sequence {X},} in (C*, o). By Problem 10, each globe
G(XZk; %) contains some z}, € C’, where z}, is the equivalence class of

{Zm, Tm, -y Tm, --- |

and o(X},, zk) < % — 0. Thus by Problem 4, {z},} is Cauchy in (C*, o), as is
{X}.}. Deduce that X = {zm} € C, and X* = lim X, in (C*, 0).]
— 00

m






Chapter 4
Function Limits and Continuity

§1. Basic Definitions

We shall now consider functions whose domains and ranges are sets in some
fixed (but otherwise arbitrary) metric spaces (S, p) and (7', p’), respectively.
We write

fr A= (T, p')

for a function f with Dy = A C (S, p) and D} C (T, p'). S is called the
domain space, and T the range space, of f.

I. Given such a function, we often have to investigate its “local behavior”
near some point p € S. In particular, if p € A = Dy (so that f(p) is defined) we
may ask: Is it possible to make the function values f(x) as near as we like (“e-
near”) to f(p) by keeping = sufficiently close (“d-close”) to p, i.e., inside some
sufficiently small globe G,,(8)?* If this is the case, we say that f is continuous
at p. More precisely, we formulate the following definition.

Definition 1.

A function f: A — (T, p'), with A C (S, p), is said to be continuous at
p iff p € A and, moreover, for each ¢ > 0 (no matter how small) there is
d > 0 such that p'(f(x), f(p)) < e for all x € AN Gp(J). In symbols,

p'(f(x), f(p)) <e, or

f(:L') € Gf(p)(€). (1)

(Ve>0) (36 >0) (Vz e ANG,(9)) {

If (1) fails, we say that f is discontinuous at p and call p a discontinuity
point of f. This is also the case if p ¢ A (since f(p) is not defined).

If (1) holds for each p in a set B C A, we say that f is continuous on B. If
this is the case for B = A, we simply say that f is continuous.

L Of course, for f(z) to exist, z must also be in A = Dy; thus z € AN Gp(8). We say that
x is §-close to p iff p(z, p) < 6.
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Sometimes we prefer to keep = near p but different from p. We then replace
Gp(0) in (1) by the set G,(6) — {p}, i.e., the globe without its center, denoted
G-,(6) and called the deleted 6-globe about p. This is even necessaryif p ¢ Dy.
Replacing f(p) in (1) by some ¢q € T', we then are led to the following definition.
Definition 2.

Given f: A — (T, p'), AC (S,p),p €S, and q € T, we say that f(z)
tends to q as x tends to p (f(x) — q as © — p) iff for each € > 0 there is
d > 0 such that p'(f(x), q) <€ for allx € ANG-,(0). In symbols,

P (f(x), q) <e, ie.,

F(@) € Gule). @)

(Ve>0) (36> 0) (Vo€ ANG_,(d)) {

This means that f(x) is e-close to ¢ when z is d-close to p and x # p.2

If (2) holds for some g, we call g a limit of f at p. There may be no such gq.
We then say that f has no limit at p, or that this limit does not exist. If there
is only one such ¢ (for a given p), we write ¢ = lim f(z).

T—p

Note 1. Formula (2) holds “vacuously” (see Chapter 1, §§1-3, end remark)
if ANG-,(b) =0 for some 6 > 0. Then any g € T is a limit at p, so a limit
exists but is not unique. (We discard the case where T is a singleton.)

Note 2. However, uniqueness is ensured if ANG-,(0) # 0 for all 6 > 0, as
we prove below.

Observe that by Corollary 6 of Chapter 3, §14, the set A clusters at p iff
(Vo >0) ANG-,(0) #0. (Explain!)
Thus we have the following corollary.

Corollary 1. If A clusters at p in (S, p), then a function f: A — (T, p’) can
have at most one limit at p; i.e.,

lim f(x) is unique (if it exists).?
T—p

In particular, this holds if A D (a, b) C E* (a < b) and p € [a, b].
Proof. Suppose f has two limits, ¢ and r, at p. By the Hausdorff property,
Gy(e)NG,(e) =0 for some € > 0.
Also, by (2), there are ¢, §" > 0 such that
(Vze ANG_,(0") f(x) € Gy(e) and
(Ve e ANG_,(6") f(z) € G.(e).
2 Observe that the choice of & depends on £ in both (1) and (2).

3 Because of this, some authors restrict Definition 2 to the case where A clusters at p.
However, this has its disadvantages (e.g., Corollary 2 fails).
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Let 6 = min(d’, §”). Then for x € ANG-,(6), f(z) is in both G,(¢) and G, (¢),
and such an z exists since AN G-,(d) # () by assumption.
But this is impossible since G4(¢) N G,(¢) = 0 (a contradiction!). O

For intervals, see Chapter 3, §14, Example (h).
Corollary 2. f is continuous at p (p € Dy) iff f(z) — f(p) as z — p.
The straightforward proof from definitions is left to the reader.

Note 3. In formula (2), we excluded the case * = p by assuming that
z € ANG-,(6). This makes the behavior of f at p itself irrelevant. Thus for
the existence of a limit g at p, it does not matter whether p € Dy or whether
f(p) = q. But both conditions are required for continuity at p (see Corollary 2
and Definition 1).

Note 4. Observe that if (1) or (2) holds for some §, it certainly holds for
any &' < 8. Thus we may always choose § as small as we like. Moreover, as

z is limited to G,(0), we may disregard, or change at will, the function values
f(z) for z ¢ Gp(d) (“local character of the limit notion”).

II. Limits in E*. If S or T is E* (or E'), we may let * — oo or
f(xz) — %oo. For a precise definition, we rewrite (2) in terms of globes G, and
Gy

(VGq) (3Gp) Vo e ANG,) f(z) € Gy (2)

This makes sense also if p = +o0o or ¢ = +o0o. We only have to use our
conventions as to G4, or the metric p’ for E*, as explained in Chapter 3, §11.

For example, consider
“f(z) > qasz — 400" (AC S =E", p=+oo, g € (T, ¢)).

Here G), has the form (a, +00], a € E', and G, = (a, +00), while G, = G,(¢),
as usual. Noting that z € G_, means z > a (z € E'), we can rewrite (2') as

(Ve>0) (FacEY) (VecAlx>a) f(z)€ Gyle), or p(f(x), q) <e. (3)

This means that f(x) becomes arbitrarily close to q for large = (z > a).
Next consider “f(xz) — 400 as * — —o00.” Here G-, = (—00, a) and
G4 = (b,+00]|. Thus formula (2') yields (with S =T = E*, and z varying over
EY)
(Vbe EY (Qac E'Y) VzcA|lz<a) f(z)> b (4)
similarly in other cases, which we leave to the reader.

Note 5. In (3), we may take A = N (the naturals). Then f: N — (T, o)
is a sequence in T'. Writing m for z, set u,, = f(m) and a = k € N to obtain

(Ve >0) (3k) (Ym > k) unm € Gy(e); Le., p'(um, q) <e.
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This coincides with our definition of the limit ¢ of a sequence {u,,} (see
Chapter 3, §14). Thus limits of sequences are a special case of function limits.
Theorems on sequences can be obtained from those on functions f: A — (T, p’)
by simply taking A = N and S = E* as above.

Note 6. Formulas (3) and (4) make sense also if S = E! (respectively,
S =T = E*') since they do not involve any mention of +00. We shall use such
formulas also for functions f: A — T, with A C S C E' or T C E', as the
case may be.

ITI. Relative Limits and Continuity. Sometimes the desired result (1)
or (2) does not hold in full, but only with A replaced by a smaller set B C A.
Thus we may have

(Ve>0) (36 >0) (Ve e BNG-,(9)) f(z) € Gyle).
In this case, we call q a relative limit of f at p over B and write
“f(x) — q as x — p over B”

or
lim f(z) =q (if ¢ is unique);
z—p,zeB

B is called the path over which z tends to p. If, in addition, p € Dy and
q = f(p), we say that f is relatively continuous at p over B; then (1) holds
with A replaced by B. Again, if this holds for every p € B, we say that f
is relatively continuous on B. Clearly, if B = A = Dy, this yields ordinary
(nonrelative) limits and continuity. Thus relative limits and continuity are
more general.

Note that for limits over a path B, x is chosen from B or B — {p} only.
Thus the behavior of f outside B becomes irrelevant, and so we may arbitrarily
redefine f on —B. For example, if p ¢ B but lim,_,, ,ep f(z) = ¢ exists, we
may define f(p) = ¢, thus making f relatively continuous at p (over B). We
also may replace (S, p) by (B, p) (if p € B), or restrict f to B, i.e., replace
f by the function g: B — (T, p') defined by g(z) = f(z) for x € B (briefly,
g=f on B).A

A particularly important case is

ACSCE* eg,S=E.
Then inequalities are defined in S, so we may take

B ={z € A|z < p} (points in A, preceding p).

4 The function g is called the restriction of f to B denoted fp or f|p. Thus f is relatively
continuous on B iff fg is continuous.
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Then, writing G, for G4(¢) and a = p — §, we obtain from formula (2)
(VGy) Ba<p) (VzeAla<z<p) f(x)eqG,. (5)
If (5) holds, we call g a left limit of f at p and write
“f(x) > qasx — p~ " (“z tends to p from the left”).

If, in addition, ¢ = f(p), we say that f is left continuous at p. Similarly, taking
B={x € A|z>p},

we obtain right limits and continuity. We write
f(x) > qasxz—p"

iff ¢ is a right limit of f at p, i.e., if (5) holds with all inequalities reversed.

If the set B in question clusters at p, the relative limit (if any) is unique.
We then denote the left and right limit, respectively, by f(p~) and f(p™*), and
we write

lim f(z)=f(p~) and lim f(z) = f(p"). (6)

T—p~ z—pT

Corollary 3. With the previous notation, if f(x) — q as x — p over a path
B, and also over D, then f(x) — q as © — p over BU D.

Hence if Dy C E* and p € E*, we have

g =lim f(@) if a=f(r) = f(p"). (Exercisel)

We now illustrate our definitions by a diagram in E? representing a function
f: E' — E! by its graph, i.e., points (z, y) such that y = f(z).
Here
G‘I(g) = (q - & q+€)
is an interval on the y-azis. The dotted lines show how to construct an interval

(p—0,p+9)=G,

on the z-azis, satisfying formula (1) in Figure 13, formulas (5) and (6) in
Figure 14, or formula (2) in Figure 15. The point @ in each diagram belongs
to the graph; i.e., Q@ = (p, f(p)). In Figure 13, f is continuous at p (and also at
p1). However, it is only left-continuous at p in Figure 14, and it is discontinuous
at p in Figure 15, though f(p~) and f(p™) exist. (Why?)
Examples.

(a) Let f: A — T be constant on B C A; i.e.,

f(z) = q for a fixed ¢ € T and all z € B.
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q1+e¢
q1

q1 — €

FIGURE 13

FIGURE 14

Then f is relatively continuous on B, and f(x) — q as x — p over B, at
each p. (Given € > 0, take an arbitrary 6 > 0. Then

(Vo € BNG,(9) f(z)=q€ Gyle),

as required; similarly for continuity.)

(b) Let f be the identity map on A C (S, p); i.e.,

VzeAd) f(z)==x.
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f(p)

FIGURE 15

Then, given € > 0, take 6 = ¢ to obtain, for p € A,

(Ve e ANG,(8)) p(f(z), f(p)) =p(z, p) <6 =ce.
Thus by (1), f is continuous at any p € A, hence on A.
Define f: E* — E' by
f(z) = 1 if z is rational, and f(x) = 0 otherwise.

(This is the Dirichlet function, so named after the mathematician Dirich-
let.)
No matter how small d is, the globe

Gp(0) =(p— 9, p+9)

(even the deleted globe) contains both rationals and irrationals. Thus as
x varies over G-, (0), f(z) takes on both values, 0 and 1, many times and
so gets out of any G,(¢), with ¢ € F', e < %

Hence for any ¢, p € E', formula (2) fails if we take ¢ = i, say. Thus
f has no limit at any p € E! and hence is discontinuous everywhere!
However, f is relatively continuous on the set R of all rationals by Exam-

ple (a).
Define f: E'* — E! by
f(x) = [z] (= the integral part of z; see Chapter 2, §10).
Thus f(z) = 0 for z € [0, 1), f(x) = 1 for x € [1, 2), etc. Then f is

discontinuous at p if p is an integer (why?) but continuous at any other
p (restrict f to a small G,(d) so as to make it constant).
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However, left and right limits vy
exist at each p € E', even if p = 3 - -
n (an integer). In fact,

f(z)=n,z € (n,n+1) |
1r e

\
\
\
\
\
\
4 X

\
\
and ‘ ‘ ‘
o _ N | |
f(x)_n ].,ZEG(’I’L 17”)7 0 1 2 3
hence f(n™) = n and f(n~) =
n — 1; f is right continuous on FIGURE 16
E'. See Figure 16.
(e) Define f: E' — E! by
f(z) = ;—’ if 2 # 0, and f(0) = 0.
(This is the so-called signum function, often denoted by sgn.)
Then (Figure 17)
L Y
flx)==-1ifz <0 )
and
flz)=1ifz > 0. & X
Thus, as in (d), we infer that f -1

is discontinuous at 0, but con-
tinuous at each p # 0. Also,
f(0") = 1 and f(07) = —1. Redefining f(0) = 1 or f(0) = —1, we
can make f right (respectively, left) continuous at 0, but not both.

(f) Define f: E' — E! by (see Figure 18)

FIGURE 17

flx) = Sini if z # 0, and f(0) = 0.

Any globe G (d) about 0 con-
tains points at which f(x) =
1, as well as those at which
f(x) = =1 or f(x) = 0 (take
x = 2/(nm) for large integers n);
in fact, the graph “oscillates” in-
finitely many times between —1
and 1. Thus by the same argu-
ment as in (c), f has no limit at

FIGURE 18
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2’.

0 (not even a left or right limit) and hence is discontinuous at 0. No
attempt at redefining f at 0 can restore even left or right continuity, let
alone ordinary continuity, at 0.

Define f: E? — E! by

T1T2

f(0) =0 and f(z) = if £ = (z1, z2) # 0.

x3 + 23
Let B be any line in E? through 0, given parametrically by
T =tid, tec E',ifixed (see Chapter 3, §§4-6),

so 1 = tu; and z9 = tug. As is easily seen, for z € B, f(z) = f(a)
(constant) if T # 0. Hence

(Vz e BNG5(9)) f(z) = f(a),

i.e., p(f(Z), f(u)) =0 < ¢, for any € > 0 and any deleted globe about 0.

By (2), then, f(z) — f(u) as £ — 0 over the path B. Thus f has a
relative limit f(u) at 0, over any line Z = tu, but this limit is different
for various choices of i, i.e., for different lines through 0. No ordinary
limit at 0 exists (why?); f is not even relatively continuous at 0 over the
line z = tu unless f(u) = 0 (which is the case only if the line is one of
the coordinate axes (why?)).

Problems on Limits and Continuity

. Prove Corollary 2. Why can one interchange G,(J) and G-, (9) here?

. Prove Corollary 3. By induction, extend its first clause to unions of n

paths. Disprove it for infinite unions of paths (see Problem 9 in §3).

Prove that a function f: E' — (T, p’) is continuous at p iff

Show that relative limits and continuity at p (over B) are equivalent
to the ordinary ones if B is a neighborhood of p (Chapter 3, §12); for
example, if it is some G,.

. Discuss Figures 13-15 in detail, comparing f(p), f(p~), and f(p™); see

Problem 2.

Observe that in Figure 13, different values of § result at p and p; for
the same €. Thus ¢ depends on both € and the choice of p.

. Complete the missing details in Examples (d)—(g). In (d), redefine f(z)

to be the least integer > x. Show that f is then left-continuous on E*.
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6. Give explicit definitions (such as (3)) for

@ lm f@)=-cc () lm_fz) =g
(©) lim f(a) = +oo: (@) Jim f(z) = —oc;
(©) Jim f(@) = +oo: ®) lim_ f(z) = oo,

In each case, draw a diagram (such as Figures 13-15) and determine
whether the domain and range of f must both be in E*.

7. Define f: E' — E! by
2 -1

flz) = ] if x #1, and f(1) =0.

xr —

Show that lim,_,; f(z) = 2 exists, yet f is discontinuous at p = 1. Make
it continuous by redefining f(1).
[Hint: For z # 1, f(z) = x + 1. Proceed as in Example (b), using the deleted globe
G-p(9).]

8. Find lim,_,, f(z) and check continuity at p in the following cases, assum-
ing that Dy = A is the set of all x € E' for which the given expression
for f(x) has sense. Specify that set.’

(a) gnz (222 — 3z — 5); (b) ilg;l %;
@ (S50 @I
© b 5= 0 m(:57)"
(2) xgrgl(xzil)Q.

5x2 — 1

[Example solution: Find lim .
z—1 2+ 3

Here )
5rs — 1 3
f@)= 22, A=E' - {——}; p=1
T 2

We show that f is continuous at p, and so (by Corollary 2)
. 4
lim f(@) = () = £(1) = 3

Using formula (1), we fix an arbitrary € > 0 and look for a § such that

522 -1 4
- <eé&;

(Vo € ANGH) (@), (D) = If(@) ~ FO] <& te. |5 — =

5In (d) and (e), p ¢ A, yet one can restore continuity as in Problem 7. (Reduce the
fraction by  — p for = # p and define f(p) accordingly.)
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or, by putting everything over a common denominator and using properties of abso-

lute values,

|252 4 17

< € whenever |z — 1| < § and = € A. (6)
522 + 3|

|z — 1]
(Usually in such problems, it is desirable to factor out z — p.)
By Note 4, we may assume 0 < § < 1. Then |z — 1| < § implies -1 <z —1 <1,
ie.,, 0 <z <2 s0
5|2z 4+ 3| > 15 and |25x + 17| < 67.

Hence (6) will certainly hold if

67 15
e — 1] — < e, ie, if |z — 1] < i
15 67

To achieve it, we choose § = min(1, 15¢/67). Then, reversing all steps, we obtain
(6), and hence lim1 flx)=f(1)=4/5]
z—

9. Find (using definitions, such as (3))

1 3 2
(a) lim - (b) lim 22Z.
rx——+oco xT— — 00 2x — ]_
. x> . r—1
(C) wgr-&{loo 1—z2’ (d) a:liglJr x—3’
.o ox—1 gz —1
(¢) :clg?—:c—?»’ ®) b z—31

10. Prove that if
lim f(z) =g€ E" (*C"),
.’L’—)p
then for each scalar ¢,
lim cf(z) = cq.

T—p
11. Define f: E' — E! by
1
flz)==- sin; if x # 0, and f(0) = 0.

Show that f is continuous at p =0, i.e.,

lim f(x) = f(0) = 0.

z—0
Draw an approximate graph (it is contained between the lines y = +z).
[Hint: |x - sin 1_ 0‘ <|zl|.]
xr
*12. Discuss the statement: f is continuous at p iff

(VGf(p)) (3Gp) flGy] € Gf(p)'
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13.

14.

15.

16.

Chapter 4. Function Limits and Continuity

Define f: E* — E'! by
f(x) = z if  is rational

and
f(x) = 0 otherwise.

Show that f is continuous at 0 but nowhere else. How about relative
continuity?
Let A = (0, +00) C E'. Define f: A — E' by

f(x) =0 if z is irrational

and

1
flz)=—ifx = m (in lowest terms)
n n

for some natural m and n. Show that f is continuous at each irrational,
but at no rational, point p € A.

[Hints: If p is irrational, fix € > 0 and an integer k > 1/¢. In Gp(1), there are only
finitely many irreducible fractions

m
— > 0 with n <k,
n

so one of them, call it r, is closest to p. Put
5 = min(1, |r — p|)

and show that
(Vz € ANGp(8)) [f(z) — flp)| = f(=) <&,

distinguishing the cases where z is rational and irrational.

If p is rational, use the fact that each Gp(d) contains irrationals = at which
f(x) =0=[f(z) — f(p)| = F(p)-
Take € < f(p).]

Given two reals, p > 0 and ¢ > 0, define f: E! — E! by

f(0) =0 and f(z) = (E) : [Q} if z # 0;
D x
here [g/z] is the integral part of ¢/z.
(i) Is f left or right continuous at 07
(ii) Same question with f(x) = [z/p](¢/z).
Prove that if (S, p) is discrete, then all functions f: S — (T, p’) are
continuous. What if (T, p’) is discrete but (S, p) is not?
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§2. Some General Theorems on Limits and Continuity

I. In §1 we gave the so-called “e, §” definition of continuity. Now we present
another (equivalent) formulation, known as the sequential one. Roughly, it
states that f is continuous iff it carries convergent sequences {x,,} C Dy into
convergent “image sequences” { f(x,,)}. More precisely, we have the following
theorem.

Theorem 1 (sequential criterion of continuity). (i) A function
f:A— (T, p), with A C (S, p),

is continuous at a point p € A iff for every sequence {x,,} C A such that
T — p in (S, p), we have f(zm,) — f(p) in (T, p'). In symbols,

(V{zm} CAlzm = p) f(zm) = f(). (1)
(i1) Similarly, a point g € T is a limit of f at p (p € S) iff
(\V/ {xm} g A~ {p} | Tm — p) f(wm) —q. (2/)

Note that in (2') we consider only sequences of terms other than p.
Proof. We first prove (ii). Suppose ¢ is a limit of f at p, i.e. (see §1),
(Ve>0) (F6>0) (Ve e ANG-,(9)) f(x) € Gyle). (2)
Thus, given € > 0, there is 6 > 0 (henceforth fixed) such that
f(z) € G4(e) whenever z € A, x # p, and x € Gp(0). (3)

We want to deduce (2'). Thus we fix any sequence

{xm} - A— {p}a Tm — p~1

Then
(Vm) z,, € A and z,, # p,

and G (9) contains all but finitely many x,,. Then these x,, satisfy the con-
ditions stated in (3). Hence f(z,,) € Gq4(e) for all but finitely many m. As ¢
is arbitrary, this implies f(z,,) — ¢ (by the definition of lim f(z,,)), as is
required in (2’). Thus (2) = (2/). e

Conversely, suppose (2) fails, i.e., its negation holds. (See the rules for
forming negations of such formulas in Chapter 1, §§1-3.) Thus

(Fe>0) (V6>0) Bz e ANG_,(8) f(z) ¢ Gyle) (4)

LIf no such sequence exists, then (2') is vacuously true and there is nothing to prove.



162 Chapter 4. Function Limits and Continuity
by the rules for quantifiers. We fix an ¢ satisfying (4), and let
Om=—, m=1,2,....

By (4), for each 6, there is x,, (depending on J,,) such that

1
T € AmGﬁp(a) (5)
and
flzm) € Gg(e), m=1,2,3, ... (6)
We fix these x,,. As z,, € A and x,, # p, we obtain a sequence
{xm} - A— {p}

Also, as z,, € Gp(%), we have p(z,, p) < 1/m — 0, and hence z,, — p.
On the other hand, by (6), the image sequence {f(z,,)} cannot converge to ¢
(why?), i.e., (2") fails. Thus we see that (2") fails or holds accordingly as (2)
does.

This proves assertion (ii). Now, by setting ¢ = f(p) in (2) and (2’), we also
obtain the first clause of the theorem, as to continuity. [J

Note 1. The theorem also applies to relative limits and continuity over a
path B (just replace A by B in the proof), as well as to the cases p = +o0
and ¢ = +o0o0 in E* (for E* can be treated as a metric space; see the end of
Chapter 3, §11).

If the range space (T, p') is complete (Chapter 3, §17), then the image
sequences { f(z,,)} converge iff they are Cauchy. This leads to the following
corollary.

Corollary 1. Let (T, p’) be complete, such as E™. Let a map f: A — T with
A C (S, p) and a point p € S be given. Then for f to have a limit at p,
it suffices that {f(xm)} be Cauchy in (T, p') whenever {z,,} C A — {p} and
Ty — p in (S, p).

Indeed, as noted above, all such {f(z,,)} converge. Thus it only remains to
show that they tend to one and the same limit g, as is required in part (ii) of
Theorem 1. We leave this as an exercise (Problem 1 below).

*Theorem 2 (Cauchy criterion for functions). With the assumptions of Corol-
lary 1, the function f has a limit at p iff for each € > 0, there is 6 > 0 such
that

o (f(x), f(z')) <e forallz, ' € ANG_,(6)).2

In symbols,

(Ve >0) (36 >0) (Va, 2’ € ANG_,(9)) p(f(x), f(z')) <e. (7)

2 That is, f(z) is e-close to f(z') when x and z’ are §-close to p, but # p.
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Proof. Assume (7). To show that f has a limit at p, we use Corollary 1. Thus
we take any sequence
{z;} C A—{p} with z,,, = p
and show that {f(z,,)} is Cauchy, i.e.,
(Ve >0) (3k) Ymyn>k) o (f(zm), f(zn)) <e.
To do this, fix an arbitrary € > 0. By (7), we have
(Va, 2" € ANG-p(0)) p'(f(2), f(2)) <e, (7)
for some 6 > 0. Now as x,, — p, there is k such that
(Vm, n>k) zp, z, € Gp(9).
As {z,,} € A — {p}, we even have z,,, v, € ANG-,(d). Hence by (7),

(Ym, n>k) o' (f(zm), fzn)) <&

i.e.,, {f(zm)} is Cauchy, as required in Corollary 1, and so f has a limit at p.
This shows that (7) implies the existence of that limit.

The easy converse proof is left to the reader. (See Problem 2.) [

II. Composite Functions. The composite of two functions
f:S—=Tandg: T — U,

denoted
go f (in that order),

is by definition a map of S into U given by
(go f)(z) =g(f(z), se8.

Our next theorem states, roughly, that g o f is continuous if g and f are. We
shall use Theorem 1 to prove it.

Theorem 3. Let (S, p), (T, p'), and (U, p") be metric spaces. If a function
f: S — T is continuous at a point p € S, and if g: T — U 1is continuous at the
point ¢ = f(p), then the composite function g o f is continuous at p.

Proof. The domain of go f is S. So take any sequence
{zm} C S with z,, = p.

As f is continuous at p, formula (1’) yields f(z.,,) — f(p), where f(z,,) is in
T = D,. Hence, as g is continuous at f(p), we have

g(f(mm» — g(f(p))7 ie., (go f)(xm) — (g © f)(p)’

and this holds for any {z,,} C S with z,, — p. Thus g o f satisfies condition
(1') and is continuous at p. O
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Caution: The fact that

lim f(x) = ¢ and lim g(y) =r
y—q

T—p

does not imply

lim g(f(z)) =r

T—p

(see Problem 3 for counterexamples).

Indeed, if {z,,} € S—{p} and z,, — p, we obtain, as before, f(z,,) — ¢, but
not f(x,,) # q. Thus we cannot re-apply formula (2") to obtain g(f(x.,)) — r
since (2') requires that f(x,,) # q. The argument still works if ¢ is continuous
at ¢ (then (1') applies) or if f(x) never equals q (then f(x,,) # q). It even
suffices that f(z) # q for x in some deleted globe about p (see §1, Note 4).
Hence we obtain the following corollary.

Corollary 2. With the notation of Theorem 3, suppose
f(x) > qasz—p, and g(y) > r asy — q.

Then
9(f(z)) = r asz = p,
provided, however, that
(i) g is continuous at q, or
(ii) f(x) # q for x in some deleted globe about p, or
(iii) f is one to one, at least when restricted to some G—,(9).

Indeed, (i) and (ii) suffice, as was explained above. Thus assume (iii). Then
f can take the value q at most once, say, at some point

o € Gﬁp(é)
As xg # p, let
o' = p(i)ﬂ'o, p) > 0.

Then z¢ ¢ G-,(d'), so f(x) # q on G-,(0"), and case (iii) reduces to (ii).
We now show how to apply Corollary 2.

Note 2. Suppose we know that

r = lim g(y) exists.
y—aq

Using this fact, we often pass to another variable x, setting y = f(x) where f
is such that ¢ = lim,_,, f(x) for some p. We shall say that the substitution (or
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“change of variable”) y = f(x) is admissible if one of the conditions (i), (ii), or
(iii) of Corollary 2 holds.> Then by Corollary 2,

lim g(y) = r = lim g(f(z))

Yy—q T—p

(yielding the second limit).

Examples.
(A) Let
1\z
mm:@+—)muﬁzL
T
Then
wgr—lr—loo h(z) = e.

For a proof, let n = f(x) = [z] be the integral part of . Then for
x> 1,

1 n 1\nt1
@+n+J gm@g(yhﬁ . (Verify!) ®)
As x — +o00, n tends to +o00 over integers, and by rules for sequences,

. 1y ntl : 1 I\~ _ 1\
lim (1+—) = lim (1+—)(1+—) zl-hm(l—i——) =1l-e=e,
n— 00 n n— 00 n n n

with e as in Chapter 3, §15. Similarly one shows that also

1 n
lim (1 + > =e.
n—oo n -+ 1

Thus (8) implies that also lirf h(z) = e (see Problem 6 below).
T—r 100

Remark. Here we used Corollary 2(ii) with

f(@) = o], g = +oo, and g(n) = (1+ )"

The substitution n = f(z) is admissible since f(x) = n never equals 400, its
limit, thus satisfying Corollary 2(ii).

(B) Quite similarly, one shows that also
1Nz
lim (1 + —> =e.
T—>—00 €T
See Problem 5.

3 In particular, the so-called linear substitution y = ax + b (a, b € E', a # 0) is always
admissible since f(z) = ax + b yields a one-to-one map.
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(C) In Examples (A) and (B), we now substitute x = 1/z. This is admissible
by Corollary 2(ii) since the dependence between x and z is one to one.
Then

1
z==—=0"asz — +oo, and 2 > 0~ as z — —o0.
x

Thus (A) and (B) yield

lim (14 2)Y% = lim (1+2)* =e.

z—07t z—0~

Hence by Corollary 3 of §1, we obtain

lim (1 + 2)Y/* = e. 9)

z—0

More Problems on Limits and Continuity

1. Complete the proof of Corollary 1.
[Hint: Consider {f(zm)} and {f(x},)}, with

T, —)pandac/m — .
By Chapter 3, §14, Corollary 4, p is also the limit of
! /
L1y Ly L25 L2y « - v
so, by assumption,
f(z1), f(z}), ... converges (to g, say).
Hence {f(zm)} and {f(z},)} must have the same limit g. (Why?)]

*2. Complete the converse proof of Theorem 2 (cf. proof of Theorem 1 in
Chapter 3, §17).

3. Define f, g: E' — E' by setting
(i) fz) =2; g(y) =3 if y # 2, and g(2) = 0; or
(ii) f(z) =2 if z is rational and f(z) = 2z otherwise; g as in (i).

In both cases, show that

rx—1

lim f(z) = 2 and lim g(y) = 3 but not lim g(f(z)) = 3.*
y—2 z—1

4. Prove Theorem 3 from “e, §” definitions. Also prove (both ways) that if
f is relatively continuous on B, and g on f[B], then go f is relatively
continuous on B.

41n case (ii), disprove the ezistence of lim,_1 g(f(x)).
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5. Complete the missing details in Examples (A) and (B).
[Hint for (B): Verify that

(1- nil)%*l = (nil)%*l = (n;tl)"+1 = (1+%)(1+ %)” el
=6. Given f, g, h: A— E*, AC (S, p), with

f(z) < h(z) < g(z)
for z in G_,(§) N A. Prove that if

lim f(z) = lim g(z) = g.

T—p
then also
lim h(z) = q.

T—p

Use Theorem 1.
[Hint: Take any
{zm} C A — {p} with z.,, — p.

Then f(zm) — ¢, g(zm) — ¢, and
(Vom € ANG=p(8)  f(@m) < h(wm) < g(wm).
Now apply Corollary 3 of Chapter 3, §15.]

=7. Given f, g: A — E*, AC (S,p), with f(x) - ¢gand g(z) > rasz —p
(p € S), prove the following:

(i) If ¢ > r, then

(36 >0) (Ve e ANG-,(9)) f(z)> g(z).
(ii) (Passage to the limit in inequalities.) If

(V6 >0) Bz e ANG-p(9) f(x) < g(),

then ¢ < r. (Observe that here A clusters at p necessarily, so the
limits are unique.)
[Hint: Proceed as in Problem 6; use Corollary 1 of Chapter 3, §15.]

8. Do Problems 6 and 7 using only Definition 2 of §1.
[Hint: Here prove 7(ii) first.]

9. Do Examples (a)—(d) of §1 using Theorem 1.
[Hint: For (c), use also Example (a) in Chapter 3, §16.]

10. Addition and multiplication in E! may be treated as functions
f,9: B> = E'
with
f(z,y) =z +yand g(z, y) = zy.
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11.

=12.

=13.

=14.
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Show that f and g are continuous on E? (see footnote 2 in Chapter 3,
§15). Similarly, show that the standard metric

p(x,y) = |z —y|

is a continuous mapping from E? to E'.
[Hint: Use Theorems 1, 2, and, 4 of Chapter 3, §15 and the sequential criterion.]

Using Corollary 2 and formula (9), find lin}) (1 +ma)"/® for a fixed m €
N. T—r

Let @ > 0 in E'. Prove that lim a® = 1.

z—0
[Hint: Let n = f(z) be the integral part of % (z #0). Verify that
a VD) < g7 < gl/n if g > 1,
with inequalities reversed if 0 < a < 1. Then proceed as in Example (A), noting that

lim a'/” =1= lim o Y/t

by Problem 20 of Chapter 3, §15. (Explain!)]
Given f, g: A — E*, A C (S, p), with

f<g forxzin G-,(6)NA.

Prove that
(a) if lim f(x) = +o0, then also lim g(z) = 4o0;
T—p T—p
(b) if lim g(z) = —oo, then also lim f(x) = —ooc.
T—p T—p

Do it it two ways:
(i) Use definitions only, such as (2) in §1.

(ii) Use Problem 10 of Chapter 2, §13 and the sequential criterion.

Prove that
(i) if a > 1 in E*, then
a.’IJ €T
lim — =+occand lim — =0;
rx—+oco I r——00 I
(ii) if 0 < a < 1, then
xX x
lim @ 0 and lim @ ~+00;
rx——+oco 2 T——00 I

(iii) if @ > 1 and ¢ > 0 in E', then

x T

. . a
lim — =+ocand lim — = 0;
z—+oo x4 z——oo x4
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(iv) if 0 < a < 1 and g > 0, then

. . a
lim — =0and lim — = +o0.
r—+oo 4 r——oo x4

[Hint: (i) From Problems 17 and 10 of Chapter 3, §15, obtain

n

. a

lim — = +oo.
n

Then proceed as in Examples (A)—(C); (iii) reduces to (i) by the method used in
Problem 18 of Chapter 3, §15.]

=*15. For amap f: (S, p) = (T, p’), show that the following statements are
equivalent:

(i) f is continuous on S.

(ii) (VA C8) f[A] < f[A]

(i) (VBCT) f'[B] 2 f'[B].

(iv) f~Y[B] is closed in (S, p) whenever B is closed in (T, p').
(v) f~[B] is open in (S, p) whenever B is open in (T, p').

[Hints: (i) = (ii): Use Theorem 3 of Chapter 3, §16 and the sequential criterion to
show that

peA= f(p) € fIA]
(ii) = (iii): Let A = f~1[B]. Then f[A] C B, so by (i),

fIA] C flA] C B.

Hence

FUBl=AC fHfAN C FTHBl. (Why?)
(ili) = (iv): If B is closed, B = B (Chapter 3, §16, Theorem 4(ii)), so by (iii),
1B = £[B] 2 T T[B]; deduce (iv).

(iv) = (v): Pass to complements in (iv).
(v) = (i): Assume (v). Take any p € S and use Definition 1 in §1.]

16. Let f: E' — E! be continuous. Define g: E! — E? by
9(z) = (z, f(z)).
Prove that
(a) g and g~
(b) the range of g, i.e., the set

Dy ={(z, f(x)) |z € B},

I are one to one and continuous;

is closed in EZ.

[Hint: Use Theorem 2 of Chapter 3, §15, Theorem 4 of Chapter 3, §16, and the
sequential criterion.]
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§3. Operations on Limits. Rational Functions

I. A function f: A — T is said to be real if its range D} lies in E', complex
if D} C C, vector valued if D} is a subset of E™, and scalar valued if D} lies in
the scalar field of E™. (*In the latter two cases, we use the same terminology if
E™ is replaced by some other (fixed) normed space under consideration.) The
domain A may be arbitrary.

For such functions one can define various operations whenever they are de-
fined for elements of their ranges, to which the function values f(x) belong.
Thus as in Chapter 3, §9, we define the functions f+g, fg, and f/g “pointwise,”
setting

f f(x)
>(x) ~ ()

(f £ 9)(x) = f(z) £ g(x), (fg)(z) = f(z)g(z), and (3

whenever the right side expressions are defined. We also define |f|: A — E*
by
(Ve e d) |flz)=I[f(x)l

In particular, f 4 g is defined if f and g are both vector valued or both scalar
valued, and fg is defined if f is vector valued while g is scalar valued; similarly
for f/g. (However, the domain of f/g consists of those x € A only for which
g9(z) #0.)

In the theorems below, all limits are at some (arbitrary, but fixed) point p
of the domain space (5, p). For brevity, we often omit “z — p.”

Theorem 1. For any functions f, g, h: A — E*(C), A C (S, p), we have the
following:

(i) If f, g, h are continuous at p (p € A), so are f + g and fh. So also is

f/h, provided h(p) # 0; similarly for relative continuity over B C A.
(ii) If f(x) — q, g(x) — r, and h(x) — a (all, as x — p over B C A), then
(a) f(z) £g(x) = q£r;
(b) f(z)h(z) — qa; and

(c) % — %, provided a # 0.

All this holds also if f and g are vector valued and h is scalar valued.
For a simple proof, one can use Theorem 1 of Chapter 3, §15. (An indepen-
dent proof is sketched in Problems 1-7 below.)

We can also use the sequential criterion (Theorem 1 in §2). To prove (ii),
take any sequence

{:Bm} C B — {p}7 Ty —7 D-
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Then by the assumptions made,

f(xm) — q, g(xm) — 7, and h(z,,) — a.
Thus by Theorem 1 of Chapter 3, §15,
f(zm) s q

9(Tm) a

As this holds for any sequence {z,,} € B — {p} with x,,, — p, our assertion
(ii) follows by the sequential criterion; similarly for (i).

f(zm) £9(xm) = qxr, f(zm)g(xm) — qa, and

Note 1. By induction, the theorem also holds for sums and products of any
finite number of functions (whenever such products are defined).

Note 2. Part (ii) does not apply to infinite limits q, r, a; but it does apply
to limits at p = +oo (take E* with a suitable metric for the space S).

Note 3. The assumption h(x) — a # 0 (as z — p over B) implies that
h(xz) # 0 for & in BN G-,(0) for some 6 > 0; see Problem 5 below. Thus the
quotient function f/h is defined on B N G_,(0) at least.

IT. If the range space of f is E™ (*or C™), then each function value f(x) is
a vector in that space; thus it has n real (respectively, complex) components,
denoted
fk(CL‘), ]{?:1, 2,...,71.

Here we may treat fy as a mapping of A = Dy into E' (*or C); it carries
each point x € A into f(z), the kth component of f(x). In this manner, each
function

fr A= E™ (C™)
uniquely determines n scalar-valued maps
fr: A— E' (C),

called the components of f. Notation: f = (f1, ..., fn).
Conversely, given n arbitrary functions

fr: A= E'(C), k=1,2,...,n,
one can define f: A — E™ (C™) by setting

f(@) = (f1i(@), fa(@), ..., ful2)).

Then obviously f = (f1, fa, ..., fn). Thus the f; in turn determine f uniquely.
To define a function f: A — E™ (C™) means to give its n components fi. Note
that

f@)=(filx), ..., ful@) = efrl(z), ie, f=) efn (1)
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where the €5 are the n basic unit vectors; see Chapter 3, §§1-3, Theorem 2.
Our next theorem shows that the limits and continuity of f reduce to those of
the fk

Theorem 2 (componentwise continuity and limits). For any function f: A —
E™ (C™), with A C (S, p) and with f = (f1, ..., fn), we have that

(i) f is continuous at p (p € A) iff all its components fr are, and
(i) f(x) > qasxz—p (peS) iff
felx) = qrasx—p (k=1,2,...,n),
i.e., iff each fi has, as its limit at p, the corresponding component of q.

Similar results hold for relative continuity and limits over a path B C A.

We prove (ii). If f(x) — ¢ as x — p then, by definition,

(Ve>0) (36>0) (Ve e ANG-p(d)) e>|[f(z)—ql = \/Z|fk ) — ail*;

in turn, the right-hand side of the inequality given above is no less than each

|fk('1’.)_qk|> ]C:].,Q,...,’I’L

Thus
(Ve>0) (F6>0) (Ve e ANG-,(9)) |fu(z)—qi] <&

e, fr(z) > q, k=1,..., n.
Conversely, if each fi(z) — g, then Theorem 1(ii) yields

n

> erfr(z) = Zequ

k=1

By formula (1), then, f(z) — g (for > ;_, éxqx = q). Thus (ii) is proved;
similarly for (i) and for relative limits and continuity.

Note 4. Again, Theorem 2 holds also for p = 00 (but not for infinite q).

Note 5. A compler function f: A — C may be treated as f: A — EZ2.
Thus is has two real components: f = (f1, f2). Traditionally, f; and fy are
called the real and imaginary parts of f, also denoted by f.. and fi, so

f:fre+i'fim-

By Theorem 2, f is continuous at p iff fre and fim are.

L Here we treat &, as a constant function, with values &, (cf. §1, Example (a)).
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Example.

The complex exponential is the function f: E' — C defined by
f(z) = cosz +i-sinz, also written f(z) = ™.

As we shall see later, the sine and the cosine functions are continuous.
Hence so is f by Theorem 2.

ITI. Next, consider functions whose domain is a set in E™ (*or C™). We call
them functions of n real (*or complex) variables, treating & = (x1, ..., x,) as
a variable n-tuple. The range space may be arbitrary.

In particular, a monomial in n variables is a map on E™ (*or C™) given by
a formula of the form

n
£(@) = asTap - ame —a- [,
k=1

where the my, are fixed integers > 0 and a € E! (*or a € C).2 If a # 0, the
sum m = »_;_, my is called the degree of the monomial. Thus
f(z,y, z) = 32yz> = 32%y* 23

defines a monomial of degree 6, in three real (or complex) variables z, y, z.
(We often write x, y, z for x1, 2, x3.)

A polynomial is any sum of a finite number of monomials; its degree is, by
definition, that of its leading term, i.e., the one of highest degree. (There may
be several such terms, of equal degree.) For example,

f(z, y, 2) = 32%y2® — 22y”

defines a polynomial of degree 8 in z, y, 2. Polynomials of degree 1 are some-
times called linear.

A rational function is the quotient f/g of two polynomials f and g on E"
(*or C™).3 Tts domain consists of those points at which g does not vanish. For
example,

2
T° — 3Ty
Wz, y) = ———
zy —1
defines a rational function on points (z, y), with zy # 1. Polynomials and
monomials are rational functions with denominator 1.

Theorem 3. Any rational function (in particular, every polynomial) in one
or several variables is continuous on all of its domain.

2 We also allow a to be a vector, while the x, are scalars.
3 This is valid also if one allows the coefficients of f to be wvectors (provided those of g,
and the variables zj, remain scalars).



174 Chapter 4. Function Limits and Continuity

Proof. Consider first a monomial of the form
f(@) =z, (K fixed);

it is called the kth projection map because it “projects” each z € E™ (*C™)
onto its kth component xy.

Given any € > 0 and p, choose 6 = ¢. Then

(V3 € Gp(®) 11(@) — F@) = lox — il < ([ Jos = mil? = pla, p) <=

Hence by definition, f is continuous at each p. Thus the theorem holds for
projection maps.
However, any other monomial, given by

f(@) = ax{"ay™ - wpt,

is the product of finitely many (namely of m = my +mqy +- - - +m,,) projection
maps multiplied by a constant a. Thus by Theorem 1, it is continuous. So
also is any finite sum of monomials (i.e., any polynomial), and hence so is
the quotient f/g of two polynomials (i.e., any rational function) wherever it is
defined, i.e., wherever the denominator does not vanish. [

IV. For functions on E™ (*or C™), we often consider relative limits over a
line of the form

T = p + té}, (parallel to the kth axis, through p);

see Chapter 3, §§4—6, Definition 1. If f is relatively continuous at p over that
line, we say that f is continuous at p in the kth variable xy, (because the other
components of  remain constant, namely, equal to those of p, as T runs over
that line). As opposed to this, we say that f is continuous at p in all n variables
jointly if it is continuous at p in the ordinary (not relative) sense. Similarly,
we speak of limits in one variable, or in all of them jointly.

Since ordinary continuity implies relative continuity over any path, joint
continuity in all n variables always implies that in each variable separately,
but the converse fails (see Problems 9 and 10 below); similarly for limits at p.

Problems on Continuity of Vector-Valued Functions

1. Give an “e, §” proof of Theorem 1 for f + g.

[Hint: Proceed as in Theorem 1 of Chapter 3, §15, replacing max(k’, k") by § =
min(é’, §'). Thus fixe >0and p € S. If f(z) — g and g(z) — r as © — p over B,
then (36’,46"” > 0) such that

(Ve € BNG-p(8)) |f(z)—dq| < % and (Vo € BNG-p(6") lg(z) —r| < g

Put § = min(¢’, 6"), etc.]
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In Problems 2, 3, and 4, E = E™ (*or another normed space), F' is its scalar
field, B C A C (S, p), and x — p over B.

2. For a function f: A — E prove that
f(@) = q=|f(x) —q| =0,

equivalently, iff f(z) —q — 0.

[Hint: Proceed as in Chapter 3, §14, Corollary 2.]
3. Given f: A — (T, p'), with f(z) — q as © — p over B. Show that for

some 6 > 0, f is bounded on BN G_,(0), i.e.,

fIBNG-,(9)] is a bounded set in (T, p').
Thus if T = E, there is K € E'! such that
(Ve e BNG-,(0)) |[f(x)] < K

(Chapter 3, §13, Theorem 2).
4. Given f, h: A — E' (C) (or f: A — E, h: A — F), prove that if one

of f and h has limit 0 (respectively, 0), while the other is bounded on

BN G-,(6), then h(z)f(xz) — 0 (0).
5. Given h: A — E! (C), with h(z) — a as * — p over B, and a # 0.
Prove that
(Fe,6 >0) (Vz € BNG-,(6)) |h(x)] > ¢,

i.e., h(z) is bounded away from 0 on BN G-,(d). Hence show that 1/h

is bounded on B N G_,(9).
[Hint: Proceed as in the proof of Corollary 1 in §1, with ¢ = @ and » = 0. Then use

(Vo € BN G-p(5)) ‘%‘ < é]

6. Using Problems 1 to 5, give an independent proof of Theorem 1.

[Hint: Proceed as in Problems 2 and 4 of Chapter 3, §15 to obtain Theorem 1(ii).
Then use Corollary 2 of §1.]

7. Deduce Theorems 1 and 2 of Chapter 3, §15 from those of the present
section, setting A= B = N, S = E*, and p = +o00.
[Hint: See §1, Note 5.]
8. Redo Problem 8 of §1 in two ways:
(i) Use Theorem 1 only.
(ii) Use Theorem 3.
[Example for (i): Find li_>rnl(ac2 +1).

Here f(x) = z2 + 1, or f = gg + h, where h(z) = 1 (constant) and g(z) = x
(identity map). As h and g are continuous (§1, Examples (a) and (b)), so is f by
Theorem 1. Thus lim f(x) = f(1) = 1241=2.

T—
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Or, using Theorem 1(ii), lirnl(ac2 +1) = lim1 z? + lim1 1, etc.]
xT—r r—r Tr—r

9. Define f: E? — E! by

Fa 1) = =L with £(0.0) = 0
z,Y) = ———, Wi ,0) =0.
U
Show that f(z, y) — 0 as (x, y) — (0, 0) along any straight line through
0, but not over the parabola y = 2 (then the limit is %) Deduce that

f is continuous at 0 = (0, 0) in x and y separately, but not jointly.
10. Do Problem 9, setting

f(z,y)=0if x =0, and f(z, y) = % o lul/® i g #0.4
x

11. Discuss the continuity of f: E? — E! in z and y jointly and separately,

at 0, when
@ o) = 5L 50,0) =0
(b) f(z, y) = integral part of = + y;
(©) fla y) =@+ il e #0, £(0,y) =0
(d) f(z,y) = % + msini if zy # 0, and f(z, y) = 0 otherwise;

(€) £, y) =~ sin(a? +|ay]) if 2 £ 0, and £(0, y) = 1.

[Hints: In (c) and (d), |f(z, y)| < |z| + |y|; in (e), use |sina| < |e.]

4 Use Problem 14 in §2 for limit computations.
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84. Infinite Limits. Operations in E*

As we have noted, Theorem 1 of §3 does not apply to infinite limits,' even if
the function values f(z), g(z), h(x) remain finite (i.e., in E'). Only in certain
cases (stated below) can we prove some analogues.

There are quite a few such separate cases. Thus, for brevity, we shall adopt
a kind of mathematical shorthand. The letter ¢ will not necessarily denote a
constant; it will stand for

“a function f: A — E', A C (S, p), such that f(z) — q € E* as x — p.”?

Similarly, “0” and “4o0” will stand for analogous expressions, with g replaced
by 0 and +o00, respectively.

For example, the “shorthand formula” (+00) + (400) = 400 means

“The sum of two real functions, with limit +oo at p (p € 5), is itself a
function with limit 400 at p.”3

The point p is fixed, possibly +oo (if A C E*). With this notation, we have
the following theorems.

Theorems.
1. (£o00) + (£o0) = £o0.

2. (£00) + ¢ = g + (d00) = +oo.
3. (£00) - (£o0) = +o0.
4. (£00) - (Foo) = —o0.
5. | & 00| = +o0.
6. (£00)-q=gq-(+o0) = +0c0 if ¢ > 0.
7. (£00) - q=¢q- (£o0) = Foo if ¢ < 0.
8. —(+o00) = Foo
9. ) _ ooy Lirg£o0
q q
9 _
10. m = 0.
11. (400)T> = 400
12. (+00)”> =0.
13. (+00)? =400 if ¢ > 0.

LTt even has no meaning since operations on +oo have not been defined.

2 Note that g is finite throughout.

3 Similarly for (—oo) + (—00) = —oco. Both combined are written as “(d00) + (do0) =
+o00.”
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14. (+00)? =0 if g < 0.
15. If ¢ > 1, then ¢ = +o00 and g~ = 0.
16. If0 < g <1, then g™ =0 and ¢~>° = +oo.

We prove Theorems 1 and 2, leaving the rest as problems. (Theorems 11-16
are best postponed until the theory of logarithms is developed.)

1. Let f(z) and g(xz) = 400 as * — p. We have to show that
f(z) +g(x) = +oo,
i.e., that
(Vbe EY) (36 >0) (Vo€ ANG_,(8)) f(z)+g(z)>b

(we may assume b > 0). Thus fix b > 0. As f(z) and g(x) — +o0, there
are ¢’, 0” > 0 such that

(Ve e ANG_,(8")) f(z) >band (Ve e ANG-,(8")) g(z) > b.
Let 6 = min(¢’, §”). Then
Ve e ANG-,(0)) f(z)+g(x)>b+b>b,

as required; similarly for the case of —oc.

2. Let f(x) — +oo and g(x) — q € E'. Then there is §' > 0 such that for
zin ANG-,(9'), |g — g(x)| <1, so that g(x) > ¢ — 1.
Also, given any b € E!, there is 6" such that

Vze ANG_,(0")) f(z)>b—q+1.
Let 6 = min(¢’, 6”). Then
(Ve e ANG-p(9) f(z)+g(x)>b-g+1)+(¢—-1)=b,
as required; similarly for the case of f(x) — —o0.

Caution: No theorems of this kind exist for the following cases (which there-
fore are called indeterminate expressions):
+oo 0

0 0 +oo *
(+00) + (—00), (Fo0) -0, T’ O (£o0)”, 07, 1¥=. (1%)
In these cases, it does not suffice to know only the limits of f and g. It
is necessary to investigate the functions themselves to give a definite answer,
since in each case the answer may be different, depending on the properties of
f and g. The expressions (1*) remain indeterminate even if we consider the
simplest kind of functions, namely sequences, as we show next.
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Examples.
(a) Let
Uy, = 2m and v, = —m.

(This corresponds to f(z) = 2z and g(z) = —z.) Then, as is readily seen,
Uy, — +00, Uy — —00, and Uy, + Uy, = 2m — m = m — +0o0.
If, however, we take x,, = 2m and y,, = —2m, then
T + Ym = 2m — 2m = 0;

thus 2, +ym is constant, with limit 0 (for the limit of a constant function
equals its value; see §1, Example (a)).
Next, let

U = 2m and z,,, = —2m + (—=1)™.

Then again

m

Up, — +00 and z,, — —00, but Uy, + 2, = (—1)™;

U + 2m “oscillates” from —1 to 1 as m — +o00, so it has no limit at all.

These examples show that (+o00) + (—o0) is indeed an indeterminate
expression since the answer depends on the nature of the functions in-
volved. No general answer is possible.

(b) We now show that 17°° is indeterminate.
Take first a constant {z,,}, x,, = 1, and let y,,, = m. Then
T — 1, Yy — 400, and z¥" =1" =1 =1z, — 1.

If, however, x,, = 1+ % and y,, = m, then again vy,, - +o0 and z,,, — 1
(by Theorem 10 above and Theorem 1 of Chapter 3, §15), but

1\m
:c}/n’":<1—i——)
m

does not tend to 1; it tends to e > 2, as shown in Chapter 3, §15. Thus
again the result depends on {x,,} and {y., }.
In a similar manner, one shows that the other cases (1*) are indeterminate.

Note 1. It is often useful to introduce additional “shorthand” conventions.
Thus the symbol co (unsigned infinity) might denote a function f such that
|f(x)] = 400 as z — p;

we then also write f(z) — oo. The symbol 07 (respectively, 07) denotes a
function f such that
f(z) >0asx —p
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and, moreover,
f(x) >0 (f(z) <0, respectively) on some G-p(9).

We then have the following additional formulas:

+ +
(i) (();:@:iOO, (O;t@:jFOO- IfQ>0,then0i+=—l—oo andoi_:—oo.
(ii) %:oo.
g
2 —o.
(iv) —

(v) If 0 < |g| < 1, then ¢~*° = co and ¢*>° = 0.
(vi) If |g| > 1, then ¢7>° = oo and ¢~ = 0.
The proof is left to the reader.

Note 2. All these formulas and theorems hold for relative limits, too.

So far, we have defined no arithmetic operations in E*. To fill this gap
(at least partially), we shall henceforth treat Theorems 1-16 above not only as
certain limit statements (in “shorthand”) but also as definitions of certain op-
erations in E*. For example, the formula (400)+ (+00) = +o00 shall be treated
as the definition of the actual sum of +00 and +oo in E*, with +o00 regarded
this time as an element of E* (not as a function). This convention defines the
arithmetic operations for certain cases only; the indeterminate expressions (1*)
remain undefined, unless we decide to assign them some meaning.

In higher analysis, it indeed proves convenient to assign a meaning to at
least some of them. We shall adopt these (admittedly arbitrary) conventions:

{ (£00) + (Foo) = (£00) — (fo00) = +o0; 00 = 1; (2%)

0-(£o0) = (£00) -0 =0 (even if 0 stands for the zero-vector).

Caution: These formulas must not be treated as limit theorems (in “short-
hand”). Sums and products of the form (2*) will be called “unorthodoxz.”

Problems on Limits and Operations in E*

1. Show by examples that all expressions (1*) are indeterminate.

2. Give explicit definitions for the following “unsigned infinity” limit state-
ments:

(a) lim f(z) = oo; (b) lim f(x) = oc; (¢) lim f(x) = oc.

T—p gg_>p+ xr— 00

3. Prove at least some of Theorems 1-10 and formulas (i)—(iv) in Note 1.
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4. In the following cases, find lim f(x) in two ways: (i) use definitions only;
(ii) use suitable theorems and justify each step accordingly.

1 . x(r—1)
) gz =0 ®) BT 50
. 2 —2x+1 . 22 —2x+1
(c) zligl+ 2 —3r+2° (d) xligl— 2 —3x+2°
2_9 1
(e) lim & =221~ o),

r—2 12 — 3+ 2

[Hint: Before using theorems, reduce by a suitable power of x.]

5. Let
fz) = apz" and g(z) = > bea® (an # 0, by #0).
k=0 k=0
Find lim 2% if (1) 0> m; (i) n < m; and (iii) n = m (n, m € N)
Tr—r o0 g(m) ! ! B ’ ’

6. Verify commutativity and associativity of addition and multiplication
in E*, treating Theorems 1-16 and formulas (2*) as definitions. Show
by examples that associativity and commutativity (for three terms or
more) would fail if, instead of (2*), the formula (+00) 4 (Foo) = 0 were
adopted.

[Hint: For sums, first suppose that one of the terms in a sum is 4+o00; then the sum
is +00. For products, single out the case where one of the factors is 0; then consider
the infinite cases.]

7. Continuing Problem 6, verify the distributive law (x 4+ y)z = xz+ yz in
E*, assuming that x and y have the same sign (if infinite), or that z > 0.
Show by examples that it may fail in other cases; e.g., if z = —y = 400,
z=—1.

§5. Monotone Functions

A function f: A — E*, with A C E*, is said to be nondecreasing on a set
B C Aiff

z <y implies f(z) < f(y) for z, y € B.
It is said to be nonincreasing on B iff
xz <y implies f(z) > f(y) for z, y € B.

Notation: f1 and f| (on B), respectively.
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In both cases, f is said to be monotone or monotonic on B. If f is also one
to one on B (i.e., when restricted to B), we say that it is strictly monotone
(increasing if f1 and decreasing if f1).

Clearly, f is nondecreasing iff the function —f = (—1)f is nonincreasing.
Thus in proofs, we need consider only the case f1. The case f| reduces to it
by applying the result to —f.

Theorem 1. If a function f: A — E* (A C E*) is monotone on A, it has a
left and a right (possibly infinite) limit at each point p € E*.
In particular, if f1 on an interval (a, b) # (), then

f(p™) = sup f(x) forp < (a, d]

a<z<p
and

fp") = inf f(z) forpé€ [a, D).
(In case fl, interchange “sup” and “inf.”)

Proof. To fix ideas, assume f71.

Let p € E* and B = {z € A | z < p}. Put ¢ = sup f[B] (this sup always
exists in E*; see Chapter 2, §13). We shall show that ¢ is a left limit of f at p
(i.e., a left limit over B).

There are three possible cases:

(1) If g is finite, any globe G, is an interval (¢, d), ¢ < ¢ < d, in E'. As
¢ < q = sup f[B], ¢ cannot be an upper bound of f[B] (why?), so c is
exceeded by some f(zg), z¢o € B. Thus

¢ < f(xg), xg < p.
Hence as f7, we certainly have
c< f(zo) < f(x) for all x > xg (x € B).
Moreover, as f(z) € f[B], we have
f() <sup f[B] = g < d

so ¢ < f(z) < d;ie., f(z) € (¢, d) = Gy.
We have thus shown that

(VGy) Bzo<p) VxeB|zg<z) f(z)e€ Gy,
S0 ¢ is a left limit at p.
(2) If ¢ = +o0, the same proof works with G, = (¢, +00]. Verify!
(3) If ¢ = —o0, then
(Vz € B) f(x) <sup f[B] = —o0,
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ie., f(x) < —o0, so f(x) = —oo (constant) on B. Hence q is also a left

hmlt at p (§1, Example (a)).
In particular, if f1 on A = (a, b) with a, b € E* and a < b, then B =
(a, p) for p € (a, b]. Here p is a cluster point of the path B (Chapter 3, §14,
Example (h)), so a unique left limit f(p~) exists. By what was shown above,

g= f(p~) =sup f[B] = sup f(x), as claimed.
a<z<p

Thus all is proved for left limits.
The proof for right limits is quite similar; one only has to set

B={xe€A|z>p}, ¢g=inf f[B]. O

Note 1. The second clause of Theorem 1 holds even if (a, b) is only a
subset of A, for the limits in question are not affected by restricting f to (a, b).
(Why?) The endpoints a and b may be finite or infinite.

Note 2. If Dy = A = N (the naturals), then by definition, f: N — E* is a
sequence with general term x,, = f(m), m € N (see §1, Note 2). Then setting
p = +o0 in the proof of Theorem 1, we obtain Theorem 3 of Chapter 3, §15.
(Verify!)

Example.

The exponential function F : E* — E' to the base a > 0 is given by
F(x) = a".

It is monotone (Chapter 2, §§11-12, formula (1)), so F(0~) and F(0T)
exist. By the sequential criterion (Theorem 1 of §2) we may use a suitable
sequence to find F(07), and we choose z,,, = -~ — 07. Then

FO0T) = lim F(l) — lim /™ =1

m— 00 m m— o0

(see Chapter 3, §15, Problem 20).
Similarly, taking ., = —-- — 07, we obtain F(0~) = 1. Thus

FON)=F(07) = lim F(z) = lim a® = 1.
T—

x—0

(See also Problem 12 of §2.)
Next, fix any p € E'. Noting that

F(z) =a" =a’™ P = adPa” P,

we set y = x — p. (Why is this substitution admissible?) Then y — 0 as
T — p, SO we get

lim F(z) =lima? - lim a7 = a? lim a¥ = a? - 1 = a? = F(p).
T—p T—p y—0
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As lim,,, F(z) = F(p), F is continuous at each p € E'. Thus all
exponentials are continuous.

Theorem 2. If a function f: A — E* (A C E*) is nondecreasing on a finite
or infinite interval B = (a, b) C A and if p € (a, b), then
fla®) < f7) < flp) < ™) < f(b7), (1)

and for no = € (a, b) do we have

f®7) < f(x) < fp) or f(p) < flz) < fFT);!
similarly in case fl (with all inequalities reversed).

Proof. By Theorem 1, f1 on (a, p) implies
fla)= inf f(z)and f(p7)= sup f(o);
a<zr<p

a<lz<p

thus certainly f(a™) < f(p~). As f1, we also have f(p) > f(z) for all z €
(a, p); hence
flp) = sup f(z)=f(p~)

a<z<p
Thus
fl@®) < flp7) < flp);
similarly for the rest of (1).
Moreover, if a < z < p, then f(z) < f(p~) since

f(p™) = sup f(x).

a<x<p

If, however, p < z < b, then f(p) < f(x) since f. Thus we never have
f(p~) < f(z) < f(p). Similarly, one excludes f(p) < f(z) < f(p*). This
completes the proof. [

Note 3. If f(p7), f(pT), and f(p) exist (all finite), then

[f(p) = f(p7)| and [ f(p™) — f(p)l
are called, respectively, the left and right jumps of f at p; their sum is the
(total) jump at p. If f is monotone, the jump equals |f(p™) — f(p~)|.
For a graphical example, consider Figure 14 in §1. Here f(p) = f(p~) (both
finite), so the left jump is 0. However, f(p*) > f(p), so the right jump is
greater than 0. Since

flp) = f(p7) = lim f(z),

T—p~

f is left continuous (but not right continuous) at p.

L In other words, the interval [f(p~), f(pT)] contains no f(x) except f(p).
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Theorem 3. If f: A — E* is monotone on a finite or infinite interval (a, b)
containing A, then all its discontinuities in (a, b), if any, are “jumps,” that is,
points p at which f(p~) and f(p™) exist, but f(p~) # f(p) or f(p*) # f(p).?
Proof. By Theorem 1, f(p~) and f(p™) exist at each p € (a, b).

If, in addition, f(p~) = f(p™) = f(p), then

lim /(@) = /()

by Corollary 3 of §1, so f is continuous at p. Thus discontinuities occur only

if f(p~) # f(p) or f(p*) # f(p). O

Problems on Monotone Functions

1. Complete the proofs of Theorems 1 and 2. Give also an independent
(analogous) proof for nonincreasing functions.

2. Discuss Examples (d) and (e) of §1 again using Theorems 1-3.

3. Show that Theorem 3 holds also if f is piecewise monotone on (a, b),
i.e., monotone on each of a sequence of intervals whose union is (a, b).

4. Consider the monotone function f defined in Problems 5 and 6 of Chap-
ter 3, §11. Show that under the standard metric in E*, f is continuous
on E' and f~! is continuous on (0, 1). Additionally, discuss continity
under the metric p'.

=>5. Prove that if f is monotone on (a, b) C E*, it has at most countably
many discontinuities in (a, b).
[Hint: Let f1. By Theorem 3, all discontinuities of f correspond to mutually disjoint
intervals (f(p~), f(pt)) # 0. (Why?) Pick a rational from each such interval, so

these rationals correspond one to one to the discontinuities and form a countable set
(Chapter 1, §9)].

6. Continuing Problem 17 of Chapter 3, §14, let

1 2 1 2 7 8
G = (57 3)7 G = (5’ 5)’ Gz = (5’ 5)’ and so on;

that is, G,,; is the ith open interval removed from [0, 1] at the mth step

of the process (i =1, 2, ...,2™ 1, m=1,2, ... ad infinitum).
Define F': [0, 1] — E! as follows:
(i) F(0)=0;
ey s 21 —1
(ii) if x € G, then F(z) = g and

2 Note that f(p~) and f(pt) may not exist if f is not monotone. See Examples (c) and
(f) in §1.
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(iii) if z is in none of the G,,; (i.e., x € P), then

F(a) = sup{F(y) |y € |J G y <2},

m,i
Show that F' is nondecreasing and continuous on [0, 1]. (F' is called
Cantor’s function.)

7. Restate Theorem 3 for the case where f is monotone on A, where A is
a (not necessarily open) interval. How about the endpoints of A?

§6. Compact Sets

We now pause to consider a very important kind of sets. In Chapter 3, §16,
we showed that every sequence {Z,,} taken from a closed interval [a, b] in E™
must cluster in it (Note 1 of Chapter 3, §16).! There are other sets with the
same remarkable property. This leads us to the following definition.

Definition 1.

A set A C (S, p) is said to be sequentially compact (briefly compact) iff
every sequence {x,,} C A clusters at some point p in A.

If all of S is compact, we say that the metric space (S, p) is compact.?

Examples.

(a) Fach closed interval in E™ is compact (see above).

(a’) However, nonclosed intervals, and E™ itself, are not compact.

For example, the sequence x,, = 1/n is in (0, 1] C E!, but clusters
only at 0, outside (0, 1]. As another example, the sequence z,, = n has
no cluster points in E'. Thus (0, 1] and E' fail to be compact (even
though E! is complete); similarly for E™ (*and C™).

(b) Any finite set A C (S, p) is compact. Indeed, an infinite sequence in such
a set must have at least one infinitely repeating term p € A. Then by
definition, this p is a cluster point (see Chapter 3, §14, Note 1).

(c) The empty set is “vacuously” compact (it contains no sequences).

(d) E* is compact. See Example (g) in Chapter 3, §14.
Other examples can be derived from the theorems that follow.

L Think of [a, b] as of a container so “compact” that it “squeezes” into clustering any
sequence that is inside it, and it supplies the cluster point.

2 Hence A is compact iff (4, p) is compact as a subspace of (S, p). Note that {z,,} clusters
at p iff there is a subsequence z,, — p (Chapter 3, §16, Theorem 1).
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Theorem 1. If a set B C (S, p) is compact, so is any closed subset A C B.

Proof. We must show that each sequence {z,,} C A clusters at some p € A.
However, as A C B, {x,,} is also in B, so by the compactness of B, it clusters
at some p € B. Thus it remains to show that p € A as well.

Now by Theorem 1 of Chapter 3, §16, {z,,} has a subsequence z,,, — p.
As {z,, } € A and A is closed, this implies p € A (Theorem 4 in Chapter 3,
§16). O

Theorem 2. FEvery compact set A C (S, p) is closed.

Proof. Given that A is compact, we must show (by Theorem 4 in Chapter 3,
§16) that A contains the limit of each convergent sequence {z,,} C A.

Thus let x,,, — p, {z,,} € A. As A is compact, the sequence {z,,} clusters
at some ¢ € A, i.e., has a subsequence z,,, — ¢ € A. However, the limit of the
subsequence must be the same as that of the entire sequence. Thus p = q € A;
i.e., pisin A, as required. [

Theorem 3. Every compact set A C (S, p) is bounded.

Proof. By Problem 3 in Chapter 3, §13, it suffices to show that A is contained
in some finite union of globes. Thus we fix some arbitrary radius € > 0 and,
seeking a contradiction, assume that A cannot be covered by any finite number
of globes of that radius.

Then if 1 € A, the globe G, (¢) does not cover A, so there is a point x5 € A
such that

Z2 ¢ G:c1 (6)7 ie., p(mla Ig) > E.

By our assumption, A is not even covered by G, (¢) U Gy, (g). Thus there is a
point z3 € A with

x3 ¢ Gy, (¢) and z3 ¢ G, (¢), i.e., p(x3, x1) > € and p(x3, T2) > ¢

Again, A is not covered by U?:1 Gy, (g), so there is a point 4 € A not in that
union; its distances from 1, o, and x3 must therefore be > ¢.

Since A is never covered by any finite number of e-globes, we can continue
this process indefinitely (by induction) and thus select an infinite sequence
{zm} C A, with all its terms at least e-apart from each other.

Now as A is compact, this sequence must have a convergent subsequence
{Zm, }, which is then certainly Cauchy (by Theorem 1 of Chapter 3, §17). This
is impossible, however, since its terms are at distances > ¢ from each other,
contrary to Definition 1 in Chapter 3, §17. This contradiction completes the
proof. [J

Note 1. We have actually proved more than was required, namely, that no
matter how small € > 0 is, A can be covered by finitely many globes of radius
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e with centers in A. This property is called total boundedness (Chapter 3, §13,
Problem 4).

Note 2. Thus all compact sets are closed and bounded. The converse fails
in metric spaces in general (see Problem 2 below). In E™ (*and C™), however,
the converse is likewise true, as we show next.

Theorem 4. In E™ (*and C™) a set is compact iff it is closed and bounded.

Proof. In fact, if a set A C E™ (*C™) is bounded, then by the Bolzano—
Weierstrass theorem, each sequence {x,,} C A has a convergent subsequence
T, — p. If Ais also closed, the limit point p must belong to A itself.

Thus each sequence {x,,} C A clusters at some p in A, so A is compact.
The converse is obvious. [

Note 3. In particular, every closed globe in E™ (*or C™) is compact since
it is bounded and closed (Chapter 3, §12, Example (6)), so Theorem 4 applies.

We conclude with an important theorem, due to G. Cantor.

Theorem 5 (Cantor’s principle of nested closed sets). Ewvery contracting se-
quence of nonvoid compact sets,

FlQFQQQFmQ,

in a metric space (S, p) has a nonvoid intersection; i.e., some p belongs to all
F,,.

For complete sets F,,, this holds as well, provided the diameters of the sets
F,, tend to 0: dF,, — 0.

Proof. We prove the theorem for complete sets first.

As F,, # (), we can pick a point x,, from each F,, to obtain a sequence
{m}, xm € Fyp. Since dF,, — 0, it is easy to see that {z,,} is a Cauchy
sequence. (The details are left to the reader.) Moreover,

(Vm) x, € F, C F.

Thus {z,,} is a Cauchy sequence in Fy, a complete set (by assumption).

Therefore, by the definition of completeness (Chapter 3, §17), {z,,} has a
limit p € Fy. This limit remains the same if we drop a finite number of terms,
say, the first m —1 of them. Then we are left with the sequence x,, 41, - .,
which, by construction, is entirely contained in F,, (why?), with the same limit
p. Then, however, the completeness of F,,, implies that p € F},, as well. As m
is arbitrary here, it follows that (Ym) p € Fy,, i.e.,

oo
pE ﬂ F,,, as claimed.

m=1

The proof for compact sets is analogous and even simpler. Here {z,,} need
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not be a Cauchy sequence. Instead, using the compactness of F}, we select
from {z,,} a subsequence z,,, — p € F; and then proceed as above. [

Note 4. In particular, in E™ we may let the sets Fj, be closed intervals
(since they are compact). Then Theorem 5 yields the principle of nested in-
tervals: Every contracting sequence of closed intervals in E™ has a nonempty
intersection. (For an independent proof, see Problem 8 below.)

Problems on Compact Sets

1. Complete the missing details in the proof of Theorem 5.

2. Verify that any infinite set in a discrete space is closed and bounded but
not compact.

[Hint: In such a space no sequence of distinct terms clusters.]
3. Show that E™ is not compact, in three ways:
(i) from definitions (as in Example (a/));
(ii) from Theorem 4; and

(iii) from Theorem 5, by finding in E™ a contracting sequence of infinite
closed sets with a void intersection. For example, in E! take the
closed sets Fy,, = [m, +o0), m =1, 2, .... (Are they closed?)

4. Show that E* is compact under the metric p' defined in Problems 5 and
6 in Chapter 3, §11. Is E' a compact set under that metric?
[Hint: For the first part, use Theorem 2 of Chapter 2, §13, noting that G4 is also a

globe under p’. For the second, consider the sequence z,, = n.]
5. Show that a set A C (S, p) is compact iff every infinite subset B C A
has a cluster point p € A.

[Hint: Select from B a sequence {zm } of distinct terms. Then the cluster points of
{zm} are also those of B. (Why?)]

6. Prove the following.

(i) If A and B are compact, so is AU B, and similarly for unions of
n sets.

(ii) Ifthesets A; (i € I) are compact, sois [),.; A, even if I is infinite.
Disprove (i) for unions of infinitely many sets by a counterexample.

[Hint: For (ii), verify first that (;c; A; is sequentially closed. Then use Theorem 1.]
7. Prove that if x,,, — p in (S, p), then the set

B={p, z1, 22, ..., Ty, ...}

is compact.
[Hint: If B is finite, see Example (b). If not, use Problem 5, noting that any infinite
subset of B defines a subsequence xm, — p, so it clusters at p.]
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Prove, independently, the principle of nested intervals in E™, i.e., The-
orem 5 with
Fm = [am, bm] g En7
where
U = (@1, -y Gmp) and by, = (b1, - -+ bmn)-

[Hint: As Fpo+1 € Fn, Gm+1 and Bm—i—l are in Fy,; hence by properties of closed
intervals,

Amk < @41,k Sbmg1, s Sbmk, kE=1,2,...,n
Fixing k, let Ay be the set of all a,,x, m = 1, 2, .... Show that A is bounded above
by each bk, so let p, = sup Ax in E'. Then

(Vm)  amr < P < bmi. (Why?)

Unfixing k, obtain such inequalities for k =1, 2, ..., n. Let p = (p1, ..., px). Then

(Vm) P E [@m, bm], ie., pE ﬂFm, as required.
Note that the theorem fails for monclosed intervals, even in El; e.g., take Fy, =
(0, 1/m] and show that (,, Fm = 0.]
From Problem 8, obtain a new proof of the Bolzano—Weierstrass theo-

rem.
[Hint: Let {Zm} € [a, b] C E™; put Fy = [a, b] and set

dFy = p(a, b) = d (diagonal of Fp).

Bisecting the edges of Fy, subdivide Fy into 2" intervals of diagonal d/2;3 one of
them must contain infinitely many z,,. (Why?) Let Fi be one such interval; make
it closed and subdivide it into 2™ subintervals of diagonal d/22. One of them, F»,
contains infinitely many x,,; make it closed, etc.

Thus obtain a contracting sequence of closed intervals Fy, with

d
dFm:2—m, m:1,2,....
From Problem 8, obtain
o0
pe () Fm
m=1

Show that {Z,} clusters at p.]

Prove the Heine—Borel theorem: If a closed interval Fy C E™ is covered
by a family of open sets G; (i € I), i.e.,

Fo C U Gi,
iel
then it can always be covered by a finite number of these G;.

[Outline of proof: Let dFp = d. Seeking a contradiction, suppose Fy cannot be
covered by any finite number of the G;.

3 This is achieved by drawing n planes perpendicular to the axes (Chapter 3, §§4-6).
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11.

12.

13.

14.

As in Problem 9, subdivide Fj into 2™ intervals of diagonal d/2. At least one
of them cannot be covered by finitely many G;. (Why?) Choose one such interval,
make it closed, call it F}, and subdivide it into 2™ subintervals of diagonal d/22.
One of these, F>, cannot be covered by finitely many G;; make it closed and repeat
the process indefinitely.

Thus obtain a contracting sequence of closed intervals F,,, with

d
dFm:Q_m’ m:1,2,....

From Problem 8 (or Theorem 5), get p € () Fm.

As p € Fy, p is in one of the G;; call it G. As G is open, p is its interior point,
so let G D Gp(e). Now take m so large that d/2™ = dFy, < €. Show that then

Fn C Gple) CG.

Thus (contrary to our choice of the Fy,) Fp, is covered by a single set G;. This
contradiction completes the proof.]

Prove that if {z,,} C A C (S, p) and A is compact, then {x,,} converges
iff it has a single cluster point.
[Hint: Proceed as in Problem 12 of Chapter 3, §16.]

Prove that if ) # A C (S, p) and A is compact, there are two points
p, q € A such that dA = p(p, q).
[Hint: As A is bounded (Theorem 3), dA < +o00. By the properties of suprema,

1
(Vn) Fn, yn € A) dA— — < p(xn, yn) < dA. (Explain!)
n

By compactness, {x,} has a subsequence z,, — p € A. For brevity, put ac;c = Tn,,
Yy, = Yny,- Again, {y; } has a subsequence y;m — q € A. Also,

1
dA — — < p(z}, , yi, ) < dA.
n

m

Passing to the limit (as m — +00), obtain

dA < p(p, q) < dA
by Theorem 4 in Chapter 3, §15.]
Given nonvoid sets A, B C (S, p), define

p(A, B) = inf{p(z, y) |z € A, y € B}.

Prove that if A and B are compact and nonempty, there are p € A and
q € B such that p(p, q) = p(A, B). Give an example to show that this
may fail if A and B are not compact (even if they are closed in E*).
[Hint: For the first part, proceed as in Problem 12.]

Prove that every compact set is complete. Disprove the converse by
examples.
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*87. More on Compactness

Another useful approach to compactness is based on the notion of a covering
of a set (already encountered in Problem 10 in §6). We say that a set F' is
covered by a family of sets G; (i € I) iff

FgUQ.

iel

If this is the case, {G;} is called a covering of F. If the sets G; are open, we
call the set family {G;} an open covering. The covering {G;} is said to be finite
(infinite, countable, etc.) iff the number of the sets G; is.

If {G;} is an open covering of F', then each point = € F' is in some G; and is
its interior point (for G; is open), so there is a globe G, (¢,) C G;. In general,
the radii €, of these globes depend on z, i.e., are different for different points
x € F. If, however, they can be chosen all equal to some ¢, then this ¢ is called
a Lebesgue number for the covering {G;} (so named after H. Lebesgue). Thus
e is a Lebesgue number iff for every x € F, the globe G (g) is contained in
some G;. We now obtain the following theorem.

Theorem 1 (Lebesgue). Every open covering {G,;} of a sequentially compact
set F' C (S, p) has at least one Lebesgue number . In symbols,

(Je>0) Vz e F) (3i) G.(e) CG;. (1)

Proof. Seeking a contradiction, assume that (1) fails, i.e., its negation holds.
As was explained in Chapter 1, §§1-3, this negation is

(Ve >0) Qa. € F) (Vi) Ga.(€) L Gi

(where we write z. for x since here = may depend on €). As this is supposed
to hold for all € > 0, we take successively
1 1
E:]., 5, ey ﬁ’
Then, replacing “x.” by “x,” for convenience, we obtain

(¥n) Gz, € F) (Vi) Ga (%) ¢ G (2)

Thus for each n, there is some z,, € F such that the globe Gmn(%) is not
contained in any G;. We fix such an z,, € F for each n, thus obtaining a
sequence {z,} C F. As F' is compact (by assumption), this sequence clusters

at some p € F.

The point p, being in F', must be in some G; (call it G), together with some
globe G,(r) € G. As pis a cluster point, even the smaller globe G,(5) contains
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infinitely many x,. Thus we may choose n so large that % < fand z, € Gp(5).
For that n, Gy, (L) C G,(r) because

r

2:7’.

(Ve e G (F) ple.p) < pla,ea) + plawp) <+ <

As G,(r) € G (by construction), we certainly have

1
G, (+) C G C G
n
However, this is impossible since by (2) no Gmn(%) is contained in any G;.
This contradiction completes the proof. [

Our next theorem might serve as an alternative definition of compactness.
In fact, in topology (which studies spaces more general than metric spaces),
this is is the basic definition of compactness. It generalizes Problem 10 in §6.

Theorem 2 (generalized Heine-Borel theorem). A set F' C (S, p) is compact
iff every open covering of F' has a finite subcovering.

That is, whenever F' is covered by a family of open sets G; (i € I), F' can
also be covered by a finite number of these G;.

Proof. Let F' be sequentially compact, and let F' C |JG;, all G; open. We
have to show that {G;} reduces to a finite subcovering.

By Theorem 1, {G;} has a Lebesgue number ¢ satisfying (1). We fix this
€ > 0. Now by Note 1 in §6, we can cover F' by a finite number of e-globes,

FC U Gy, (e), zx € F.
k=1

Also by (1), each G, (¢) is contained in some Gj;; call it G;, . With the G;, so
fixed, we have

k=1 k=1

Thus the sets G, constitute the desired finite subcovering, and the “only if”
in the theorem is proved.

Conversely, assume the condition stated in the theorem. We have to show
that F' is sequentially compact, i.e., that every sequence {z,,} C F clusters at
some p € F.

Seeking a contradiction, suppose F' contains no cluster points of {z,,}. Then
by definition, each point x € F' is in some globe G, containing at most finitely
many T.,. The set F is covered by these open globes, hence also by finitely
many of them (by our assumption). Then, however, F' contains at most finitely
many x,, (namely, those contained in the so-selected globes), whereas the
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sequence {z,,} C F was assumed infinite. This contradiction completes the
proof. [J

§8. Continuity on Compact Sets. Uniform Continuity

I. Some additional important theorems apply to functions that are contin-
uous on a compact set (see §6).

Theorem 1. If a function f: A — (T, p), A C (S, p), is relatively continuous
on a compact set B C A, then f[B] is a compact set in (T, p'). Briefly,

any continuous image f[B]| of a compact set B is compact itself .

Proof. To show that f[B] is compact, we take any sequence {y,,} C f[B] and
prove that it clusters at some g € f[B].

As yn, € f[B), ym = f(x,) for some z,, in B. We pick such an z,, € B for
each y,,, thus obtaining a sequence {z,,} C B with

f@m) =Ym, m=1,2,....

Now by the assumed compactness of B, the sequence {z,,} must cluster at
some p € B. Thus it has a subsequence z,,, — p. As p € B, the function f
is relatively continuous at p over B (by assumption). Hence by the sequential
criterion (§2), x,,, — p implies f(z,) — f(p); i.e.,

ymi, — f(p) € f[B].
Thus ¢ = f(p) is the desired cluster point of {y,,}. O

This theorem can be used to prove the compactness of various sets.

Examples.

(1) A closed line segment Lla, b] in E™ (*and in other normed spaces) is

compact, for, by definition,
Lla, b ={a+ti|0<t<1}, whered =b—a.

Thus L[a, b] is the image of the compact interval [0, 1] C E' under the
map f: B! — E", given by f(t) = @ + t@, which is continuous by
Theorem 3 of §3. (Why?)

(2) The closed solid ellipsoid in E3,

22 2 22
{@va |Gzt

is compact, being the image of a compact globe under a suitable contin-
uous map. The details are left to the reader as an exercise.
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Lemma 1. FEvery nonvoid compact set F' C E' has a mazimum and a mini-
mum.

Proof. By Theorems 2 and 3 of §6, F' is closed and bounded. Thus F' has an
infimum and a supremum in E! (by the completeness axiom), say, p = inf F
and ¢ = sup F'. It remains to show that p, ¢ € F'.

Assume the opposite, say, ¢ ¢ F'. Then by properties of suprema, each globe
G4(0) = (¢ — 6, ¢ + 0) contains some x € B (specifically, ¢ — § < = < q) other
than q (for ¢ ¢ B, while z € B). Thus

(V6>0) FNG.g(6)#0;

i.e., F' clusters at ¢ and hence must contain q (being closed). However, since
q ¢ F, this is the desired contradiction, and the lemma is proved. [

The next theorem has many important applications in analysis.

Theorem 2 (Weierstrass).

(i) If a function f: A — (T, p') is relatively continuous on a compact set
B C A, then f is bounded on Bj; i.e., f[B] is bounded.

(ii) If, in addition, B # () and f is real (f: A — E), then f[B] has a
mazimum and a minimum; i.e., f attains a largest and a least value at
some points of B.

Proof. Indeed, by Theorem 1, f[B] is compact, so it is bounded, as claimed
in (i).

If further B # () and f is real, then f[B] is a nonvoid compact set in E*, so
by Lemma 1, it has a maximum and a minimum in E'. Thus all is proved. [

Note 1. This and the other theorems of this section hold, in particular, if
B is a closed interval in E™ or a closed globe in E™ (*or C™) (because these
sets are compact—see the examples in §6). This may fail, however, if B is
not compact, e.g., if B = (a, b). For a counterexample, see Problem 11 in
Chapter 3, §13.

Theorem 3. If a function f: A — (T, p'), A C (S, p), is relatively continuous
on a compact set B C A and is one to one on B (i.e., when restricted to B),
then its inverse, f—1, is continuous on f[B].!

Proof. To show that f~! is continuous at each point ¢ € f[B], we apply the
sequential criterion (Theorem 1 in §2). Thus we fix a sequence {y,,} C f[B],
Ym — ¢ € f[B], and prove that = (ym) — ' (q).

I Note that f need not be one to one on all of its domain A, only on B. Thus f~! need
not be a mapping on f[A], but it is one on f[B]. (We use “f~!” here to denote the inverse
of f so restricted.)
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Let f 1 (ym) = o and f~1(q) = p so that
Ym = f(mm)> q= f(p)v and Tm, P € B.
We have to show that x,, — p, i.e., that
(Ve>0) (k) Vm>Ek) p(zm,p) <e.

Seeking a contradiction, suppose this fails, i.e., its negation holds. Then
(see Chapter 1, §§1-3) there is an € > 0 such that

(Vk) (3 my > k) p(mmkap) > €, (1)

where we write “my” for “m” to stress that the mj may be different for different
k. Thus by (1), we fix some my, for each k so that (1) holds, choosing step by
step,

Mmeg41 > Mg, k:1,2,....

Then the z,,, form a subsequence of {z,,}, and the corresponding y,,, =
f(zm, ) form a subsequence of {y,,}. Henceforth, for brevity, let {z,,} and
{Ym} themselves denote these two subsequences. Then as before, z,, € B,

Ym = f(zm) € f[B], and ym — ¢, ¢ = f(p). Also, by (1),
(Vm) p(zm,p) > € (2, stands for x,,, ). (2)
Now as {z,,} C B and B is compact, {x,,} has a (sub)subsequence
Ty, — p' for some p’ € B.
As f is relatively continuous on B, this implies
f(@m,) = ym, = F(P)-

However, the subsequence {y,,, } must have the same limit as {y.,}, i.e., f(p).
Thus f(p') = f(p), whence p = p’ (for f is one to one on B), S0 x,,, — p' = p.
This contradicts (2), however, and thus the proof is complete.? [

Example.
(3) For a fixed n € N, define f: [0, +00) — E! by
f(z) =z™.

Then f is one to one (strictly increasing) and continuous (being a mono-
mial; see §3). Thus by Theorem 3, f~! (the nth root function) is relatively
continuous on each interval

f[[av b]] = [ana bn]v

hence on [0, 4+00).

2 We call f bicontinuous if (as in our case) both f and f~! are continuous.
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See also Example (a) in §6 and Problem 1 below.

II. Uniform Continuity. If f is relatively continuous on B, then by
definition,

(Ve>0) (Vpe B) (36>0) (Vo€ BNGL(9)) p'(f(x), f(p) <e.  (3)

Here, in general, § depends on both € and p (see Problem 4 in §1); that is, given
e > 0, some values of § may fit a given p but fail (3) for other points.

It may occur, however, that one and the same § (depending on & only)
satisfies (3) for all p € B simultaneously, so that we have the stronger formula

(Ve>0) (36 >0) (Vp,z € B|p(z,p) <8) p(f(z), flp)) <e.® (4)

Definition 1.

If (4) is true, we say that f is uniformly continuous on B.

Clearly, this implies (3), but the converse fails.*

Theorem 4. If a function f: A — (T, p'), A C (S, p), is relatively continuous
on a compact set B C A, then f is also uniformly continuous on B.

Proof (by contradiction). Suppose f is relatively continuous on B, but (4)
fails. Then there is an € > 0 such that

(Vo >0) (3p, z€ B) p(z, p) <9, and yet p'(f(z), f(p)) > &;

here p and x depend on §. We fix such an ¢ and let

1 1
0=1,=, ..., —, ....
2 m
Then for each § (i.e., each m), we get two points z,,,, p,, € B with

o, P) < (5)

and
p/(f(xm)a f(pm)) >e m=12.... (6)

Thus we obtain two sequences, {x,,} and {p,,}, in B. As B is compact,
{z} has a subsequence z,,, — ¢ (¢ € B). For simplicity, let it be {z,,} itself;
thus

Tm —q, ¢q€E B.

3 In other words, f(x) and f(p) are e-close for any p, * € B with p(p, ) < 4.
4 See Example (h) below.
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Hence by (5), it easily follows that also p,, — ¢ (because p(Z.,, pm) — 0; see
Problem 4 in Chapter 3, §17). By the assumed relative continuity of f on B,
it follows that

f(@m) = f(a) and f(pm) — f(q) in (T p').

This, in turn, implies that p'(f(z.), f(pm)) — 0, which is impossible, in view
of (6). This contradiction completes the proof. [

A variety of uniformly continuous functions are so-called contraction map-
pings. We define them in Example (a) below and hence derive a few noteworthy
special cases. Some of them are so-called isometries (see Problems, footnote 5).

Examples.

(a) A function f: A — (T, p'), A C (S5, p), is called a contraction map (on
A) iff

p(z,y) = p'(f(z), f(y)) for all z, y € A.

Any such map is uniformly continuous on A. In fact, given ¢ > 0, we
simply take § =¢e. Then (Vz, p € A)

p(z, p) < ¢ implies p'(f(z), f(p)) < p(z, p) <d =¢,

as required in (3).

(b) As a special case, consider the absolute value map (norm map) given by
f(@) =|Z| on E™ (*or another normed space).

It is uniformly continuous on E™ because

|1z = pl] < |z =D, ie., p'(f(@), F(D)) < (@, D),

which shows that f is a contraction map, so Example (a) applies.
(c) Other examples of contraction maps are
(1) constant maps (see §1, Example (a)) and
(2) projection maps (see the proof of Theorem 3 in §3).
Verify!
(d) Define f: E' — E! by

f(z) =sinx
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By elementary trigonometry, |sinx| < |z|. Thus (Vx, p € E)
|f(x) = f(p)| = |sinz — sinp

1 1
=2 sini(x—p)-cos—(x%—p)

2

1
<2 sini(:v—p)’

e —pl=lc—p
— |l — = | —
5 p pi,

and f is a contraction map again. Hence the sine function is uniformly
continuous on E'; similarly for the cosine function.

(e) Given @ # A C (S, p), define f: S — E! by
f(z) = p(z, A) where p(z, A) = inf p(z, y).
yEA

It is easy to show that

(Vz,peS) p(z, A) < p(z, p) + p(p, A),
L f@) <ol @)+ F), or £(2) — F) < plp, @),
Similarly, f(p) — f(z) < p(p, ). Thus

|f(z) = f(p)| < p(p, z);

i.e., f is uniformly continuous (being a contraction map).

(f) The identity map f: (S, p) — (5, p), given by
flz) =

is uniformly continuous on S since

p(f(z), f(p)) = p(x, p) (a contraction map!).

However, even relative continuity could fail if the metric in the domain
space S were not the same as in S when regarded as the range space
(e.g., make p’ discrete!)

(g) Define f: E' — E! by
f(z)=a+bx (b#0).

Then
Ve, pe EY) |f(x) — f(p)| = [b] |z — pl;

ie.,

p(f(x), f(p)) = [b| p(z, p).
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Thus, given € > 0, take 6 = ¢/|b|. Then
p(x, p) <6 = p(f(z), f(p)) = |bl p(z, p) < [b]d =&,

proving uniform continuity.
(h) Let
1
f(z) == on B = (0, +00).
x
Then f is continuous on B, but not uniformly so. Indeed, we can prove
the negation of (4), i.e.,

(Fe>0) (V6>0) Bz, pe B) plz, p) <dand p'(f(z), f(p) >e. (4)
Take e =1 and any § > 0. We look for x, p such that

[z —p| <0 and [f(z) - f(p)| Z &,

ie.,

This is achieved by taking

p= min(é, %), x = g (Verify!)

Thus (4) fails on B = (0, +00), yet it holds on [a, +0) for any a > 0.
(Verify!)

Problems on Uniform Continuity;
Continuity on Compact Sets

1. Prove that if f is relatively continuous on each compact subset of D,
then it is relatively continuous on D.
[Hint: Use Theorem 1 of §2 and Problem 7 in §6.]

2. Do Problem 4 in Chapter 3, §17, and thus complete the last details in
the proof of Theorem 4.

3. Give an example of a continuous one-to-one map f such that f—! is not
continuous.
[Hint: Show that any map is continuous on a discrete space (S, p).]

4. Give an example of a continuous function f and a compact set D C
(T, p') such that f~![D] is not compact.
[Hint: Let f be constant on E!.]

5. Complete the missing details in Examples (1) and (2) and (c)—(h).

6. Show that every polynomial of degree one on E™ (*or C™) is uniformly
continuous.
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T.

=8.

10.

11.

12.

Show that the arcsine function is uniformly continuous on [—1, 1].
[Hint: Use Example (d) and Theorems 3 and 4.]

Prove that if f is uniformly continuous on B, and if {z,,} C B is
a Cauchy sequence, so is {f(x,)}. (Briefly, f preserves Cauchy se-
quences.) Show that this may fail if f is only continuous in the ordinary
sense. (See Example (h).)

Prove that if f: S — T is uniformly continuouson B C S,and g: T' — U
is uniformly continuous on f[B], then the composite function g o f is
uniformly continuous on B.

Show that the functions f and f~! in Problem 5 of Chapter 3, §11 are
contraction maps,”> hence uniformly continuous. By Theorem 1, find
again that (E*, p') is compact.

Let A’ be the set of all cluster points of A C (S, p). Let f: A — (T, p)
be uniformly continuous on A, and let (7', p’) be complete.

(i) Prove that lim,_,, f(z) exists at each p € A'.

(ii) Thus define f(p) = lim,_,, f(z) for each p € A" — A, and show
that f so extended is uniformly continuous on the set A = AU A’.6

(iii) Consider, in particular, the case A = (a, b) C E*, so that
A=A"=]a, ]

[Hint: Take any sequence {zm} C A, zy, — p € A’. As it is Cauchy (why?), so is
{f(zm)} by Problem 8. Use Corollary 1 in §2 to prove existence of limgz_p f(z).
For uniform continuity, use definitions; in case (iii), use Theorem 4.]

Prove that if two vector- (or scalar-) valued functions f, g are uniformly
continuous on a set B, so also are f + g and af for a fixed scalar a.

For real functions, prove this also for f V g and f A g defined by
(f v g)(x) = max((f(z), f(9))

and
(f A g)(z) = min(f(z), g(x)).

[Hint: Verify that
1 . 1
max(a, b) = §(a + b+ |b—a|) and min(a, b) = §(a +b—|b—al)

and use Theorem 1 of §3.]

5 They even are so-called isometries; a map f: (S, p) — (T, p') is an isometry iff for all =

and y in S, p(z, y) = p'(f(z), f(y)).
61t is an easier problem to prove ordinary continuity. Do that first.
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13.

14.

15.

16.

17.

Chapter 4. Function Limits and Continuity

Let f be vector valued and h scalar valued, with both uniformly contin-
uous on B C (S, p).

Prove that
(i) if f and h are bounded on B, then hf is uniformly continuous on
B;
(ii) the function f/h is uniformly continuous on B if f is bounded on
B and h is “bounded away” from 0 on B, i.e.,

(36 >0) (Vz e B) |h(z)| > 9.
Give examples to show that without these additional conditions, hf and
f/h may not be uniformly continuous (see Problem 14 below).

In the following cases, show that f is uniformly continuous on B C E!,
but only continuous (in the ordinary sense) on D, as indicated, with
0<a<b< +oo.

Prove that if f is uniformly continuous on B, it is so on each subset
ACB.

For nonvoid sets A, B C (S, p), define
p(A, B) = inf{p(z, y) | = € A, y € B}.

Prove that if p(A4, B) > 0 and if f is uniformly continuous on each of A
and B, it is so on AU B.

Show by an example that this fails if p(4, B) =0, even if ANB =)
(e.g., take A =0, 1], B = (1, 2] in E', making f constant on each of A
and B).

Note, however, that if A and B are compact, AN B = () implies
p(A, B) > 0. (Prove it using Problem 13 in §6.) Thus AN B = ()
suffices in this case.

Prove that if f is relatively continuous on each of the disjoint closed sets
Fl; F27 ) F’n7

it is relatively continuous on their union

F = LnJ Fk;
k=1
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hence (see Problem 6 of §6) it is uniformly continuous on F' if the F},
are compact.
[Hint: Fix any p € F. Then p is in some Fy, say, p € Fi. As the F} are disjoint,

p & Fo, ..., Fp; hence p also is no cluster point of any of Fa, ..., F, (for they are
closed).
Deduce that there is a globe Gp(d) disjoint from each of Fs, ..., Fy,, so that

FNGp(d) = F1 NGp(d). From this it is easy to show that relative continuity of f
on F follows from relative continuity on F7.]

=18. Let pg, P1, - - -, Pm be fixed points in E™ (*or in another normed space).
Let

f() =Dk + (t — k) (Dr+1 — Pr)
whenever k<t <k+1,t€ E', k=0,1,...,m—1.
Show that this defines a uniformly continuous mapping f of the in-
terval [0, m] C E' onto the “polygon”

m—1

U Lipk, pesa].
k=0

In what case is f one to one? Is f~! uniformly continuous on each
L[pk, pr+1]? On the entire polygon?

[Hint: First prove ordinary continuity on [0, m] using Theorem 1 of §3. (For the
points 1, 2, ..., m — 1, consider left and right limits.) Then use Theorems 1-4.]

19. Prove the sequential criterion for wuniform continuity: A function
f: A — T is uniformly continuous on a set B C A iff for any two
(not necessarily convergent) sequences {z,,} and {y,} in B, with

(T, Yym) — 0, we have p'(f(zm), f(ym)) — 0 (ie., f preserves con-
current pairs of sequences; see Problem 4 in Chapter 3, §17).

89. The Intermediate Value Property

Definition 1.

A function f: A — E* is said to have the intermediate value property,
or Darbouz property,! on a set B C A iff, together with any two function
values f(p) and f(p1) (p, p1 € B), it also takes all intermediate values
between f(p) and f(p1) at some points of B.

In other words, the image set f[B] contains the entire interval between
f(p) and f(p1) in E*.

I This property is named after the mathematician Darboux, who investigated it for deriva-
tives (see Chapter 5, §2, Theorem 4).
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Note 1. It follows that f[B] itself is a finite or infinite interval in E*, with
endpoints inf f[B] and sup f[B]. (Verify!)

Geometrically, if A C E*, this means that the curve y = f(x) meets all
horizontal lines y = ¢, for ¢ between f(p) and f(p;). For example, in Figure 13
in §1, we have a “smooth” curve that cuts each horizontal line y = ¢ between
f(0) and f(p1); so f has the Darboux property on [0, p;]. In Figures 14 and
15, there is a “gap” at p; the property fails. In Example (f) of §1, the property
holds on all of E! despite a discontinuity at 0. Thus it does not imply continuity.

Intuitively, it seems plausible that a “continuous curve” must cut all inter-
mediate horizontals. A precise proof for functions continuous on an interval,
was given independently by Bolzano and Weierstrass (the same as in Theorem 2
of Chapter 3, §16). Below we give a more general version of Bolzano’s proof
based on the notion of a conver set and related concepts.

Definition 2.

A set B in E™ (*or in another normed space) is said to be convex iff for
each a, b € B the line segment Lla, b] is a subset of B.

A polygon joining @ and b is any finite union of line segments (a “broken
line”) of the form

m—1
U L[ps, piy1] with po = @ and pp, = b.
=0

The set B is said to be polygon connected (or piecewise convex) iff any two
points a, b € B can be joined by a polygon contained in B.

FIiGURE 19 FIGURE 20

Example.

Any globe in E™ (*or in another normed space) is convex, so also is any
interval in E™ or in E*. Figures 19 and 20 represent a convex set A and
a polygon-connected set B in E? (B is not convex; it has a “cavity”).

We shall need a simple lemma that is noteworthy in its own right as well.
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Lemma 1 (principle of nested line segments). FEwvery contracting sequence of
closed line segments L[py,, @m] in E™ (*or in any other normed space) has a
nonvotd intersection; i.e., there is a point

PE () Llpm: @m).

m=1

Proof. Use Cantor’s theorem (Theorem 5 of §6) and Example (1) in §8. [

We are now ready for Bolzano’s theorem. The proof to be used is typical of
so-called “bisection proofs.” (See also §6, Problems 9 and 10 for such proofs.)

Theorem 1. If f: B — E! is relatively continuous on a polygon-connected

set B in E™ (*or in another normed space), then f has the Darbouz property
on B.

In particular, if B is convex and if f(p) < ¢ < f(q) for some p, ¢ € B, then
there is a point ¥ € L(p, q) such that f(7) = c.

Proof. First, let B be convex. Seeking a contradiction, suppose p, ¢ € B with

f) <e< fla),
yet f(Z) # ¢ for all T € L(p, q).
Let P be the set of all those z € L[p, q] for which f(Z) < ¢, i.e.,
P={zeLlp,q|f(z)<c}
and let
Q={z € Llp, q] | f(x) > c}.

Thenpe P,geQ, PNQ =10, and PUQ = L[p, q] € B. (Why?)
Now let

be the midpoint on L[p, g]. Clearly, 7 is either in P or in ). Thus it bisects
L[p, q] into two subsegments, one of which must have its left endpoint in P and
its right endpoint in Q.?> We denote this particular closed segment by L[p1, G1],
p1 € P, 1 € Q. We then have

o _ 1 .
Llpr, @] € Llp, q] and |p1 — a1| = 5[p — gl. (Verify!)
Now we bisect L[p1, 1] and repeat the process. Thus let
_ r_
Ty = E(pl + Q1)

2 Indeed, if 7o € P, this holds for L[7o, q]. If 7o € Q, take L[p, 7o].
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By the same argument, we obtain a closed subsegment L[ps, ¢2] C L{p1, ¢1],
with ps € P, ¢» € @, and

72— @l = olpr — @ = ~lp—
D2 Q2—2p1 ql—4p q|.

Next, we bisect L[p2, G2], and so on. Continuing this process indefinitely, we
obtain an infinite contracting sequence of closed line segments L[py,, G| such
that

(Ym) Dm € P, Gm € Q,
and

_ _ 1
]pm—qm|:2—m]p—q\—>0asm—>+oo.

By Lemma 1, there is a point
oo
m=1

This implies that
(‘v’m) |F_ﬁm’ S |ﬁm_q_m’_>07

whence p,, — 7. Similarly, we obtain g,, — 7.
Now since 7 € L[p, q| C B, the function f is relatively continuous at 7 over
B (by assumption). By the sequential criterion, then,

f(m) = f(7) and f(@m) — (7).

Moreover, f(pm) < ¢ < f(@m) (for p,, € P and ¢, € Q). Letting m — 400,
we pass to limits (Chapter 3, §15, Corollary 1) and get

f(7) < e < f(7),

so that 7 is neither in P nor in @), which is a contradiction. This completes
the proof for a conver B.

The extension to polygon-connected sets is left as an exercise (see Problem
2 below). Thus all is proved. O

Note 2. In particular, the theorem applies if B is a globe or an interval.

Thus continuity on an interval implies the Darbouz property. The converse
fails, as we have noted. However, for monotone functions, we obtain the fol-
lowing theorem.

Theorem 2. If a function f: A — E' is monotone and has the Darboux
property on a finite or infinite interval (a, b) C A C E', then it is continuous
on (a, b).

Proof. Seeking a contradiction, suppose f is discontinuous at some p € (a, b).
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For definiteness, let f1 on (a, b). Then by Theorems 2 and 3 in §5, we
have either f(p~) < f(p) or f(p) < f(p™) or both, with no function values in
between.

On the other hand, since f has the Darboux property, the function values
f(z) for x in (a, b) fill an entire interval (see Note 1). Thus it is impossible
for f(p) to be the only function value between f(p~) and f(p™) unless f is
constant near p, but then it is also continuous at p, which we excluded. This
contradiction completes the proof.? [

Note 3. The theorem holds (with a similar proof) for nonopen intervals as
well, but the continuity at the endpoints is relative (right at a, left at b).

Theorem 3. If f: A — E' is strictly monotone and continuous when re-
stricted to a finite or infinite interval B C A C E*', then its inverse f~1 has
the same properties on the set f[B] (itself an interval, by Note 1 and Theo-
rem 1).4

Proof. It is easy to see that f~! is increasing (decreasing) if f is; the proof is
left as an exercise. Thus f~! is monotone on f[B] if f is so on B. To prove
the relative continuity of f~!, we use Theorem 2, i.e., show that f~! has the
Darboux property on f[B].

Thus let f~1(p) < ¢ < f~1(q) for some p, q € f[B]. We look for an r € f[B]
such that f~1(r) = ¢, i.e., r = f(c). Now since p, ¢ € f[B], the numbers f~1(p)
and f~!(q) are in B, an interval. Hence also the intermediate value c is in B;
thus it belongs to the domain of f, and so the function value f(c) exists. It
thus suffices to put r = f(c) to get the result. O

Examples.
(a) Define f: E' — E! by

f(z) = 2" for a fixed n € N.

As f is continuous (being a monomial), it has the Darboux property
on E'. By Note 1, setting B = [0, +00), we have f[B] = [0, +00).
(Why?) Also, f is strictly increasing on B. Thus by Theorem 3, the
inverse function f~1 (i.e., the nth root function) exists and is continuous
on f[B] =0, +00).

If n is odd, then f~! has these properties on all of E!, by a similar
proof; thus {/z exists for z € E*.

(b) Logarithmic functions. From the example in §5, we recall that the expo-

3 More formally, if, say, f(p) < f(pT), let f(p) < c < f(pt) < f(»'), p’ € (p, b). (Such a
p’ exists since f1, and f(p*) = inf{f(z) | p < x < b}; see §5, Theorem 1.) By the Darboux
property, f(x) = c for some x € (a, b), but this contradicts Theorem 2 in §5.

4 We write “f” for “f restricted to B” as well; cf. also footnote 1 in §8.
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nential function given by
F(z)=a" (a>0)

is continuous and strictly monotone on E'.® Its inverse, F~!, is called
the logarithmic function to the base a, denoted log,. By Theorem 3, it is
continuous and strictly monotone on F[E!].

To fix ideas, let a > 1, so F'{ and (F~1)?. By Note 1, F[E'] is an
interval with endpoints p and r, where

p = inf F[E'] = inf{a” | —00 < = < +o00}

and
r = sup F[E'] = sup{a® | —co < = < +o0}.

Now by Problem 14(iii) of §2 (with ¢ = 0),

lim a* = 4+ocoand lim a® =0.
r——+00 T——00

As F'T, we use Theorem 1 in §5 to obtain

r=supa”® = lim a®*=+4+occand p= lim a* =0.
Tr— 400 T— — 00
Thus F[E'], i.e., the domain of log,, is the interval (p, r) = (0, +o00). It
follows that log, = is uniquely defined for x in (0, +00); it is called the
logarithm of x to the base a.

The range of log, (i.e. of F~1) is the same as the domain of F, i.e., E.
Thus if a > 1, log,  increases from —oo to +o00 as z increases from 0 to
+o00. Hence

:UEI—&I—IOO log, x = +o00 and :cli%lJr log, x = —o0,
provided a > 1.

If 0 < a < 1, the values of these limits are interchanged (since F'| in
this case), but otherwise the results are the same.

If a = e, we write Inx or logz for log, x, and we call Inz the natural
logarithm of x. Its inverse is, of course, the exponential f(x) = e, also
written exp(x). Thus by definition, Ine® = z and

z=exp(lnz) =e"? (0 <z < 400). (1)

(c) The power function g: (0, +o0) — E! is defined by

g(z) = x® for a fixed real a.

5 We exclude the case a = 1 here.
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If a > 0, we also define g(0) = 0. For z > 0, we have
z® = exp(lnz?®) = exp(a - Inx).

Thus by the rules for composite functions (Theorem 3 and Corollary 2 in
§2), the continuity of g on (0, +00) follows from that of exponential and
log functions. If a > 0, g is also continuous at 0. (Exercise!)

Problems on the Darboux Property and Related Topics
1. Prove Note 1.

1’. Prove Note 3.

1”. Prove continuity at 0 in Example (c).

2. Prove Theorem 1 for polygon-connected sets.

[Hint: If
m—1
B2 | Lipi, pit1]
1=0
with

f(Po) <c< f(Pm),

show that for at least one 4, either ¢ = f(p;) or f(P;) < ¢ < f(Pi+1). Then replace
B in the theorem by the convex segment L[p;, Dj+1].]

3. Show that, if f is strictly increasing on B C E, then f~! has the same
property on f[B], and both are one to one; similarly for decreasing
functions.

4. For functions on B = [a, b] C E*, Theorem 1 can be proved thusly: If

fla) <e < f(b),

let
P={zeB]| f(z) <c}

and put r = sup P.

Show that f(r) is neither greater nor less than ¢, and so necessarily
) =c.
[Hint: If f(r) < ¢, continuity at r implies that f(z) < ¢ on some Gr(d) (§2,
Problem 7), contrary to r = sup P. (Why?)]

5. Continuing Problem 4, prove Theorem 1 in all generality, as follows.
Define

gt)=p+t(g—p), 0<t<l1.

Then g is continuous (by Theorem 3 in §3), and so is the composite
function h = f o g, on [0, 1]. By Problem 4, with B = [0, 1], there is a
t € (0, 1) with h(t) = c¢. Put 7 = g(t), and show that f(7) = c.
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6. Show that every equation of odd degree, of the form

n

f(z) = Zakazk =0 (n=2m-1),

k=0

has at least one solution for x in E!.

[Hint: Show that f takes both negative and positive values as © — —o0 or z — 400;
thus by the Darboux property, f must also take the intermediate value 0 for some
€ E]

7. Prove that if the functions f: A — (0, +00) and g: A — E! are both
continuous, so also is the function h: A — E! given by

h(z) = f(x)!®).
[Hint: See Example (c)].

8. Using Corollary 2 in §2, and limit properties of the exponential and log

functions, prove the “shorthand” Theorems 11-16 of §4.

- . 1\ Ve

8’. Find lim (1—1——) .
x

r— 400

8"’. Similarly, find a new solution of Problem 27 in Chapter 3, §15, reducing
it to Problem 26.

9. Show that if f: E! — E* has the Darboux property on B (e.g., if B is
convex and f is relatively continuous on B) and if f is one to one on B,
then f is necessarily strictly monotone on B.

10. Prove that if two real functions f, g are relatively continuous on [a, b]
(a < b) and

f(x)g(x) > 0 for x € [a, b],

then the equation

(z —a)f(z) + (x = b)g(z) =0

has a solution between a and b; similarly for the equation

r—a x-—0b
10’. Similarly, discuss the solutions of
2 9 1
+ + =0
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§10. Arcs and Curves. Connected Sets

A deeper insight into continuity and the Darboux property can be gained by
generalizing the notions of a convex set and polygon-connected set to obtain
so-called connected sets.

I. As a first step, we consider arcs and curves.

Definition 1.
A set A C (S, p) is called an arc iff A is a continuous image of a compact
interval [a, b] C E', i.e., iff there is a continuous mapping
f:la, b] — A.

onto

If, in addition, f is one to one, A is called a simple arc with endpoints
f(a) and f(b).

If instead f(a) = f(b), we speak of a closed curve.

A curve is a continuous image of any finite or infinite interval in E*.

Corollary 1. Each arc is a compact (hence closed and bounded) set (by
Theorem 1 of §8).

Definition 2.

A set A C (S, p) is said to be arcwise connected iff every two points
p, ¢ € A are in some simple arc contained in A. (We then also say the p
and ¢ can be joined by an arc in A.)

Examples.
(a) Every closed line segment L[a, b] in E™ (*or in any other normed space)
is a simple arc (consider the map f in Example (1) of §8).

(b) Every polygon

m—1
A= U L[pi, Piy1]
i=0
is an arc (see Problem 18 in §8). It is a simple arc if the half-closed

segments L[p;, p;+1) do not intersect and the points p; are distinct, for
then the map f in Problem 18 of §8 is one to one.

(c) It easily follows that every polygon-connected set is also arcwise con-
nected; one only has to show that every polygon joining two points pg, pm
can be reduced to a simple polygon (not a self-intersecting one). See
Problem 2.

However, the converse is false. For example, two discs in E? connected
by a parabolic arc form together an arcwise- (but not polygonwise-) con-
nected set.
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(d) Let fi, f2, ..., fn be real continuous functions on an interval I C E*.
Treat them as components of a function f: I — E",
f=U - fa)

Then f is continuous by Theorem 2 in §3. Thus the image set f[I] is a
curve in E™; it is an arc if I is a closed interval.

Introducing a parameter ¢ varying over I, we obtain the parametric
equations of the curve, namely,
mefk(t), k::1,2,...,n.

Then as t varies over I, the point & = (x1, ..., ©,) describes the curve
f[Z]- This is the usual way of treating curves in E™ (*and C™).

It is not hard to show that Theorem 1 in §9 holds also if B is only arcwise
connected (see Problem 3 below). However, much more can be proved by
introducing the general notion of a connected set. We do this next.

*II. For this topic, we shall need Theorems 2—4 of Chapter 3, §12, and
Problem 15 of Chapter 4, §2. The reader is advised to review them. In partic-
ular, we have the following theorem.

Theorem 1. A function f: (A, p) — (T, p') is continuous on A iff f~1[B] is
closed in (A, p) for each closed set B C (T, p'); similarly for open sets.

Indeed, this is part of Problem 15 in §2 with (.S, p) replaced by (A, p).
Definition 3.

A metric space (5, p) is said to be connected iff S is not the union PUQ
of any two nonvoid disjoint closed sets; it is disconnected otherwise.!

A set A C (S, p) is called connected iff (A, p) is connected as a subspace
of (S, p); i.e., iff A is not a union of two disjoint sets P, @ # () that are
closed (hence also open) in (A, p), as a subspace of (S, p).

Note 1. By Theorem 4 of Chapter 3, §12, this means that
P:Aﬂpl anszAﬁQl

for some sets P;, Q1 that are closed in (S, p). Observe that, unlike compact
sets, a set that is closed or open in (A, p) need not be closed or open in (S, p).

Examples.
(a’) 0 is connected.
(b’) So is any one-point set {p}. (Why?)
I The term “closed” may be replaced by “open” here, for P and @ are open as well, each

being the complement of the other closed set. Similarly, if they are open, they are both open
and closed (briefly, “clopen”).
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(¢') Any finite set of two or more points is disconnected. (Why?)

Other examples are provided by the theorems that follow.

Theorem 2. The only connected sets in E' are exactly all convez sets, i.e., fi-
nite and infinite intervals, including E' itself.

Proof. The proof that such intervals are exactly all convex sets in E! is left
as an exercise.

We now show that each connected set A C E! is convex, i.e., that a, b€ A
implies (a, b) C A.

Seeking a contradiction, suppose p ¢ A for some p € (a, b), a, b € A. Let

P=AN(—o0,p) and Q = AN (p, +00).

Then A = PUQ,a € P,b e Q, and PNQ = (). Moreover, (—oo, p) and
(p, +00) are open sets in E'. (Why?) Hence P and @ are open in A, each
being the intersection of A with a set open in E! (see Note 1 above). As
A=PUQ, with PNQ = 0, it follows that A is disconnected. This shows that
if A is connected in E', it must be convex.

Conversely, let A be convex in E'. The proof that A is connected is an
almost exact copy of the proof given for Theorem 1 of §9, so we only briefly
sketch it here.?

If A were disconnected, then A = P U Q for some disjoint sets P, Q # 0,
both closed in A. Fix any p € P and q € ). Exactly as in Theorem 1 of §9,
select a contracting sequence of line segments (intervals) [pp,, ¢n] € A such
that p,, € P, ¢m € Q, and |p,, — ¢m| — 0, and obtain a point

re () [pm, am) C 4,

m=1

so that p,, — r, ¢ — 7, and r € A. As the sets P and () are closed in
(A, p), Theorem 4 of Chapter 3, §16 shows that both P and @) must contain the
common limit r of the sequences {p,,} C P and {¢,,} C Q. This is impossible,
however, since P N Q = (), by assumption. This contradiction shows that A
cannot be disconnected. Thus all is proved. [

Note 2. By the same proof, any convex set in a normed space is connected.
In particular, E™ and all other normed spaces are connected themselves.3

Theorem 3. If a function f: A — (T, p') with A C (S, p) is relatively con-
tinuous on a connected set B C A, then f[B] is a connected set in (T, p').%

2 Note that the same proof holds also for A in any normed space.
3 See also Corollary 3 below (note that it presupposes Corollary 2, hence Theorem 2).
4 Briefly, any continuous image of a connected set is connected itself.
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Proof. By definition (§1), relative continuity on B becomes ordinary continu-
ity when f is restricted to B. Thus we may treat f as a mapping of B into
f[B], replacing S and T by their subspaces B and f[B].

Seeking a contradiction, suppose f[B] is disconnected, i.e.,
fIB]=PUQ

for some disjoint sets P, @ # 0 closed in (f[B], p’). Then by Theorem 1, with
T replaced by f[B], the sets f~1[P] and f~1[Q] are closed in (B, p). They also
are nonvoid and disjoint (as are P and Q) and satisfy

B=f'PuQ]=fPlUsf Q]

(see Chapter 1, §§4-7, Problem 6). Thus B is disconnected, contrary to as-
sumption. [

Corollary 2. All arcs and curves are connected sets (by Definition 2 and
Theorems 2 and 3).

Lemma 1. A set A C (S, p) is connected iff any two points p, ¢ € A are in
some connected subset B C A. Hence any arcwise connected set is connected.

Proof. Seeking a contradiction, suppose the condition stated in Lemma 1
holds but A is disconnected, so A = PUQ for some disjoint sets P # 0, Q # (),
both closed in (A, p).

Pick any p € P and q € . By assumption, p and ¢ are in some connected
set B C A. Treat (B, p) as a subspace of (A, p), and let

P '=BnNnPand Q =BNQ.

Then by Theorem 4 of Chapter 3, §12, P’ and Q' are closed in B. Also, they
are disjoint (for P and @ are) and nonvoid (for p € P’, ¢ € Q'), and

B=BNA=BnNn((PUQR)=(BNP)U(BNQE)=P UQ".

Thus B is disconnected, contrary to assumption. This contradiction proves the
lemma (the converse proof is trivial).

In particular, if A is arcwise connected, then any points p, ¢ in A are in
some arc B C A, a connected set by Corollary 2. Thus all is proved. [J

Corollary 3. Any convex or polygon-connected set (e.g., a globe) in E™ (or
in any other normed space) is arcwise connected, hence connected.

Proof. Use Lemma 1 and Example (c) in part I of this section. [J
Caution: The converse fails. A connected set need not be arcwise connected,

let alone polygon connected (see Problem 17). However, we have the following
theorem.
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Theorem 4. Every open connected set A in E™ (or in another normed space)
1s also arcwise connected and even polygon connected.

Proof. If A = (), this is “vacuously” true, so let A # () and fix a € A.

Let P be the set of all p € A that can be joined with a by a polygon K C A.
Let Q = A— P. Clearly, a € P, so P # (). We shall show that P is open,
i.e., that each p € P is in a globe G C P.

Thus we fix any p € P. As A is open and p € A, there certainly is a globe
Gp contained in A. Moreover, as G is convex, each point £ € Gj is joined
with p by the line segment L[z, p] C Gp. Also, as p € P, some polygon K C A
joins p with a. Then

K ULz, p|

is a polygon joining Z and @, and hence by definition £ € P. Thus each T € G
is in P, so that G5 C P, as required, and P is open (also open in A as a
subspace).

Next, we show that the set Q = A — P is open as well. As before, if Q # 0,
fix any ¢ € @ and a globe G5 C A, and show that G5 C ). Indeed, if some
z € G4 were not in @, it would be in P, and thus it would be joined with a
(fixed above) by a polygon K C A. Then, however, § itself could be so joined
by the polygon

L[Cja j] U K7

implying that ¢ € P, not ¢ € ). This shows that Gz C @ indeed, as claimed.

Thus A = P U Q with P, @ disjoint and open (hence clopen) in A. The
connectedness of A then implies that @ = (. (P is not empty, as has been

noted.) Hence A = P. By the definition of P, then, each point b € A can be
joined to a by a polygon. As a € A was arbitrary, A is polygon connected. [J

Finally, we obtain a stronger version of the intermediate value theorem.

Theorem 5. If a function f: A — E*' is relatively continuous on a connected
set BC A C (S, p), then f has the Darbouz property on B.

In fact, by Theorems 3 and 2, f[B] is a connected set in E', i.e., an interval.
This, however, implies the Darboux property.

Problems on Arcs, Curves, and Connected Sets

1. Discuss Examples (a) and (b) in detail. In particular, verify that L[a, b]
is a simple arc. (Show that the map f in Example (1) of §8 is one to
one.)

2. Show that each polygon

m—1
K = U L[pi, Piy1]
i=0
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*6.

*T.

*8.

*9.
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can be reduced to a simple polygon P (P C K) joining py and p,,.
[Hint: First, show that if two line segments have two or more common points, they
lie in one line. Then use induction on the number m of segments in K. Draw a
diagram in E? as a guide.]

. Prove Theorem 1 of §9 for an arcwise connected B C (S, p).

[Hint: Proceed as in Problems 4 and 5 in §9, replacing g by some continuous map
f:[a, b] — B.]
onto

Define f as in Example (f) of §1. Let
Gap = {(z,y) € E* [a <z <b, y=f(2)}.
(Gap is the graph of f over |a, b].) Prove the following:
(i) If a > 0, then Gy is a simple arc in EZ.

(ii) If a <0 < b, Ggp is not even arcwise connected.

[Hints: (i) Prove that f is continuous on [a, b], a > 0, using the continuity of the
sine function. Then use Problem 16 in §2, restricting f to [a, b].

(ii) For a contradiction, assume 0 is joined by a simple arc to some p € Gap.]

. Show that each arc is a continuous image of [0, 1].

[Hint: First, show that any [a, b)) C E'! is such an image. Then use a suitable
composite mapping.]

Prove that a function f: B — E' on a compact set B C E' must be
continuous if its graph,

{(I,y) €E2 | z € B, y:f(w)},

is a compact set (e.g., an arc) in E2.
[Hint: Proceed as in the proof of Theorem 3 of §8.]

Prove that A is connected iff there is no continuous map

frA—{0,1}.5°

onto

[Hint: If there is such a map, Theorem 1 shows that A is disconnected. (Why?)
Conversely, if A= PUQ (P, Q as in Definition 3), put f =0 on P and f =1 on Q.
Use again Theorem 1 to show that f so defined is continuous on A.]

Let B C A C (S, p). Prove that B is connected in S iff it is connected
in (4, p).

Suppose that no two of the sets A; (¢ € I) are disjoint. Prove that if all
Aj; are connected, so is A = (J,o; 4.

[Hint: If not, let A = PUQ (P, Q as in Definition 3). Let P, = A; N P and
Q:i=A;NQ,s0A; =P UQ;, 1€ 1.

5 That is, onto a two-point set {0} U {1}.
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*10.

*11.

*12.

*13.

*14.
*15.

At least one of the P;, Q; must be () (why?); say, Q; = 0 for some j € I. Then
(Vi) Q; = 0, for Q; # 0 implies P; = (), whence

Ai=Q; C Q= A;NA; =0 (since A; C P),
contrary to our assumption. Deduce that Q = |J, Q; = 0. (Contradiction!)]

Prove that if {A,} is a finite or infinite sequence of connected sets and
if

(V n) An N An_|_1 ?é @,

A:UAn

then

is connected.

[Hint: Let B, = Uzzl Aj. Use Problem 9 and induction to show that the B,, are
connected and no two are disjoint. Verify that A =J,, Bn and apply Problem 9 to
the sets By,.]

Givenp € A, A C (S, p), let A, denote the union of all connected subsets
of A that contain p (one of them is {p}); A, is called the p-component
of A. Prove that

(i) A, is connected (use Problem 9);

(ii) A, is not contained in any other connected set B C A with p € B;
(iii) (Vp, g€ A) ApNA,=0iff A, # Ay; and

(iv) A=U{4p [pe A}
[Hint for (iii): If Ay N Ay # 0 and A, # Ag, then B = A, U A, is a connected set
larger than A,, contrary to (ii).]
Prove that if A is connected, so is its closure (Chapter 3, §16,

Definition 1), and so is any set D such that A C D C A.

[Hints: First show that D is the “least” closed set in (D, p) that contains A
(Problem 11 in Chapter 3, §16 and Theorem 4 of Chapter 3, §12). Next, seeking
a contradiction, let D = PUQ, PNQ =0, P, Q # 0, clopen in D. Then

A=(ANP)U(ANQ)

proves A disconnected, for if AN P = @, say, then A C Q C D (why?), contrary to
the minimality of D; similarly for AN Q = (.]

A set is said to be totally disconnected iff its only connected subsets are
one-point sets and (.

Show that R (the rationals) has this property in E*!.
Show that any discrete space is totally disconnected (see Problem 13).

From Problems 11 and 12 deduce that each component A, is closed
(Ap = A4p).
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*16. Prove that aset A C (S, p) is disconnected iff A = PUQ, with P, Q # 0,
and each of P, ) disjoint from the closure of the other: PNQ = 0 =
PNnQ.

[Hint: By Problem 12, the closure of P in (A, p) (i.e., the least closed set in (A, p)
that contains P) is

ANP=(PUuQ)NP=(PNP)u(QNP)=PuUb=P,
so P is closed in A; similarly for Q. Prove the converse in the same manner.]

*17. Give an example of a connected set that is not arcwise connected.

[Hint: The set Ggp (@ = 0) in Problem 4 is the closure of Go, — {0} (verify!), and
the latter is connected (why?); hence so is Ggp by Problem 12.]

*§11. Product Spaces. Double and Iterated Limits

Given two metric spaces (X, p1) and (Y, p2), we may consider the Cartesian
product X x Y, suitably metrized. Two metrics for X x Y are suggested in
Problem 10 in Chapter 3, §11. We shall adopt the first of them as follows.

Definition 1.

By the product of two metric spaces (X, p1) and (Y, p2) is meant the
space (X x Y, p), where the metric p is defined by

p((z, y), (2", y')) = max{pi(z, 2'), p2(y, ¥')} (1)
forz,z’ € X andy,y' €Y.
Thus the distance between (z, y) and (x', y') is the larger of the two distances
pl(xa $I) in X and p2(y7 y/) inY.

The verification that p in (1) is, indeed, a metric is left to the reader. We now
obtain the following theorem.

Theorem 1.

(i) A globe G, ¢)(g) in (X XY, p) is the Cartesian product of the correspond-
ing e-globes in X and Y,

G(p,q)(e) = Gp(E) X Gq(€).

(i1) Convergence of sequences {(Tm, ym)} in X XY is componentwise. That
s, we have

(Tmy Ym) = Py q) I X XY iff vy, > pin X and y,, > q inY.
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Again, the easy proof is left as an exercise.

In this connection, recall that by Theorem 2 of Chapter 3, §15, convergence
in E? is componentwise as well, even though the standard metric in E? is not
the product metric (1); it is rather the metric (ii) of Problem 10 in Chapter 3,
§11. We might have adopted this second metric for X x Y as well. Then part
(i) of Theorem 1 would fail, but part (ii) would still follow by making

13 g
m> P) < —= and my ) < — .
p1(Tm, D) 7 p2(Ym: ) 7

It follows that, as far as convergence is concerned, the two choices of p are
equivalent.

Note 1. More generally, two metrics for a space S are said to be equivalent
iff exactly the same sequences converge (to the same limits) under both metrics.
Then also all function limits are the same since they reduce to sequential limits,
by Theorem 1 of §2; similarly for such notions as continuity, compactness,
completeness, closedness, openness, etc.

In view of this, we shall often call X XY a product space (in the wider sense)
even if its metric is not the p of formula (1) but equivalent to it. In this sense,
E? is the product space E' x E', and X x Y is its generalization.

Various ideas valid in E? extend quite naturally to X x Y. Thus functions
defined on a set A C X x Y may be treated as functions of two variables =,
y such that (z, y) € A. Given (p, q¢) € X x Y, we may consider ordinary or
relative limits at (p, q), e.g., limits over a path

B={(z,y) e X xY |y=q}

(briefly called the “line y = ¢”). In this case, y remains fixed (y = ¢) while
x — p; we then speak of limits and continuity in one variable x, as opposed to
those in both variables jointly, i.e., the ordinary limits (cf. §3, part IV).

Some other kinds of limits are to be defined below. For simplicity, we con-
sider only functions f: (X xY') — (T, p’) defined on all of X x Y. If confusion
is unlikely, we write p for all metrics involved (such as p’ in T'). Below, p and ¢
always denote cluster points of X and Y, respectively (this justifies the “lim”
notation). Of course, our definitions apply in particular to E? as the simplest
special case of X x Y.

Definition 2.

A function f: (X xY) — (T, p) is said to have the double limit s € T at
(p, q), denoted

s = lim f(z, y),
y—q

iff for each € > 0, there is a § > 0 such that f(z, y) € Gs(¢e) whenever
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z € G-p(6) and y € G4(9). In symbols,
(Ve>0) (30 >0) (Vo € G-(9)) (Vy € G-4(9)) [flz,y) € Gs(e).  (2)

Observe that this is the relative limit over the path
D = (X —{p}) x (Y —{q})

excluding the two “lines” * = p and y = q. If f were restricted to D, this
would coincide with the ordinary nonrelative limit (see §1), denoted

s = lim x, ),
(w,y)%(p,q)f( v)

where only the point (p, q) is excluded. Then we would have
(Ve >0) (36> 0) (V(z,y) € G, () flz, y) € Gs(e). (3)
Now consider limits in one variable, say,

lim f(x, y) with = fized.
y—q

If this limit exists for each choice of x from some set B C X, it defines a
function
g: B—=T

with value
g(z) = lim f(z,y), =€ B.

Yy—q

This means that
(Vz e B) (Ve>0) (30 >0) (Vy e G4(9) ply(z), f(z,y) <e. (4)

Here, in general, § depends on both € and z. However, in some cases (re-
sembling uniform continuity), one and the same ¢ (depending on € only) fits
all choices of x from B. This suggests the following definition.

Definition 3.

With the previous notation, suppose

ligl f(z, y) = g(z) exists for each x € B (B C X).
y—aq

We say that this limit is uniform in x (on B), and we write

(13

g(z) = lim f(z, y) (uniformly for x € B),”
y—q

iff for each € > 0, there is a 6 > 0 such that p(g(x), f(z, y)) < ¢ for all
xz € B and all y € G-4(6). In symbols,

(Ve>0) (36>0) (Ve e B) (Vy € G4(0) plg(x), f(z,y)) <e  (5)
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Usually, the set B in formulas (4) and (5) is a deleted neighborhood of p in
X, eg.,
B =G-,(r), or B=X —{p}.

Assume (4) for such a B, so

lim f(z, y) = g(x) exists for each z € B.
y—q

If, in addition,
lim g(z) = s

T—p
exists, we call s the iterated limit of f at (p, q) (first in y, then in x), denoted

lim lim f(x, y).

T—>pYy—q

This limit is obtained by first letting y — ¢ (with z fixed) and then letting
x — p. Quite similarly, we define

lim lim f(z, y).

Yy—qx—p

In general, the two iterated limits (if they exist) are different, and their
existence does not imply that of the double limit (2), let alone (3), nor does it
imply the equality of all these limits. (See Problems 4ff below.) However, we
have the following theorem.

Theorem 2 (Osgood). Let (T, p) be complete. Assume the existence of the
following limits of the function f: X xY — T

(i) lim f(z, y) = g(z) (uniformly for z € X — {p}) and
(i) lim f(z, y) = h(y) fory €Y —{q}.}

Then the double limit and the two iterated limits of f at (p, q) exist and all
three coincide.

Proof. Let € > 0. By our assumption (i), there is a § > 0 such that

(Vo e X —{p}) (Vy € G-4(0)) ply(z), f(z,y)) <5 (cf(5).  (5)

B~ m

Now take any y’, y"" € G_4(d). By assumption (ii), there is an ' € X — {p}
so close to p that

p(h(y), f(a'y) < = and p(h(y"), f(&', y")) <

1 . (Why?)

=M

1 Actually, it suffices to assume the existence of the limits (i) and (ii) for = in some G—p(r)
and y in some G-4(r). Of course, it does not matter which of the two limits is uniform.
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Hence, using (5’) and the triangle law (repeatedly), we obtain for such 3/, y”

p(h(y'), h(y")) < p(h(y'), f(', ¥') + p(f(2', ¥'), g(z"))
+plg(z"), f(=',y") +p(f(@', ¥"), h(y"))
L

It follows that the function h satisfies the Cauchy criterion of Theorem 2 in
§2. (It does apply since T' is complete.) Thus lim,_,,h(y) ezists, and, by
assumption (ii), it equals lim lim f(z, y) (which therefore exists).

y—qz—p

Let then H = lim h(y). With § as above, fix some yo € G-4(9) so close to ¢
that v

p(hyo). H) < 7.

Also, using assumption (ii), choose a §' > 0 (¢’ < §) such that

p(h(yo), f(z, yo)) < Z for z € G-, (¢").

Combining with (5’), obtain (Vz € G-,(d"))

p(H, g(x)) < p(H, h(yo)) + p(h(yo), f(z, y0)) + p(f(x, yo), g(x)) < %- (6)

Thus
(Vo € Gp(d) p(H, g(a)) < e.

Hence lim,_,, g(z) = H, i.e., the second iterated limit, lim lim f(x, y), likewise
exists and equals H. T=PY—aq

Finally, with the same ¢’ < §, we combine (6) and (5') to obtain
(Vo € G-p(0") (Vy € G-g(6"))

Mﬂf@wDSMHJ@D+Mmmfmy»<%+

Hence the double limit (2) also exists and equals H. [

= E&.

W o

Note 2. The same proof works also with f restricted to (X —{p})x (Y —{q})
so that the “lines” x = p and y = ¢ are excluded from Dy. In this case,
formulas (2) and (3) mean the same; i.e.,

lim f(x, y) = lim  f(x, y).
o (= 9) (z, )= (p; 9) (= 9)

Note 3. In Theorem 2, we may take E* (suitably metrized) for X or Y
or T'. Then the theorem also applies to limits at oo, and infinite limits. We
may also take X =Y = N U{+o0} (the naturals together with +00), with the

same E*-metric, and consider limits at p = ¢ = +00. Moreover, by Note 2, we
may restrict f to N x N, so that f: N x N — T becomes a double sequence
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(Chapter 1, §9). Writing m and n for x and y, and w,,, for f(z, y), we then
obtain Osgood’s theorem for double sequences (also called the Moore—Smith
theorem) as follows.

Theorem 2'. Let {un,} be a double sequence in a complete space (T, p). If

lim Up,p = qm exists for each m
n—oo

and if

Hm wpy, = pn (uniformly in n) likewise exists,
m—r 00

then the double limit and the two iterated limits of {umn} exist and

lim U, = lim lim u,, = lim lm u,,.

Here the assumption that lim,, co Umn = pn (uniformly in n) means, by
(5), that

(Ve >0) (k) (Vn) Vm >k) p(tmn, pn) < €. (7)
Similarly, the statement “ lim_w,, = s” (see (2)) is tantamount to
n— oo
Ve>0) (3k) (Vm,n>k) p(umn, s) <e. (8)

Note 4. Given any sequence {z,,} C (S, p), we may consider the double
. . . . 1 . .
limit n}g)noo p(Tm, x,) in E'. By using (8), one easily sees that
n o0

Jim_pla ) =0
n— oo

iff
(Ve >0) (k) (Vm,n>k) plxm, z,) <e,

ie., iff {xm} is a Cauchy sequence. Thus Cauchy sequences are those for which
lim p(zm,, x,) = 0.

m— oo
n—oo

Theorem 3. In every metric space (S, p), the metric p: (S x S) — E' is a
continuous function on the product space S x S.

Proof. Fix any (p, q¢) € S x S. By Theorem 1 of §2, p is continuous at (p, q)
iff
P(@m; Ym) = p(p; @) Whenever (zm, ym) = (p, q),

i.e., whenever z,, — p and y,, — q. However, this follows by Theorem 4 in
Chapter 3, §15. Thus continuity is proved. [
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*Problems on Double Limits and Product Spaces

. Prove Theorem 1(i). Prove Theorem 1(ii) for both choices of p, as sug-

gested.

. Formulate Definitions 2 and 3 for the cases

(i) p=gq=s=+o0;
(ii) p = +o0, g € E', s = —00;
(iii) p € B!, g = s = —o0; and

v) p

(i

Prove Theorem 2’ from Theorem 2 using Theorem 1 of §2. Give a direct
proof as well.

Define f: E? — E' by

flz,y) =

p=q=s8=—00.

v
2 + y2
see §1, Example (g). Show that

if (z, y) # (0, 0), and f(0, 0) = 0;

lim lim f(z, y) =0 = lim lim f(z, y),
y—02x—0 z—0y—0

but

lim f(z, y) does not exist.
z—0
y—0

Explain the apparent failure of Theorem 2.
Define f: E? — E' by

f(z,y) =01if xzy = 0 and f(x, y) = 1 otherwise.
Show that f satisfies Theorem 2 at (p, q) = (0, 0), but

lim z,
(z,y)—(p, q) f( y)

does not exist.

. Do Problem 4, with f defined as in Problems 9 and 10 of §3.

Define f as in Problem 11 of §3. Show that for (c), we have

lim x, = lim f(x, = lim lim f(x, =0,
(z,y)+<o,0)f( y) = y%of( y) = lim lim, f(z, y) =

but lim hm f(z, y) does not exist; for (d),

y—0x—0

lim lim f(z, y) =0,

y—0x—0
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10.

but the iterated limits do not exist; and for (e), lim  f(z, y) fails
: (z,y)—(0,0)
to exist, but

gé%)f(w, y) = lim lim f(z, y) = lim lim f(z, y) = 0.
Yy

Give your comments.

Find (if possible) the ordinary, the double, and the iterated limits of f
at (0, 0) assuming that f(z, y) is given by one of the expressions below,
and f is defined at those points of E? where the expression has sense.

2

() (i) S5 s
e +y e +y
o T+ 2y N
(iii) ; (iv) 5
r—y 0 +y
22—y Loat eyt
. y+:c-2‘y2 sin xy
(vil) =———; (viil)) ————.
4 + z? sinx - siny

Solve Problem 7 with z and y tending to +o0.
Consider the sequence u,,, in E' defined by

m + 2n
m+n

umn -

Show that

lim lim %, =2 and lim lim w,,, =1,
m—00 N—r 00 n—o0 Mm—0oo

but the double limit fails to exist. What is wrong here? (See Theo-
rem 2.)

Prove Theorem 2, with (i) replaced by the weaker assumption (“subuni-
form limit”)

(Ve>0) (30> 0) (Vo e G-p(9)) (Vy € G~4(9)) plg(x), flz,y)) <e
and with iterated limits defined by

s = lim lim f(z, y)

iff (Ve > 0)
(36 > 0) (Y € G-p(8")) (367 > 0) (Yy € G—g(0)) p(f(, 1), ) < =
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11.

12.

13.

14.

15.

16.

17.

18.

19.

20.
21.

Chapter 4. Function Limits and Continuity

Does the continuity of f on X x Y imply the existence of (i) iterated
limits? (ii) the double limit?
[Hint: See Problem 6.]

Show that the standard metric in E' is equivalent to p’ of Problem 7 in
Chapter 3, §11.

Define products of n spaces and prove Theorem 1 for such product
spaces.

Show that the standard metric in E™ is equivalent to the product metric
for E™ treated as a product of n spaces E'. Solve a similar problem for
cr.

[Hint: Use Problem 13.]

Prove that {(z., ym)} is a Cauchy sequence in X x Y iff {z,,} and
{ym } are Cauchy. Deduce that X x Y is complete iff X and Y are.

Prove that X x Y is compact iff X and Y are.
[Hint: See the proof of Theorem 2 in Chapter 3, §16, for E2.]

(i) Prove the uniform continuity of projection maps P; and P, on
X x Y, given by Pi(x, y) =z and Py(x, y) = y.

(ii) Show that for each open set G in X x Y, P;[G] is open in X and
P,[G] is open in Y.
[Hint: Use Corollary 1 of Chapter 3, §12.]

(iii) Disprove (ii) for closed sets by a counterexample.

[Hint: Let X x Y = E?. Let G be the hyperbola xy = 1. Use Theorem 4 of
Chapter 3, §16 to prove that G is closed.]

Prove that if X x Y is connected, so are X and Y.
[Hint: Use Theorem 3 of §10 and the projection maps P; and P> of Problem 17.]

Prove that if X and Y are connected, so is X x Y under the product
metric.

[Hint: Using suitable continuous maps and Theorem 3 in §10, show that any two
“lines” * = p and y = q are connected sets in X X Y. Then use Lemma 1 and
Problem 10 in §10.]

Prove Theorem 2 under the weaker assumptions stated in footnote 1.
Prove the following:
(i) If

= li dH =1
o(2) = i () and 1 = Jim (. )

exist for z € G-, (r) and y € G_4(r), then
lim lim f(z, y) = H.

T—>pY—q
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(ii) If the double limit and one iterated limit exist, they are necessarily
equal.

22. In Theorem 2, add the assumptions

h(y) = f(p,y) foryeY —{q}
and
g(x) = f(x, q) for z € X — {p}.

Then show that

lim T,
(z,y)—(p, q) f(, )

exists and equals the double limits.
[Hint: Show that here (5) holds also for z = p and y € G-4(d) and for y = ¢ and
z € G-p(0).]

23. From Problem 22 prove that a function f: (X xY) — T is continuous
at (p, q) if

flp, y) = ;ig;f(fc, y) and f(z, q) = lim f(z,y)

for (x, y) in some G, 4)(d), and at least one of these limits is uniform.

§12. Sequences and Series of Functions

I. Let
f].? f27"-7fm,...

be a sequence of mappings from a common domain A into a metric space
(T, p').! For each (fixed) = € A, the function values

Fi(®), fa(2), ..., (@), ...

form a sequence of points in the range space (T, p’). Suppose this sequence
converges for each x in a set B C A. Then we can define a function f: B — T
by setting

f(x)= lim f,,(x) forall x € B.

m—r oo

This means that
(Ve >0) (Vz € B) (3k) (Ym >k) p'(fm(2), f(2)) <e. (1)

Here k depends not only on ¢ but also on x, since each x yields a different
sequence { f,(z)}. However, in some cases (resembling uniform continuity), &

1 We briefly denote such a sequence by fm,: A — (T, p').
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depends on ¢ only; i.e., given € > 0, one and the same k fits all x in B. In
symbols, this is indicated by changing the order of quantifiers, namely,

(Ve>0) (3k) (Vo € B) (Ym>k) p'(fm(x), f(z)) <e. (2)

Of course, (2) implies (1), but the converse fails (see examples below). This
suggests the following definitions.

Definition 1.

With the above notation, we call f the pointwise limit of a sequence of
functions f,, on a set B (B C A) iff

f(z) = W}gnoo fm(z) for all x in B;
i.e., formula (1) holds. We then write
fm — f (pointwise) on B.
In case (2), we call the limit uniform (on B) and write

fm — f (uniformly) on B.

I1. If the f,, are real, complex, or vector valued (§3), we can also define
Sm = Y ney [r (= sum of the first m functions) for each m, so

(Vo eA) (Ym) sm(x)=>_ ful@).

k=1

The s,, form a new sequence of functions on A. The pair of sequences

({fm} {5m})

is called the (infinite) series with general term f,,; s, is called its mth partial
sum. The series is often denoted by symbols like > fp,, > fim (), etc.

Definition 2.

The series > f,, on A is said to converge (pointwise or uniformly) to a
function f on a set B C A iff the sequence {s,,} of its partial sums does
as well.

We then call f the sum of the series and write
f(z) = ka(x) or f= Z fm = lim s,
k=1 m=1

(pointwise or uniformly) on B.

Note that series of constants, Y ¢,,, may be treated as series of constant
functions fp,, with f,,(z) = ¢, for z € A.
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If the range space is E' or E*, we also consider infinite limits,

lim fp,(z) = £o0.
m—r o0

However, a series for which

i fm = lim s,
m=1

is infinite for some z is regarded as divergent (i.e., not convergent) at that x.

ITI. Since convergence of series reduces to that of sequences {s,,}, we shall
first of all consider sequences. The following is a simple and useful test for
uniform convergence of sequences f,: A — (T, p').

Theorem 1. Given a sequence of functions fp,: A — (T, p'), let B C A and
Qm = sup p/(fm(x)a f(CC))
reB

Then fp, — f (uniformly on B) iff Qm — 0.
Proof. If Q),, — 0, then by definition

(Ve>0) (k) (Vm>k) Qn<e.

However, Q,, is an upper bound of all distances p/(fmn(z), f(x)), x € B. Hence
(2) follows.

Conversely, if

(Ve € B) p(fm(z), f(2)) <e,

then

= 2 sup f(fm(a), f(a)),

ie., @ < e. Thus (2) implies
(Ve>0) (3k) (Vm>k) Qm<e
and @Q,, — 0. 0O

Examples.
(a) We have

lim 2" =0if |z <land lim z" =1ifxz = 1.
n— oo n—oo
Thus, setting f,(z) = 2™, consider B = [0, 1] and C = [0, 1).
We have f,, — 0 (pointwise) on C and f, — f (pointwise) on B, with
f(xz) =0 for z € C and f(1) = 1. However, the limit is not uniform on
C, let alone on B. Indeed,

Qn = sup |fn(z) — f(z)| = 1 for each n.?
zeC
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Thus @), does not tend to 0, and uniform convergence fails by Theorem 1.

(b) In Example (a), let D = [0, a], 0 < a < 1. Then f,, — f (uniformly) on
D because, in this case,
Qn = sup |fn(z) — f(x)| = sup |z" — 0] = a™ — 0.
zeD zeD
(c) Let
sin nx

fo(z) = 2% + m_— r € EL.

For a fixed z,

sin nx

1
lim f,(z) = 2% since ‘ ‘ <—-—=0.
n

n—00 n

Thus, setting f(x) = 2%, we have f,, — f (pointwise) on E'. Also,

sin nx 1
_ — < Z
al) — fla)| = | 2202 <
Thus (Vn) @, < 2 — 0. By Theorem 1, the limit is uniform on all of

E!.

Note 1. Example (a) shows that the pointwise limit of a sequence of con-
tinuous functions need not be continuous. Not so for uniform limits, as the
following theorem shows.

Theorem 2. Let f,, : A — (T, p') be a sequence of functions on A C (S, p). If
fm — [ (uniformly) on a set B C A, and if the f,, are relatively (or uniformly)
continuous on B, then the limit function f has the same property.

Proof. Fix ¢ > 0. As f,,, — f (uniformly) on B, there is a k such that

(Ve B) (vm=k) p(fn(@), @) < . (3)

Take any f,, with m > k, and take any p € B. By continuity, there is § > 0,
with

g
(Vo€ BNGy(6)) o' (fm(@), fm(p)) < - (4)
Also, setting x = p in (3) gives
g
P (fm(p), f(p)) < 7 -
2 Here
Qn =sup |z" — 0= sup 2" = limz" =1
zeC 0<z<1 z—1

by Theorem 1 of §5, because = increases with x 1, i.e., each f™ is a monotone function
on C. Note that all f, are continuous on B = [0, 1], but f = lim fy, is discontinuous at 1.
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Combining this with (4) and (3), we obtain (Vz € BN Gp(9))

P (f(z), f(p)) < p'(f(x), fm(x)) + 0 (fim(2), fm(D)) + o' (fim(p), (D))

<S4yt
17171 °¢%

We thus see that for p € B,
(Ve>0) (36>0) (Vo € BNGL(d)) p'(f(z), fp)) <e,

i.e., f is relatively continuous at p (over B), as claimed.

Quite similarly, the reader will show that f is uniformly continuous if the
fnare. 0

Note 2. A similar proof also shows that if f,, — f (uniformly) on B, and
if the f,, are relatively continuous at a point p € B, so also is f.

Theorem 3 (Cauchy criterion for uniform convergence). Let (T, p’) be com-
plete. Then a sequence f,,: A — T converges uniformly on a set B C A iff

(Ve>0) (3q) (Vo€ B) (Vmn>q) p(fm(x), fu(z)) <e. (5)

Proof. If (5) holds then, for any (fixed) x € B, {fm(x)} is a Cauchy sequence
of points in 7', so by the assumed completeness of 7', it has a limit f(z). Thus
we can define a function f: B — T with

f(z) = n}l_{noo fm(z) on B.

To show that f,, — f (uniformly) on B, we use (5) again. Keeping ¢, k,
z, and m temporarily fixed, we let n — +o00 so that f,(z) — f(z). Then by
Theorem 4 of Chapter 3, §15, p'(fm(z), fu(z)) — 0'(f(z), fin(x)). Passing to
the limit in (5), we thus obtain (2).

The easy proof of the converse is left to the reader (cf. Chapter 3, §17,
Theorem 1). O

IV. If the range space (T, p') is E', C, or E™ (*or another normed space),
the standard metric applies. In particular, for series we have

P (5m (@), s (7)) = |sn(x) = sm ()|

Y fula) =) fula)
k=1

k=1

> ful)

k=m+1

for m < n.

Replacing here m by m — 1 and applying Theorem 3 to the sequence {s,,}, we
obtain the following result.
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Theorem 3'. Let the range space of fm, m=1,2, ..., be EY, C, or E™ (*or
another complete normed space). Then the series Y fm, converges uniformly
on B iff

(Ve>0)(dq) (Vn>m >q) (Vz € B) <e. (6)

Similarly, via {s,,}, Theorem 2 extends to series of functions. (Observe that
the s,, are continuous if the f,, are.) Formulate it!

V. If Y °_| fm exists on B, one may arbitrarily “group” the terms, i.e., re-
place every several consecutive terms by their sum. This property is stated
more precisely in the following theorem.

Theorem 4. Let
f= Z fm on B3
m=1

Letmpy <mo < -+ <my <--- in N, and define
g1 = Smiy 9n = Sm, — Smn_1> n > 1.

(Thus gny1 = fmp+1+ -+ frmnir-) Then

f= Zgn on B as well;
n=1

similarly for uniform convergence.

Proof. Let

n
s%:ng, n=1,2,....
k=1

Then s, = s,,, (verify!), so {s.} is a subsequence, {s,, }, of {sm}. Hence
Sm — f implies s, — f; i.e.,
o0
f= Zgn-
n=1

For uniform convergence, see Problem 13 (cf. also Problem 19). [

Problems on Sequences and Series of Functions

1. Complete the proof of Theorems 2 and 3.
2. Complete the proof of Theorem 4.

3 Here we allow also infinite values for f(z) if the f,, are real.
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2’. In Example (a), show that f,, — 400 (pointwise) on (1, 400), but not
uniformly so. Prove, however, that the limit is uniform on any interval
[a, +00), a > 1. (Define “lim f, = +oo (uniformly)” in a suitable
manner.)

3. Using Theorem 1, discuss lim f, on B and C (as in Example (a)) for
each of the following. e

() fale) = =; B=E'; C =, b C E"

(i) fula) = ST B o,
n
(iil) fa( Zm -1,1); C =[—a, al], |a| < 1.
@wfww—”ﬁ~c—m+w>
n - 1+nx7 - ) M

1 1
[Hint: Prove that Q, = sup — <1 - ) ==
n

1
(V) fn(z) =cos"x; B = (0, g), C= E, g),

2

. _sin nx. "
(vi) fn(x)—1+nx,B—E.
1
(vii) fn(w):1+xn;B:[O, 1); C=[0,a],0<a<1.

4. Using Theorems 1 and 2, discuss lim f,, on the sets given below, with
fn(z) as indicated and 0 < a < +oo. (Calculus rules for maxima and
minima are assumed known in (v), (vi), and (vii).)

nx

(i) 1 +nm; [a’ +OO)7 (0’ a)'

(i) 7550 (a. +00), (0, a).
(iii) {/cosT; (0, 5), 0, a)a< 3.
(i) = (0, a), (0, +00).

(v) ze="; [0, +o00); E1L.

(vi) nxe™"*; [a, +00), (0, +00).

(vii) nze """ [a, +00), (0, +00).

[Hint: lim f,, cannot be uniform if the f, are continuous on a set, but lim f,, is not.
For (v), frn has a maximum at z = %; hence find Qy,.]
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=T.

=8.

=9.

=10.

=11.

=12.
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. Define f,,: E* — E' by

n fo<z < %,
fal@)=4¢ 2—nz ifL<z<2 and
0 otherwise.

Show that all f,, and lim f,, are continuous on each interval (—a, a),
though lim f,, exists only pointwise. (Compare this with Theorem 3.)

The function f found in the proof of Theorem 3 is uniquely determined.
Why?

Prove that if the functions f,, are constant on B, or if B is finite, then
a pointwise limit of the f,, on B is also uniform; similarly for series.

Prove that if f, — f (uniformly) on B and if C C B, then f,, — f
(uniformly) on C as well.

Show that if f,, — f (uniformly) on each of By, Bs, ..., By, then f,, —
f (uniformly) on |J;"_; Bx.
Disprove it for infinite unions by an example. Do the same for series.

Let f, — f (uniformly) on B. Prove the equivalence of the following
statements:

(i) Each f,, from a certain n onward, is bounded on B.
(ii) f is bounded on B.

(iii) The f, are ultimately uniformly bounded on B; that is, all function
values f,(x), x € B, from a certain n = ng onward, are in one and
the same globe G, (K) in the range space.

For real, complex, and vector-valued functions, this means that

3K € E'Y) (Yn>ng) (Vz € B) |fu()| < K.

Prove for real, complex, or vector-valued functions f,, f, gn, g that if
fn — f and g, — g (uniformly) on B,

then also
fn £ gn — f £ ¢ (uniformly) on B.

Prove that if the functions f,, and g, are real or complex (or if the g,
are vector valued and the f,, are scalar valued), and if

fn — f and g, — g (uniformly) on B,

then
frngn — fg (uniformly) on B
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=13.

=14.

=15.

provided that either f and g or the f, and g, are bounded on B (at
least from some n onward); cf. Problem 11.

Disprove it for the case where only one of f and g is bounded.
[Hint: Let fn(z) = = and gn(z) = 1/n (constant) on B = E'. Give some other
examples.]
Prove that if {f,} tends to f (pointwise or uniformly), so does each
subsequence {f,, }.

Let the functions f, and g,, and the constants a and b be real or complex
(or let @ and b be scalars and f,, and g,, be vector valued). Prove that if

o o0
f= Z frnand g = Z gn (pointwise or uniformly),

n=1 n=1
then
af +bg = Z(afn + bgy,) in the same sense.
n=1

(Infinite limits are excluded.)
In particular,

oo

frg= Z( fn£gn) (rule of termwise addition)

n=1

and -
af = Z afn.
n=1

[Hint: Use Problems 11 and 12.]

Let the range space of the functions f,, and g be E™ (*or C™), and let
fm = (fm1s fm2y oy fmn), 9= (g1, - -+, gn); see §3, part II. Prove that

fm — g (pointwise or uniformly)

iff each component f,, of f,, converges (in the same sense) to the
corresponding component g of g; i.e.,

fmk — gr  (pointwise or uniformly), k=1, 2, ..., n.
Similarly,
o0
9=2_ In
m=1

iff
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19.

20.

21.
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(See Chapter 3, §15, Theorem 2).

From Problem 15 deduce for complex functions that f,, — ¢ (pointwise
or uniformly) iff the real and imaginary parts of the f,,, converge to those
of g (pointwise or uniformly). That is, (fin)re — Gre and (fin)im — Gim;
similarly for series.

Prove that the convergence or divergence (pointwise or uniformly) of a
sequence { f,, }, or a series > f,,, of functions is not affected by deleting
or adding a finite number of terms.

Prove also that lim,,_,c frn (if any) remains the same, but > °_, f,,
is altered by the difference between the added and deleted terms.

Show that the geometric series with ratio r,
o0
Zar” (a,7 € E* or a,r € O),
n=0
converges iff |r| < 1, in which case
= a
Sar
n=0 -

(similarly if a is a vector and r is a scalar). Deduce that > (—1)"
diverges. (See Chapter 3, §15, Problem 19.)

Theorem 4 shows that a convergent series does not change its sum if
every several consecutive terms are replaced by their sum. Show by an
example that the reverse process (splitting each term into several terms)
may affect convergence.

[Hint: Consider > an with ap, = 0. Split a, = 1 — 1 to obtain a divergent series:
S (=1)"~1, with partial sums 1, 0, 1,0, 1, ... ]

= 1
Find _.
o nz::l n(n+1)

[Hint: Verify: L

n(n1+1) _ % - Hence find sy, and let n — co.]

The functions f,,: A — (T, p’), A C (S, p) are said to be equicontinuous
at p e Aiff
(Ve>0) (30>0) (Vn) (Vo € ANGL(9)) o' (fn(x), fulp)) <e.

Prove that if so, and if f,, — f (pointwise) on A, then f is continuous
at p.
[Hint: “Imitate” the proof of Theorem 2.]
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§13. Absolutely Convergent Series. Power Series

I. A series > f,, is said to be absolutely convergent on a set B iff the
series Y |fm ()| (briefly, > |fm|) of the absolute values of f,, converges on B
(pointwise or uniformly). Notation:

f= Z |fm| (pointwise or uniformly) on B.

In general, > f,,, may converge while > |f,,| does not (see Problem 12). In
this case, the convergence of ) f,,, is said to be conditional. (It may be absolute
for some x and conditional for others.) As we shall see, absolute convergence
ensures the commutative law for series, and it implies ordinary convergence
(i.e., that of > f,,), if the range space of the f,, is complete.

Note 1. Let
k=1

Then
Omi1 = Om + |fmy1] > om on B;!

i.e., the o,,(z) form a monotone sequence for each € B. Hence by Theorem 3
of Chapter 3, §15,

o0
lim o, = E | fm| always exists in E™;
m—r 00 1

m=

S| fml| converges iff Y00 | fn] < +oo.
We now consider absolute convergence for complete range spaces.

Theorem 1. Let the range space of the functions f., (all defined on A) be E*,
C, or E™ (*or another complete normed space). Then for B C A, we have the
following:

(i) If > |fm| converges on B (pointwise or uniformly), so does > fu, itself.
Moreover,

‘Z fm‘ <3 |ful onB.
m=1 m=1

(ii) (Commutative law for absolute convergence.) If > |fm| converges (point-
wise or uniformly) on B, so does any series Y |gm| obtained by rearrang-

L' We write “f < g on B” for “(Vx € B) f(z) < g(x);” similarly for such formulas as
“f=gon B, “f|] <400 on B, “f =c (constant) on B,” etc.
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ing the fm in any different order.? Moreover,

Z Jm = Z gm  (both exist on B).
m=1 m=1

Note 2. More precisely, a sequence {g,, } is called a rearrangement of { f,, }
iff there is a map u: N <— N such that

onto

Proof.
(i) If > |fm| converges uniformly on B, then by Theorem 3" of §12,

(Ve>0) (k) (Vn>m>k) (Vz e B)

e> > |fulx) > (triangle law). (1)
k=m

> filx)
k=m

However, this shows that ) f,, satisfies Cauchy’s criterion (6) of §12, so
it converges uniformly on B.

Moreover, letting n — 400 in the inequality

me' <3 Il
m=1 m=1

we get

‘Z fm' < Z |fm| < 400 on B, as claimed.
m=1

m=1
By Note 1, this also proves the theorem for pointwise convergence.

(ii) Again, if Y |fn| converges uniformly on B, the inequalities (1) hold for
all f; except (possibly) for f1, fa, ..., fx. Now when > f,, is rearranged,
these k functions will be renumbered as certain g;. Let g be the largest
of their new subscripts i. Then all of them (and possibly some more

functions) are among g1, ga, ..., gq (so that ¢ > k). Hence if we exclude
g1, ---, gq, the inequalities (1) will certainly hold for the remaining g;
(i > ¢q). Thus

n

Zgi-

i=m

(Ve >0) (3q) (Vn>m>q) (Vz € B) 6>Z\gi]2 (2)

By Cauchy’s criterion, then, both > g; and Y |g;| converge uniformly.

2 This fails for conditional convergence. See Problem 17.
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Moreover, by construction, the two partial sums

k q
/
sk:E fiandsnggi
i=1 i=1

can differ only in those terms whose original subscripts (before the re-
arrangement) were > k. By (1), however, any finite sum of such terms is

less than € in absolute value. Thus [s — si| < e.

This argument holds also if k£ in (1) is replaced by a larger integer.
(Then also ¢ increases, since ¢ > k as noted above.) Thus we may let
k — +oo (hence also ¢ — +00) in the inequality |s, — sx| < €, with ¢

fixed. Then - -
Sk — Z fm and s, —>Zgi,
m=1 i=1

SO

o0 oo
STEDWAES
=1 m=1

Now let ¢ — 0 to get
o0 o0
Zgi = Z Im;
i=1 m=1
similarly for pointwise convergence. [J

II. Next, we develop some simple tests for absolute convergence.

Theorem 2 (comparison test). Suppose
(Ym) |fm| < |gm| on B.
Then

) 3 1l <Y lgm| on By
m=1 m=1

(ii) Z | fm| = +o00 implies Z |gm| = +00 on B; and
n=1

m=1
(il) If Z |gm| converges (pointwise or uniformly) on B, so does Z | fn]-

Proof. Conclusion (i) follows by letting n — oo in

n n
Sl £ lgml-

In turn, (ii) is a direct consequence of (i).



240 Chapter 4. Function Limits and Continuity

Also, by (i),

o o
Z |gm| < 400 implies Z | frn| < +o0.

This proves (iii) for the pointwise case (see Note 1). The uniform case follows
exactly as in Theorem 1(i) on noting that

SOl <D lowl
k=m k=m

and that the functions |fx| and |gx| are real (so Theorem 3" in §12 does ap-
ply). O

Theorem 3 (Weierstrass “M-test”). If > M, is a convergent series of real
constants M,, > 0 and if

(Vn)  [ful < Mn

on a set B, then > |fn| converges uniformly on B.> Moreover,
Z]ntSZMn on B.
n=1 n=1

Proof. Use Theorem 2 with |g,,| = M, noting that > |g,,| converges uniformly
since the |g,| are constant (§12, Problem 7). [

Example.
(a) Let
fu(z) = <lsinm>n on E'.
2
Then

(Vn) (Vz € EY) |fu(z)] <277,

and > 27" converges (geometric series with ratio %; see §12, Problem 18).
Thus, setting M,, = 2™ in Theorem 3, we infer that the series Y |5 sinz|"
converges uniformly on E*, as does ) (3 sinz)™; moreover,

oo

|fnl < Zz_n =L
1 n=1

n=

380 does 3 fn itself if the range space is as in Theorem 1. Note that for series with
positive terms, absolute and ordinary convergence coincide.
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Theorem 4 (necessary condition of convergence). If > f,, or > |fm| con-
verges on B (pointwise or uniformly), then |fmn| — 0 on B (in the same sense).

Thus a series cannot converge unless its general term tends to 0 (respec-
tively, 0).

Proof. If _ f,, = f, say, then s,,, — f and also s,,—1 — f. Hence
Sm — Sm—1 — f— f =0.

However, s, — S;m—1 = fm. Thus f,, — 0, and |f,,| — 0, as claimed.

This holds for pointwise and uniform convergence alike (see Problem 14 in
§12). O

Caution: The condition |f,,| — 0 is necessary but not sufficient. Indeed,
there are divergent series with general term tending to 0, as we show next.

Example.

oo

1
(b) E o= +00 (the so-called harmonic series).
n=1

Indeed, by Note 1,
=1
Z — exists (in E*),
n=1 n

so Theorem 4 of §12 applies. We group the series as follows:

Zl—1+1+(1+1)+(1+1+1+1)+( - )+

n 2 \3 4 5 6 7 8
>1+1+(1+1)+(1+1+1+1)+( 1)+
—2"2"\4"4 8 8 8 8 T 16

Each bracketed expression now equals % Thus

Z%Zng, gm=%-

As g, does not tend to 0, > gm dz’verges, ie.,, " | gm is infinite, by
Theorem 4. A fortiori, so is Y -

’nln

Theorem 5 (root and ratio tests). A series of constants > a, (la,| # 0)
converges absolutely if

T {/faa] < 1 or Tm(12]) < 1
a

|an]

It diverges if

lim {/]a,| > 1 orhm(| n+1|> > 1.4

|an]
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It may converge or diverge if

lim {/]a,| =1

or if

(The a,, may be scalars or vectors.)
Proof.
(i) If lim {/|a,| < 1, choose r > 0 such that

lim {/|a,| <r < 1.

Then by Corollary 2 of Chapter 2, §13, %/|a,| < r for all but finitely
many n. Thus, dropping a finite number of terms (§12, Problem 18), we
may assume that

la,| < r™ for all n.

As 0 < r < 1, the geometric series Y 7" converges. Hence so does ) |ay|
by Theorem 2.

In the case
m(M) <1,

|ay|
we similarly obtain |a,4+1| < |ay|r; hence by induction,
(Vn € N) |an| <lag|r™*.  (Verify!)
Thus > |a,| converges, as before.

(ii) If lim ¥/|a,| > 1, then by Corollary 2 of Chapter 2, §13, |a,| > 1 for
infinitely many n. Hence |a,| cannot tend to 0, and so > a,, diverges by
Theorem 4.

Similarly, if

1im(|“"“|) > 1
T |an| 7

then |a,y1| > |an| for all but finitely many n, so |a,| cannot tend to 0
again.® [

4 Note that we have “lim”, not “lim” here. However, often “lim” and “lim” coincide. This
is the case when the limit exists (see Chapter 2, §13, Theorem 3).
5 This inference would be false if we only had im(|an+1|/|an|) > 1. Why?
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Note 3. We have

h—m<‘an+1‘> Sh_m n |an| Sm n/|an| Sm(’an—i—l’).ﬁ
|an| |an|

Thus

m('““”) < 1 implies lim {/|a,| < 1; and

|an|

lim(’anﬂ‘) > 1 implies lim {/|a,| > 1.

T\ ag|

Hence whenever the ratio test indicates convergence or divergence, so certainly
does the root test. On the other hand, there are cases where the root test yields
a result while the ratio test does not. Thus the root test is stronger (but the
ratio test is often easier to apply).

Example.

(c) Let a, =27 % if n =2k — 1 (odd) and a,, = 3% if n = 2k (even). Thus

dan=2""43"+277 437+

Here
" 3—k — ray, 2—k—1
lim(a “) — lim >— =0 and lim<a “) — lim = 400,
—\ ap k—oo 27K an k—oo 3K
while

I n 1 .
lim {/a, = lim */2-" = 7z < 1.7 (Verify!)

Thus the ratio test fails, but the root test proves convergence.

Note 4. The assumption |a,| # 0 is needed for the ratio test only.

ITII. Power Series. As an application, we now consider so-called power

n Y

where z, p, a,, € E' (C); the a,, may also be vectors.

Theorem 6. For any power series Y a,(z — p)", there is a unique r € E*
(0 < r < 400), called its convergence radius, such that the series converges
absolutely for each x with |x—p| < r and does not converge (even conditionally)
if lx —p| >r8

6 For a proof, use Problem 33 of Chapter 3, §15 with 21 = |a1| and g1 = |agr1]/|ak|-

7 Recall that lim and lim are cluster points, hence limits of suitable subsequences. See
Chapter 2, §13, Problem 4 and Chapter 3, §16, Theorem 1.

8 The case | — p| =  remains open.



244 Chapter 4. Function Limits and Continuity

]_

, where d = lim {/|a,| (with r = +o00 if d = 0).

n

Proof. Fix any x = zy. By Theorem 5, the series ) a,(xo — p)
absolutely if lim {/|a,||zo — p| < 1, i.e., if

converges

1 1
xo—p|<r (r:_—:—>,
and diverges if |zg — p| > r. (Here we assumed d # 0; but if d = 0, the
condition d|zg — p| < 1 is trivial for any xo, so r = +oo in this case.) Thus r
is the required radius, and clearly there can be only one such r. (Why?) O

Note 5. If lim a1

n—o0o |ay,|
lim coincide here). In this case, one can use the ratio test to find

exists, it equals lim %/|a,|, by Note 3 (for lim and
n— oo

d= lim 191l
n— 00 |a’l’L|

and hence (if d # 0)
1 . |G|
r=— = lim .
d  n—oo|any1

Theorem 7. If a power series Y an(x — p)™ converges absolutely for some

T = 10 # p, then Y |a,(x —p)"| converges uniformly on the closed globe G,(9),
§ = |xg —p|. So does ) an(x—p)" if the range space is complete (Theorem 1).

Proof. Suppose >’ |ay,(zo — p)™| converges. Let
d = |zg — p| and M,, = |a,|0™;

thus > M,, converges.
Now if z € G, (), then |z — p| < 4, so

|an(z —p)"| < [anld™ = M,.
Hence by Theorem 3, 3" |a,(z — p)"| converges uniformly on G,(5). O
Example.

(d) Consider Z % Here

=n—+1— +o0.

1
p=0and a, = —, so 2]
n! |41
By Note 5, then, r = +o0; i.e., the series converges absolutely on all of
E!. Hence by Theorem 7, it converges uniformly on any Go(d), hence on
any finite interval in E'. (The pointwise convergence is on all of E!.)
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More Problems on Series of Functions

1. Verify Note 3 and Example (c) in detail.

2. Show that the so-called hyperharmonic series of order p,

Z% (p € EY,

converges iff p > 1.

[Hint: If p < 1,
=1 =1
gﬁzgﬁzﬂo (Example (b)).
Ifp>1,
=1 1 1 1 1 1
T;”_p:l+<2_p+3_p>+<4_p+ o)t (gt )t
11 1 1 1 1
<1+ (prp)t(pt+m) (gt Tg)+
= 1
:Z(zp—l)n’

a convergent geometric series. Explain each step.]

=-3. Prove the refined comparison test:

(i) If two series of constants, Y |a,| and > |b,|, are such that the
sequence {|a,|/|b,|} is bounded in E!, then

o o]
Z |bn| < 400 implies Z lan| < +o0.
n=1 n=1
(ii) If
0 < lim M < 400,

n—o0 |by,|
then > |a,| converges if and only if > |b,| does.
What if

lim M = +o00?
n—00 |bn|

[Hint: If (Vn) |an|/|bn| < K, then |an| < K|by|.]

4. Test > a, for absolute convergence in each of the following. Use Prob-
lem 3 or Theorem 2 or the indicated references.

1 1
nt (take b,, = —);
n

D) an =
W= T
cosn

(i) a, = — (take b,, =
i1

; use Problem 2);

1
V3
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(i) = L (VT Vi)

(iv) an = n’e™" (use Problem 18 of Chapter 3, §15);

2" 4+ n
(V) an = oo
3" +1
. —1)"
(vi) ap = (=1) in 2> 2;
(log )
(log )9
vil) a, = ————, ¢ € E'.
(vii) an n(n2+1)’q
[Hint for (vi) and (vii): From Problem 14 in §2, show that
li =
y=too (logy)d e
and hence . .
lim 7( ogn) =
n— oo n
Then select by,
o0 nn
5. Prove that Z — = +00.
n!
n=1
[Hint: Show that n™/n! does not tend to 0.]
xn
6. Prove that lim — = 0.
n—oo n!

[Hint: Use Example (d) and Theorem 4.]

7. Use Theorems 3, 5, 6, and 7 to show that ) |f,| converges uniformly
on B, provided f,(z) and B are as indicated below, with 0 < a < +0o0
and b € E'.% For parts (ix)—(xii), find M,, = max,cp |f.(z)| and use
Theorem 3. (Calculus rules for maxima are assumed known.)

0 o -]

(ii) (—1)"** Gn -1 [—a, b].
(iii Z—:,[ a, al.

(iv) n32"; [—a, a] (a < 1).

: B = E' (use Problem 2).

(vi) e~ ™ sinnz; [a, +00).

COS NT
B:E'l.
\/n3 +1’

9 For power series, do it in two ways and find the radius of convergence.

)
) n
(V) —5—
i)
)

(vii
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o0
(viii) a, cosnzx, with Z la,| < +o00; B = E1.

n=1

(ix) z™e ™", [0, +00).

(x) z"e"; (—oo0, 1.
() (z-loga)", fa(0)=0; [-3, 3]
(xii) <loi:c>”; 1, +00).
(i) 201 g’! —ndDet e, [—% %]

=-8. (Summation by parts.) Let fn, hy, and g, be real or complex functions
(or let f,, and h,, be scalar valued and g, be vector valued). Let f, =
hp — hp—1 (n > 2). Verify that (Vm >n > 1)

> frge= D (i —hi1)g
k=n+1 k=n+1

m—1
= hmgm - hngn-l-l - Z hk(gk-l-l - gk)
k=n-+1

[Hint: Rearrange the sum.]

=9. (Abel’s test.) Let the f,, gn, and h, be as in Problem 8, with
hy, =Y i, fi- Suppose that

(i) the range space of the g, is complete;
(ii) |gn| — O (uniformly) on a set B; and

(iii) the partial sums h,, = Y ., f; are uniformly bounded on B; i.e.,
(3K € EY) (Vn) |hy| < K on B.

Then prove that > frgr converges uniformly on B if > |gn4+1 — gn| does.
(This always holds if the g,, are real and g,, > g,,41 on B.)
[Hint: Let € > 0. Show that

m
(Fk) (Vm >n > k) Z |gi+1 — gi| < € and |gn| < € on B.
i=n+1

Then use Problem 8 to show that

< 3Ke.

> figi

1=n+1

Apply Theorem 3’ of §12.]
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= 9’. Prove that if ) a,, is a convergent series of constants a,, € E' and if
{b,} is a bounded monotone sequence in E', then 3 a,b, converges.
[Hint: Let b, — b. Write

anbn = an(bn — b) + anb
and use Problem 9 with f, = an and g, = b, — b/]

=10. Prove the Leibniz test for alternating series: If {b,}] and b, — 0 in
E', then > (—1)"b,, converges, and the sum Y - (—1)"b,, differs from
Sn =Y p_y(—1)*by by b,41 at most.
[Hint: Use Problem 9’.]

=-11. (Dirichlet test.) Let the f,, gn, and hy, be as in Problem 8 with >~ 7 f,,
uniformly convergent on B to a function f, and with

hnz— i inHB.

1=n-+1
Suppose that
(i) the range space of the g, is complete; and

(i) there is K € E! such that

90| + Z |gn+1 — gn| < K on B.

n=0
Then >’ f,9n converges uniformly on B.
[Proof outline: We have

n—1 n—1

lgnl = |90+ > _(git1 —9)| < lgol + D> lgiv1 — gil <K by (ii).
=0 i=0
Also,
n
lhn| = Zfi - f‘ — 0 (uniformly) on B

1=0
by assumption. Hence

(Ve >0) (3k) (Vn>k) |hn| <eon B.

Using Problem 8, obtain

(VYm >n>k) Z figi| < 2Ke.]
1=n-+1i
—1)"
12. If 0 < p <1, then Z % converges conditionally.
n

[Hint: Use Problems 11 and 2.]
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=13. Continuing Problem 14 in §12, prove that if ) |f,| and > |g,| converge
on B (pointwise or uniformly), then so do the series

> lafn +bgnl, Y |fn £ gnl, and D lafnl.

[Hint: |afn + bgn| < |a||fn| + |bl|gn|- Use Theorem 2.]

For the rest of the section, we define

T = max(z,0) and = = max(—z, 0).

=14. Given {a,} C E* show the following:
(1) Xay +2a, =3 anl.
(ii) If > af < +ocor Y a, < +4oo,then > a, => al —> a,.
(iii) If 3" a, converges conditionally, then > at = +o00 =3 a,,.
(iv) If Y |an| < +o0, then for any {b,} C E',

Z lan, £ by| < 400 iffz by | < 00;
moreover, »_ a, + Y b, => (a, £ b,) if > b, exists.

[Hint: Verify that |an| = al +an and a, = af — a;,. Use the rules of §4.]

=15. (Abel’s theorem.) If a power series
Zan(:c —p)" (an, € E,z,pecEY)
n=0

converges for some © = xg # p, it converges uniformly on [p, xo] (or
[0, p] if T < p).
[Proof outline: First let p =0 and zo = 1. Use Problem 11 with

fn =an and gn(z) = 2" = (x — p)".

As fn = anl™ = an(xo — p)", the series > f, converges by assumption. The
convergence is uniform since the f,, are constant. Verify that if x = 1, then

o0
> gkt — gkl =0,
k=1

and if 0 < z < 1, then

oo oo oo
Z l9k+1 — gk| = Z Pl —1] = (1 —2) Z z® =1 (a geometric series).
k=0 k=0 k=0

Also, |go(z)] = 2° = 1. Thus by Problem 11 (with K = 2), > fngn converges
uniformly on [0, 1], proving the theorem for p = 0 and zo = 1. The general case
reduces to this case by the substitution z — p = (zg — p)y. Verify!]
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17.

18.
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Prove that if o
0 <lima, <lima, < 400,

then the convergence radius of > a,(z —p)™ is 1.

A conditionally convergent series > a,, (a, € E') can be rearranged so
as to diverge, or to converge to any prescribed sum s.
[Proof for s € E': Using Problem 14(iii), take the first partial sum

ai’+~~~+a;;>s.

Then adjoin terms

—aj;, =Gy, ..., —Qy,

until the partial sum becomes less than s. Then add terms a;: until it exceeds s.
Then adjoin terms —a, until it becomes less than s, and so on.

As akJr — 0 and a,, — 0 (why?), the rearranged series tends to s. (Why?)

Give a similar proof for s = +0o. Also, make the series oscillate, with no sum.]

Prove that if a power series > a,,(z —p)™ converges at some x = ¢ # p,
it converges absolutely (pointwise) on G, (d) if § < |zg — p|.

[Hint: By Theorem 6, § < |zo — p| < r (r = convergence radius). Fix any € Gp(9).
Show that the line p_gc, when extended, contains a point z; such that |z — p| <

|z1 —p| < & < r. By Theorem 6, the series converges absolutely at x1, hence at x as
well, by Theorem 7.]



Chapter 5

Differentiation and Antidifferentiation

§1. Derivatives of Functions of One Real Variable

In this chapter, “E” will always denote any one of E!, E*, C (the complex
field), E™, *or another normed space. We shall consider functions f: E* — E
of one real variable with values in E. Functions f: E! — E* (admitting finite
and infinite values) are said to be extended real. Thus f: E' — E may be real,
extended real, complex, or vector valued.

Operations in E* were defined in Chapter 4, §4. Recall, in particular, our
conventions (2*) there. Due to them, addition, subtraction, and multiplication
are always defined in E* (with sums and products possibly “unorthodox”).

To simplify formulations, we shall also adopt the convention that
f(z) = 0 unless defined otherwise.

(“0” stands also for the zero-vector in E if E is a vector space.) Thus each
function f is defined on all of E'. For convenience, we call f(z) “finite” if
f(x) # +oo (also if it is a vector).

Definition 1.

For each function f: E* — E, we define its derived function f': E' — E
by setting, for every point p € E*,

Ji (p) hin w if this limit exists (finite or not); W
pr) = T—p _
0, otherwise.

Thus f'(p) is always defined.
If the limit in (1) exists, we call it the derivative of f at p.
If, in addition, this limit is finite, we say that f is differentiable at p.
If this holds for each p in a set B C E', we say that f has a deriva-
tive (respectively, is differentiable) on B, and we call the function f’ the



252 Chapter 5. Differentiation and Antidifferentiation

derivative of f on B.!

If the limit in (1) is one sided (with x — p~ or x — p™), we call it a
one-sided (left or right) derivative at p, denoted f’ or f.

Note that the formula f’(p) = 0 holds also if f has no derivative at p. On
the other hand, f’(p) # 0 implies that f’(p) is a genuine derivative.

Definition 2.
Given a function f: E' — E, we define its nth derived function (or derived
function of order n), denoted f(™: E' — E, by induction:

FO=f f™ =17, n=01,2,....

Thus f"*tY s the derived function of f(™. By our conventions, f(™) is
defined on all of E' for each n and each function f: E' — E. We have
fO) = f and we write f” for f@, f” for f&), etc. We say that f has n
derivatives at a point p iff the limits

iy S8 @) = fM ()

T—q T —q
exist for all ¢ in a neighborhood G, of p and for k=0, 1, ..., n — 2, and also
(n—1) _ f(n—-1)
i SO0 @) = )
T—p r—7p

exists. If all these limits are finite, we say that f is n times differentiable on
I; similarly for one-sided derivatives.

It is an important fact that differentiability implies continuity.

Theorem 1. If a function f: E' — E is differentiable at a point p € E*, it is
continuous at p, and f(p) is finite (even if E = E*).

Proof. Setting Ax =z —p and Af = f(z) — f(p), we have the identity

[f(z) = f)l = | x, ~(@—p)| forz#p (2)
By assumption,
'p) = Tim 2

exists and is finite. Thus as x — p, the right side of (2) (hence the left side as
well) tends to 0, so

lim [f(z) — f(p)| =0, or gig;f(w) = f(p),

T—p

LIf B is an interval, the derivative at its endpoints (if in B) need be one sided only, as
x — p over B (see next).
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_4-7 Olp zn 4—n 2.4 X
FiGUurE 21

proving continuity at p.
Also, f(p) # oo, for otherwise |f(z) — f(p)| = +oo for all z, and so
|f(x) — f(p)| cannot tend to 0. O

Note 1. Similarly, the existence of a finite left (right) derivative at p implies
left (right) continuity at p. The proof is the same.

Note 2. The existence of an infinite derivative does not imply continuity,
nor does it exclude it. For example, consider the two cases

(i) f(z) = i, with f(0) =0, and
(i) f(z) = V.

Give your comments for p = 0.

Caution: A function may be continuous on E' without being differentiable
anywhere (thus the converse to Theorem 1 fails). The first such function was
indicated by Weierstrass. We give an example due to Olmsted (Advanced
Calculus).

Example.

(a) We first define a sequence of functions f,,: B! — E! (n =1,2,...) as
follows. For each k =0, £1, £2, ..., let

fol@)=0ifz=k-4" and f,(z) =1 -4 "ifz=(k+3) 47"

Between k - 47" and (k £ %) -4 fn is linear (see Figure 21), so it is
continuous on El. The series >_ f,, converges uniformly on E'. (Verify!)
Let

[ = Z fn-
n=1

Then n is continuous on E! (why?), yet it is nowhere differentiable.
To prove this fact, fix any p € E'. For each n, let

&, = p+d,, where d,, = +4"""1,
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choosing the sign of d,, so that p and x,, are in the same half of a “saw-
tooth” in the graph of f,, (Figure 21). Then

fu(@n) = fu(p) = £dn = £(xn —p).  (Why?)
Also,
fm(xn) — fm(p) = £d,, if m <n

but vanishes for m > n. (Why?)
Thus, when computing f(x,) — f(p), we may replace

F=> fmby f=> fm
m=1 m=1

Since
fm(xn) - fm(p)

In —P

= =£1 for m < n,

the fraction
f(@n) — f(p)
Tp —P
is an integer, odd if n is odd and even if n is even. Thus this fraction

cannot tend to a finite limit as n — oo, i.e., as d, = 4! = 0 and
r, =p+d, — p. A fortiori, this applies to

i £@) = ()

T—p r—7p

Thus f is not differentiable at any p.

The expressions f(x)— f(p) and x —p, briefly denoted A f and Az, are called
the increments of f and = (at p), respectively.? We now show that for differ-
entiable functions, Af and Az are “nearly proportional” when x approaches
p; that is,

Af

with ¢ constant and lim,_,, é(x) = 0.

Theorem 2. A function f: E' — E is differentiable at p, and f'(p) = c, iff
there is a finite c € E and a function §: E' — E such that lim 6(z) = §(p) = 0,
and such that e

Af = [c+8(x)]Az  for all z € E. (3)

2 This notation is rather incomplete but convenient. One only has to remember that both
Af and Ax depend on x and p.
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Proof. If f is differentiable at p, put ¢ = f’(p). Define §(p) = 0 and

a) = 5~ f'tw) for z £ .

Then lim,_,, 6(x) = f'(p) — f'(p) = 0 = d(p). Also, (3) follows.
Conversely, if (3) holds, then

2—;0 =c+0(x) — cas z — p (since 6(x) — 0).
Thus by definition,
T Af ol / _ . .
C—}Eg) Ap f'(p) and f'(p) = c is finite. O

Theorem 3 (chain rule). Let the functions g: E* — El (real) and f: E* - E
(real or not) be differentiable at p and q, respectively, where ¢ = g(p). Then
the composite function h = f o g is differentiable at p, and

W (p) = f'(0)g (p)-
Proof. Setting
Ah = h(z) — h(p) = f(g(z)) — f(g(p)) = f(g9(z)) — f(q),

we must show that

Ah

lim == = f'(9)g'(p) # *oo.

Now as f is differentiable at g, Theorem 2 yields a function §: E! — E such
that lim,_,, d(z) = 6(¢) = 0 and such that

VyeEY) fly)—fl@) =1[f"(q) +y)Ay, Ay=y—q.
Taking y = g(z), we get
Ve e EY) flg(x) - f(q) = [f'(q) + 6(9(2))]lg(z) — g(p)],

where
g(x) —g(p) =y —q= Ay and f(g(z)) — f(q) = Ah,

as noted above. Hence

R ORI R L EA

Let z — p. Then we obtain h'(p) = f'(q)g'(p), for, by the continuity of o g
at p (Chapter 4, §2, Theorem 3),

lim §(g(x)) = d(g9(p)) = 6(¢) =0. U
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The proofs of the next two theorems are left to the reader.
Theorem 4. If f, g, and h are real or complex and are differentiable at p, so

are

ftg, hf, and%

(the latter if h(p) # 0), and at the point p we have

(i) (f+9) =f+4'

(i) (hf) =hf"+n'f; and

L (N _hf =R
i) (3) =~
All this holds also if f and g are vector valued and h is scalar valued. It also

applies to infinite (even one-sided) derivatives, except when the limits involved
become indeterminate (Chapter 4, §4).

Note 3. By induction, if f, g, and h are n times differentiable at a point
p, so are f + g and hf, and, denoting by (Z) the binomial coefficients, we have

(i) (f£g)™ = ™ £ g™); and

Y (R — ("> (k) f(n—k)
(ii*) (hf) ];) L
Formula (ii*) is known as the Leibniz formula; its proof is analogous to that
of the binomial theorem. It is symbolically written as (hf)(™ = (h+ f)", with
the last term interpreted accordingly.

Theorem 5 (componentwise differentiation). A function f: E' — E™(C™) is
differentiable at p iff each of its n components (f1, ..., fn) is, and then

F') = (F1@), - fo(0) = filp)ex,
k=1

with ey as in Theorem 2 of Chapter 3, §§1-3.
In particular, a complex function f: E' — C is differentiable iff its real and
imaginary parts are, and f' = fl,+1i- f. (Chapter 4, §3, Note 5).

Examples.

(b) Consider the complex exponential
f(z) =cosz +i-sinx = e* (Chapter 4, §3).

We assume the derivatives of cos z and sin z to be known (see Problem 8).
By Theorem 5, we have

f'(z) =sinz —i-cosz = cos(z + 37) +i-sin(z + i7) = e(ztami,

31In this connection, recall again the notation introduced in Chapter 4, §3 and also in
footnote 1 of Chapter 3, §9 and footnote 1 of Chapter 4, §13. We shall use it throughout.
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Hence by induction,
f™ () = e@tanmi =1 9 (Verify!)
(c) Define f: E* — E3 by
f(z) = (1, cosz, sinz), =€ E'.
Here Theorem 5 yields

f'(p) = (0, —sinp, cosp), pe E".
For a fixed p = pg, we may consider the line
T =a-+td,
where
a = f(po) and @ = f'(po) = (0, —sin po, cospo).
This is, by definition, the tangent vector at pg to the curve f[E'] in E3.
More generally, if f: E' — E is differentiable at p and continuous on some
globe about p, we define the tangent at p to the curve f|G,] (in E) to be the
line
z=f(p)+t-f'(p);

f'(p) is its direction vector in F, while ¢ is the variable real parameter. For real
functions f: B! — E', we usually consider not f[E!] but the curve y = f(z)
in E?, i.e., the set

{(z,y) |y = f(z), z € E'}.
The tangent to that curve at p is the line through (p, f(p)) with slope f’(p).

In conclusion, let us note that differentiation (i.e., taking derivatives) is a
local limit process at some point p. Hence (cf. Chapter 4, §1, Note 4) the
existence and the value of f'(p) is not affected by restricting f to some globe
G, about p or by arbitrarily redefining f outside G),. For one-sided derivatives,
we may replace G, by its corresponding “half.”

Problems on Derived Functions in One Variable

1. Prove Theorems 4 and 5, including (i*) and (ii*). Do it for dot products
as well.

2. Verify Note 2.
3. Verify Example (a).
3’. Verify Example (b).

4. Prove that if f has finite one-sided derivatives at p, it is continuous at p.
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. Restate and prove Theorems 2 and 3 for one-sided derivatives.

. Prove that if the functions f;: E' — E* (C) are differentiable at p, so

is their product, and

(f1f2 ’ "fm)/ = Z(fle o 'fi—lfi’fi—i—l T fm) at p.

=1

. A function f: E' — E is said to satisfy a Lipschitz condition (L) of

order a (a > 0) at p iff
(30>0) 3K € BY) (Vz € G(9)) |f(z) — f(p)| < K|z —p|*.
Prove the following:

(i) This implies continuity at p but not conversely; take

1

" In|z|

f(z) , f(0)=0.

(i1) L of order o > 1 implies differentiability at p, with f’(p) = 0.
(iii) Differentiability implies L of order 1, but not conversely. (Take

flz) =wsin =, f0)=0, p=0;

then even one-sided derivatives fail to exist.)

. Let

f(z) =sinz and g(z) = cosz.
Show that f and g are differentiable on E*!, with
f'(p) = cosp and ¢'(p) = —sinp for each p € E*.

Hence prove for n =0, 1, 2, ... that

nm nm
f™(p) = sin(p + 7) and g™ (p) = Cos(p + 7)
[Hint: Evaluate Af as in Example (d) of Chapter 4, §8. Then use the continuity of

f and the formula
sin z

lim = lim — = 1.

z—0 z z—0 sin z
To prove the latter, note that

|sinz| < |z] < |tanz|,
whence
z 1
1< —X< -1
sinz — |cosz|

similarly for g.]
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9.

10.

11.

12.

13.

Prove that if f is differentiable at p then

z—pt rT—y
y—=p

ie, (Ve>0) (36>0) (Vz € (p,p+9)) (Vy e (p—46 p))
) —
r—Yy

Disprove the converse by redefining f at p (note that the above limit

does not involve f(p)).
[Hint: If y < p < z then

f@) = fy)
T —y

7o) <
RECE0
B -P

x Tr —

@ =10)
T —y

—pf,(p)‘ n ‘f(p) —fly) p-—
-y -y

zf’(p)‘
1@+ L2y o)

Prove that if f is twice differentiable at p, then

win v fe+h)=2f(p)+ f(p—h)
fiw) = lim h2

# to0

Does the converse hold (cf. Problem 9)?
In Example (c), find the three coordinate equations of the tangent line
at p = %7&

Judging from Figure 22 in §2, discuss the existence, finiteness, and sign
of the derivatives (or one-sided derivatives) of f at the points p; indi-
cated.

Let f: E™ — FE be linear, i.e., such that
(Vz, g€ E") (Ya, b€ EY)  f(az +by) = af(Z) + bf (7).

Prove that if g: E* — E" is differentiable at p, so is h = f o g and
W (p) = f(g'(p))-

[Hint: f is continuous since f(Z) = Y 5 _; xf(€x). See Problem 5 in Chapter 3,
§54-6.

§2. Derivatives of Extended-Real Functions

For a while (in §§2 and 3), we limit ourselves to extended-real functions. Below,
f and g are real or extended real (f, g: E* — E*). We assume, however, that
they are not constantly infinite on any interval (a, b), a < b.
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Lemma 1. If f'(p) > 0 at some p € E, then
T<p<y
implies
flx) < flp) < f(y)
for all z, y in a sufficiently small globe G,(6) = (p — d, p+ ).
Similarly, if f'(p) <0, then x < p <y implies f(x) > f(p) > f(y) for z,y
in some G,(9).

Proof. If f'(p) > 0, the “0” case in Definition 1 of §1, is excluded, so

Af
! _ .
f(p)—iﬁlrr;)—>0.

Hence we must also have Af/Axz > 0 for z in some G (9).
It follows that Af and Az have the same sign in G,(9); i.e.,

f(x)—f(p) >0if z > pand f(z)— f(p) <0 if z < p.
(This implies f(p) # +oo. Why?) Hence

r<p<y= f(z) < f(p) < f(y),

as claimed; similarly in case f'(p) < 0. O

Corollary 1. If f(p) is the mazimum or minimum value of f(x) for x in some
Gp(9), then f'(p) = 0; i.e., f has a zero derivative, or none at all, at p.

For, by Lemma 1, f'(p) # 0 ezcludes a maximum or minimum at p. (Why?)

Note 1. Thus f'(p) = 0 is a necessary condition for a local maximum or
minimum at p. It is insufficient, however. For example, if f(z) = 23, f has no
maxima or minima at all, yet f'(0) = 0. For sufficient conditions, see §6.

Figure 22 illustrates these facts at the points ps, p3, ..., p11. Note that in
Figure 22, the isolated points P, (), R belong to the graph.

Geometrically, f/'(p) = 0 means that the tangent at p is horizontal, or that
a two-sided tangent does not exist at p.

Theorem 1. Let f: E* — E* be relatively continuous on an interval |a, b],
with f' # 0 on (a, b). Then f is strictly monotone on [a, b], and f’ is sign-
constant there (possibly 0 at a and b), with f' >0 if f1, and f' <0 if f].

Proof. By Theorem 2 of Chapter 4, §8, f attains a least value m, and a largest
value M, at some points of [a, b]. However, neither can occur at an interior
point p € (a, b), for, by Corollary 1, this would imply f’(p) = 0, contrary to
our assumption.

! This does not mean that f is monotone on any G, (see Problem 6). We shall only say
in such cases that f increases at the point p.
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Y
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|

\

p1

FIGURE 22

Thus M = f(a) or M = f(b), say, M = f(b), m = f(a). Also m < M, for
m = M would make f constant on |a, b], implying f’ = 0. Thus m = f(a) <
76) = M.

Now let a < x < y < b. Applying the same argument to the intervals [a, ],
la, y], [z, y], and [z, b], we find that

fla) < f(z) < f(y) < f(b). (Why?)

Thus a < x < y < b implies f(x) < f(y); i.e., f increases on [a, b]. Hence
f’ cannot be negative at any p € [a, b], for, otherwise, by Lemma 1, f would
decrease at p. Thus f' >0 on [a, b].

In the case M = f(a) > f(b) = m, we would obtain f’ <0. O

Caution: The function f may increase or decrease at p even if f'(p) = 0.
See Note 1.

Corollary 2 (Rolle’s theorem). If f: E' — E* is relatively continuous on
la, b] and if f(a) = f(b), then f'(p) = 0 for at least one interior point p € (a, b).
For, if f/ # 0 on all of (a, b), then by Theorem 1, f would be strictly

monotone on [a, b], so the equality f(a) = f(b) would be impossible.

Figure 22 illustrates this on the intervals [ps, p4] and [p4, pe|, with f/(p3) =
f'(ps) = 0. A discontinuity at 0 causes an apparent failure on [0, po].

Note 2. Theorem 1 and Corollary 2 hold even if f(a) and f(b) are infinite, if
continuity is interpreted in the sense of the metric p’ of Problem 5 in Chapter 3,
§11. (Weierstrass’ Theorem 2 of Chapter 4, §8 applies to (E*, p'), with the
same proof.)

Theorem 2 (Cauchy’s law of the mean). Let the functions f, g: E' — E* be
relatively continuous and finite on [a, b] and have derivatives on (a, b), with f'
and g’ never both infinite at the same point p € (a, b). Then

9 (@0f () = f(a)] = f'(q)lg(b) — g(a)] for at least one g € (a, b). (1)
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Proof. Let A = f(b)— f(a) and B = g(b) —g(a). We must show that Ag'(q) =
Bf'(q) for some q € (a, b). For this purpose, consider the function h = Ag—Bf.
It is relatively continuous and finite on [a, ], as are g and f. Also,

h(a) = f(b)g(a) — g(b)f(a) = h(b). (Verify!)
Thus by Corollary 2, h'(¢) = 0 for some g € (a, b). Here, by Theorem 4 of
81, ' = (Ag — Bf) = Ag’ — Bf’. (This is legitimate, for, by assumption, f’

and ¢’ never both become infinite, so no indeterminate limits occur.) Thus

h'(q) = Ag'(q) — Bf'(q) =0, and (1) follows. [

Corollary 3 (Lagrange’s law of the mean). If f: E* — E' is relatively con-
tinuous on [a, b] with a derivative on (a, b), then

f(b) — f(a) = f'(q)(b — a) for at least one q € (a, b). (2)
Proof. Take g(x) = z in Theorem 2, s0 ¢’ =1 on E!. O

Note 3. Geometrically,

f(b) — f(a)
b—a
is the slope of the secant through
(a, f(a)) and (b, f(b)), and f'(q) is
the slope of the tangent line at gq. |
Thus Corollary 2 states that the se- |
cant s parallel to the tangent at some
intermediate point q; see Figure 23.
Theorem 2 states the same for curves
given parametrically: © = f(t), y = g(t).

Corollary 4. Let f be as in Corollary 3. Then
(i) f is constant on [a, b] iff f' =0 on (a, b);
(ii) f1 on [a, b] iff f' >0 on (a,b); and

(iii) fl on [a,b] iff f' <0 on (a,b).

FIGURE 23

Proof. Let f'=0on (a, b). If a <z <y < b, apply Corollary 3 to the interval
[z, y] to obtain

f(y) — f(z) = f'(q)(y — z) for some q € (a, b) and f'(q) = 0.

Thus f(y) — f(x) =0 for z, y € [a, b], so f is constant.
The rest is left to the reader. [
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Theorem 3 (inverse functions). Let f: E' — E! be relatively continuous and
strictly monotone on an interval I C E'. Let f'(p) # 0 at some interior
point p € I. Then the inverse function g = f~1 (with f restricted to I) has a
derivative at g = f(p), and

(If f'(p) = oo, then g'(q) = 0.)

Proof. By Theorem 3 of Chapter 4, §9, g = f~! is strictly monotone and
relatively continuous on f[I], itself an interval. If p is interior to I, then ¢ = f(p)
is interior to f[I]. (Why?)

Now if y € f[I], we set

Ag=g(y)—glq), Ay=y—q, z=f "(y) =g(y), and f(z) =y
and obtain

A9 _9—gla) _ _z-p Az,

Ay y—4q f@)—fp) Af
Now if y — ¢, the continuity of g at ¢ yields g(y) — g(q); i.e., x — p. Also,
x # p iff y # q, for f and g are one-to-one functions. Thus we may substitute
y = f(z) or z = g(y) to get

, Ag Az 1 1 5

g'(q) = lim 3= lim 5 = lim (Af/Az) ~ f'(p)° 2))

where we use the convention L = 0if f'(p) =co. O

Examples.
(A) Let
f(x) =log, |z| with f(0) = 0.

Let p > 0. Then (V2 > 0)
Af = f(.']?) - f(p) = lOga!L‘ - logap = loga(l’/p)

— A
p p
Thus
Af Az 1/Ac
E = lOga (1 + —> .

2 More precisely, we are replacing the x by g(y) in (z — p)/[f(x) — f(p)] by Corollary 2 of
Chapter 4, §2 to obtain g’(q). The steps in (2’) should be reversed.
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Now let z = Axz/p. (Why is this substitution admissible?) Then using
the formula

lim (14 2)/* = e (see Chapter 4, §2, Example (C))

z—0

and the continuity of the log and power functions, we obtain

Af 1
Fip) = lim = = lim log,[(1 + 2) /7] log, e ) log, e.

The same formula results also if p < 0, i.e., [p| = —p. At p =10, f has
one-sided derivatives (+o0) only (verify!), so f’(0) = 0 by Definition 1
in §1.

The inverse of the log, function is the exponential g: E' — E', with
9(y) =a? (a>0, a#1).

By Theorem 3, we have

1
Vge EY ¢'(¢) = ——, p=g(q) =a’.
( ) 9'(q) ) 9(q)
Thus
/ _ 1 Y 2 al
91a) = 5 log, e ~ log,e log, e’
Symbolically,
(log, |z} = “log, e (x £0); () = - — 4Ina (3)
Ba ~ 3 Cta ’ ~ log,e ’

In particular, if a = e, we have log, a = 1 and log, * = Inz; hence
1
(In|z|) = - (x #0) and (&%) =e* (xzc E'). (4)

The power function g: (0, +oo) — E! is given by
g(z) = 2 = exp(a - Inz) for £ > 0 and fixed a € E.
By the chain rule (§1, Theorem 3), we obtain
a

gl(x):exp(a'lnx)' =x%. —=a-x

i T

Thus we have the symbolic formula

(z*) =a-x*! for x > 0 and fixed a € E*. (5)
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Theorem 4 (Darboux). If f: E' — E* is relatively continuous and has a
derivative on an interval I, then f' has the Darboux property (Chapter 4, §9)
on I.

Proof. Let p, ¢ € I and f'(p) < ¢ < f'(q). Put g(z) = f(x) — cx. Assume
g # 0 on (p, q) and find a contradiction to Theorem 1. Details are left to the
reader. [

Problems on Derivatives of Extended-Real Functions

1. Complete the missing details in the proof of Theorems 1, 2, and 4,
Corollary 4, and Lemma 1.

[Hint for converse to Corollary 4(ii): Use Lemma 1 for an indirect proof.]
2. Do cases p < 0 in Example (A).

3. Show that Theorems 1, 2, and 4 and Corollaries 2 to 4 hold also if f
is discontinuous at a and b but f(a™) and f(b~) exist and are finite.
(In Corollary 2, assume also f(a™) = f(b™); in Theorems 1 and 4 and
Corollary 2, finiteness is unnecessary. )

[Hint: Redefine f(a) and f(b).]

4. Under the assumptions of Corollary 3, show that f’ cannot stay infinite
on any interval (p, ¢), a <p < g <b.
[Hint: Apply Corollary 3 to the interval [p, q].]

5. Justify footnote 1.
[Hint: Let

1
f(z) = x + 22° sin — with f(0) =0.
x

At 0, find f’ from Definition 1 in §1. Use also Problem 8 of §1. Show that f is not
monotone on any Go(9).]

6. Show that f’ need not be continuous or bounded on [a, b] (under the
standard metric), even if f is differentiable there.
[Hint: Take f as in Problem 5.]

7. With f as in Corollaries 3 and 4, prove that if f' >0 (f' <0) on (a, b)
and if f’ is not constantly 0 on any subinterval (p, ¢) # 0, then f is
strictly monotone on [a, b|.

8. Let z = f(t), y = g(t), where t varies over an open interval I C E*,
define a curve in E? parameterically. Prove that if f and g have deriva-
tives on I and f’ # 0, then the function h = f~! has a derivative on
fI], and the slope of the tangent to the curve at tg equals ¢’ (t9)/f'(to)-

[Hint: The word “curve” implies that f and g are continuous on I (Chapter 4, §10),
so Theorems 1 and 3 apply, and h = f~! is a function. Also, y = g(h(z)). Use
Theorem 3 of §1.]

9. Prove that if f is continuous and has a derivative on (a, b) and if f’
has a finite or infinite (even one-sided) limit at some p € (a, b), then
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10.

11.
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this limit equals f’(p). Deduce that f’ is continuous at p if f/(p~) and
f'(pT) exist.
[Hint: By Corollary 3, for each = € (a, b), there is some ¢, between p and z such

that
Af

f'(gz) = o f'(p) as z — p.

Set y = gz, so limy_p f/(y) = f/(p).]

From Theorem 3 and Problem 8 in §1, deduce the differentiation formu-
las

1 , ~1 , 1
Vi (arccosz) = N (arctanz)’ = 112
Prove that if f has a derivative at p, then f(p) is finite, provided f is
not constantly infinite on any interval (p, ¢) or (g,p), p # q.

[Hint: If f(p) = £oo, each G) has points at which 2—£ = 400, as well as those x

(arcsinz) =

with 2L = —co)]

§3. L’Hopital’s Rule

We shall now prove a useful rule for resolving indeterminate limits. Below, G-,
denotes a deleted globe G_,(d) in E', or one about oo of the form (a, +00)
or (—oo, a). For one-sided limits, replace G-, by its appropriate “half.”

Theorem 1 (L’Hopital’s rule). Let f, g: E' — E* be differentiable on Gy,
with g' # 0 there. If |f(z)| and |g(x)| tend both to +00,' or both to 0, as x — p

and if
!
lim f'(@) = r exists in E*,
z=p g'(z)
then also
lim _f(ac) =1
z=p g()

similarly for x — p™ orx — p—.

Proof. It suffices to consider left and right limits. Both combined then yield
the two-sided limit.

First, let —oo < p < 400,

=r (finite).

| o @
A N = I el = oo and I o)

L This includes the cases f(x) — 400 and g(z) — Foo.
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Then given € > 0, we can fix a > p (a € G-,) such that
f'(z)
g'(x)

Now apply Cauchy’s law of the mean (§2, Theorem 2) to each interval [z, al,
p < z < a. This yields, for each such z, some ¢ € (z, a) with

9 (@f(x) = f(a)] = f(@)lg(z) — g(a)].
As ¢’ # 0 (by assumption), g(x) # g(a) by Theorem 1, §2, so we may divide
to obtain
@) - @) _ )
9(x) —gla)  g'(q)
This combined with (1) yields

— 7"‘ < g, for all z in the interval (p, a). (1)

, wherep <z <qg<a.

f@) = fla) |
o) —gla) 177
or, setting
Py - L F@/@)
1—g(a)/g(z)’
we have
@~ x) —r| < € for all z inside (p,a
o) F@ =] <eforall de (p, a). (2)

As |f(x)] and |g(z)| — +oo (by assumption), we have F(z) — 1 asz — p™.
Hence by rules for right limits, there is b € (p, a) such that for all x € (p, b),
both |F(z) — 1] < € and F(z) > 1. (Why?) For such z, formula (2) holds as
well. Also,

1
<2and [r —rF(x)| =|r||1 — F(z)| <|r|e.
[F(z)]

Combining this with (2), we have for x € (p, b)

50 "l el @ - e

f(z)
<2’@ -F(a:)—r—f—r—rF(m)’
<2e(1+r|).

Thus, given € > 0, we found b > p such that

(z)

m — r’ <2(1+]r]), =z € (p,b).
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As ¢ is arbitrary, we have lim M = r, as claimed.
z—pt g(.CL')
The case lim,_,,+ f(x) = lim,_,,+ g(x) = 0 is simpler. As before, we obtain
’ f(z) — f(a)
9(x) — g(a)
Here we may as well replace “a” by any y € (p, a). Keeping y fixed, let z — p™.
Then f(z) — 0 and g(x) — 0, so we get

—T"<€.

M—r‘ < e for any y € (p, a).

9(y)

As ¢ is arbitrary, this implies lim @ = r. Thus the case x — p* is settled
y—p+ 9(y)

for a finite r.

The cases » = 400 and * — p~ are analogous, and we leave them to the
reader. [

!/
Note 1. lim @ may exist even if lim f, (2) does not. For example, take
9(z) g'(x)
f(z) =2z +sinz and g(x) = =.
Then f(a) ‘
x sinx
. Iz _ _ N
A ) T e (1 L ) L (why?),
but (@)
x
— <~ =1+4cosz
g'(x)

does not tend to any limit as x — 4o0.
Note 2. The rule fails if the required assumptions are not satisfied, e.g., if
¢’ has zero values in each G-,; see Problem 4 below.

Often it is useful to combine L’Hopital’s rule with some known limit formu-
las, such as

lim (1 + 2)Y# = e or lim T 1 (see §1, Problem 8).

z2—0 x—0 sin x
Examples.
| | ! 1
(a) lim 2T lim (Inz) = lim —=0.
r—+oo X r— 400 1 r—+oo I
In(1 1/(1
(b) tim 2EFD) o VA+D)
r—0 €T z—0 1
. x—sinzx . 1—coszx . sinz 1. . sinz 1
(¢) im ——— = lim ——— = lim = — lim = .
z—0 3 z—0 32 z—0 0Ox 6z—0 x 6

(Here we had to apply L’Hoépital’s rule repeatedly.)
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(d) Consider
e~ 1/x
lim
z—0t T

Taking derivatives (even n times), one gets

—1/x
e
lim ———, n=1,2, 3,... (always indeterminate!).
z—0+ nlxntl ( Y )
Thus the rule gives no results. In this case, however, a simple device helps
(see Problem 5 below).

(e) lim,,_,o n'/™ does not have the form 2 or >, so the rule does not apply

0
directly. Instead we compute

1
lim Inn'/"™ = lim — =0 (Example (a)).
n—o00 n—soo nN
Hence
n*/™ = exp(Inn'/™) — exp(0) = e’ =1

by the continuity of exponential functions. The answer is then 1.

Problems on L’Hoébpital’s Rule

Elementary differentiation formulas are assumed known.

1. Complete the proof of L’Hopital’s rule. Verify that the differentiability
assumption may be replaced by continuity plus existence of finite or
infinite (but not both together infinite) derivatives f’ and ¢’ on G-,
(same proof).

2. Show that the rule fails for complexr functions. See, however, Problems 3,
7, and 8.
[Hint: Take p = 0 with

; 1 1
f(z) = = and g(x) :£U~I-w2el/“”2 :w+m2<cos—2 —|—i'sin—2).
T T
Then ,
1
lim 2 1 though 1im L&) — lim —0.
z—0 g(m) z—0 g’(x) z—0 g’(gj)

Indeed, ¢'(z) — 1 = (22 — 2i/x)ei/“2. (Verify!) Hence
9/ (@) +1 > 22— 2i/a| (for [¢"/""| = 1),
S0 5
§'@) > 142 (Why?)

Deduce that
T

1
m(ﬁb_:ﬂ

‘—>O.]
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3. Prove the “simplified rule of L’Hopital” for real or complex functions

(also for vector-valued f and scalar-valued g): If f and g are differen-
tiable at p, with ¢’(p) # 0 and f(p) = g(p) = 0, then
/
LT )

v=p g(z)  g'(p)’

[Hint:
f@) _ 1@ = 10) _Af /A9 ')
g(z)  g(z)—glp) Az/ Az = g(p)
/
. Why does lim M not exist, though lim & does, in the fol-
z—+00 g(m z—+00 g’(x)

lowing example? Verify and explain.
f(z) = e **(cosz + 2sinz), g(z) =e “(cosz +sinz).

[Hint: ¢’ vanishes many times in each G4o. Use the Darboux property for the
proof.]

e—l/z

z—0+t X
[Hint: Substitute z = % — 4o00. Then use the rule.]

. Verify that the assumptions of L’Hoépital’s rule hold, and find the fol-

lowing limits.

(a) lim — ¢ ;
z—0In(e —z) + 2z —1
T _ T _ 9
(b) lim &% —°%.
z—0 x —sinz
1 1/z _
(c) lim( +2) e;
x—0 x

(d) lim (z?lnx), ¢ > 0;

z—0t

i —q .
() ,lim (+~"Inz), g >0
f) i v
0 13, o5

(g) lim (2%~ %),a>1,¢>0;

xr—+00

1
(h) lir%(—2 — cotan? :c);
T—r X

1/Inx
(i) lim (% —arctanx) ;

T—+00

(G) lim

rz—0

(Sinx)l/(l—cos z)

T
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7. Prove L’Hépital’s rule for f: E* — E™ (C) and g: E! — E', with
lim |f(z)| =0 = lim |g(z)|, p € E* and r € E",
k—p T—p
leaving the other assumptions unchanged.
[Hint: Apply the rule to the components of % (respectively, to (%) and (5) )]
8. Let f and g be complex and differentiable on G—,, p € E'. Let
lim f(z) = lim g(z) = 0, lim f'(z) = ¢, and lim ¢'(z) =r # 0.
T—p T—p T—p

T—p
Prove that lim M = g.

z—=p g(z) 7
[Hint:

1@ _ f@) /g
g(z) z—-p/ z-p
Apply Problem 7 to find
lim @) and lim &]

*9. Do Problem 8 for f: E* — C™ and g: E* — C.

§4. Complex and Vector-Valued Functions on E?!

The theorems of §§2-3 fail for complex and vector-valued functions (see Prob-
lem 3 below and Problem 2 in §3). However, some analogues hold. In a sense,
they even are stronger, for, unlike the previous theorems, they do not require
the existence of a derivative on an entire interval I C E*, but only on I — Q,
where @ is a countable set, i.e., one contained in the range of a sequence,
Q C {pm}. (We henceforth presuppose §9 of Chapter 1.)

In the following theorem, due to N. Bourbaki,! ¢g: E' — E* is extended real
while f may also be complex or vector valued. We call it the finite increments
law since it deals with “finite increments” f(b) — f(a) and g(b) — g(a). Roughly,
it states that |f’| < ¢’ implies a similar inequality for increments.

Theorem 1 (finite increments law). Let f: E* — E and g: E* — E* be
relatively continuous and finite on a closed interval I = [a, b] C E*, and have
derivatives® with |f'| < ¢', on I — Q where Q C {p1, p2, .-, Pm, --. . Then

£ (b) = fla)] < g(b) — g(a). (1)

I This is the pen name of a famous school of twentieth-century French mathematicians.
2 Actually, right derivatives suffice, as will follow from the proof. (Left derivatives suffice
as well.)
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The proof is somewhat laborious, but worthwhile. (At a first reading, one
may omit it, however.) We outline some preliminary ideas.

Given any = € I, suppose first that x > p,, for at least one p,, € Q. In this
case, we put

Q)= ) 27

Pm<xT

here the summation is only over those m for which p,, < x. If, however, there
are no p,, € Q with p,, < x, we put Q(z) = 0. Thus Q(z) is defined for
all x € I. It gives an idea as to “how many” p,, (at which f may have no
derivative) precede x. Note that x < y implies Q(z) < Q(y). (Why?) Also,

Q(z) < i 27" =1.
m=1

Our plan is as follows. To prove (1), it suffices to show that for some fized
K € E', we have

(Ve>0) [f(b) - fla)] <g(b) —g(a) + K,
for then, letting e — 0, we obtain (1). We choose
K =b—a+ Q(b), with Q(z) as above.

Temporarily fixing € > 0, let us call a point r € I “good” iff

[f(r) = fla)] < g(r) —g(a) + [r —a+Q(r)]e (2)
and “bad” otherwise. We shall show that b is “good.” First, we prove a lemma.

Lemma 1. FEvery “good” point r € I (r < b) is followed by a whole interval
(r, s), r < s <b, consisting of “good” points only.

Proof. First let r ¢ @, so by assumption, f and g have derivatives at r, with

/() <g'(r).

Suppose ¢'(r) < +o00. Then (treating ¢’ as a right derivative) we can find s > r
(s < b) such that, for all z in the interval (7, s),

A =90 ) < £ (ot

similarly for f. Multiplying by = — r, we get
€
|[f(@) = f(r) = f'(r)(@ = 7)| < (z = 7)5 and

l9(2) = 9(r) = g (N = )| < (& 1),
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and hence by the triangle inequality (explain!),

@) = 1] < £l =)+ (o= 7)

and
€

g ()@ —r)+ (@ —r)5 <g(z) = g(r) + (z = r)e.
Combining this with | f/(r)| < ¢’(r), we obtain
|f(z) — f(z)] < g(x) —g(r) + (x — r)e whenever r < z < s. (3)
Now as r is “good,” it satisfies (2); hence, certainly, as Q(r) < Q(z),
|f(r) = f(a)] < g(r) —g(a) + (r — a)e + Q(x)e whenever r < z < s.
Adding this to (3) and using the triangle inequality again, we have
[f(z) = fla)] < g(z) — g(a) + [ — a + Q(z)]e for all z € (r, 5).

By definition, this shows that each x € (r, s) is “good,” as claimed. Thus
the lemma is proved for the case r € I — @, with ¢'(r) < +oc0.

The cases ¢'(r) = 400 and r € Q) are left as Problems 1 and 2. [
We now return to Theorem 1.

Proof of Theorem 1. Seeking a contradiction, suppose b is “bad,” and let
B # () be the set of all “bad” points in [a, b]. Let

r=inf B, r€la,b].
Then the interval [a, ) can contain only “good” points, i.e., points x such that

|f(z) — f(a)] < g(z) — g(a) + [z — a+ Q(z)]e.
As x < r implies Q(x) < Q(r), we have

[f(z) = fa)] < g(z) —g(a) + [z —a+Q(r)le for all z € [a, 7). (4)

Note that [a, r) # 0, for by (2), a is certainly “good” (why?), and so
Lemma 1 yields a whole interval [a, s) of “good” points contained in [a, ).

Letting x — 7 in (4) and using the continuity of f at r, we obtain (2). Thus
r is “good” itself. Then, however, Lemma 1 yields a new interval (r, q) of
“good” points. Hence [a, ¢) has no “bad” points, and so q is a lower bound of
the set B of “bad” points in I, contrary to ¢ > r = glb B. This contradiction
shows that b must be “good,” i.e.,

£ (b) — fla)| < g(b) —g(a) + [b — a+ Q(b)]e.

Now, letting ¢ — 0, we obtain formula (1), and all is proved. O
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Corollary 1. If f: E' — E is relatively continuous and finite on I = [a, b] C
E', and has a derivative on I — Q, then there is a real M such that

£ (b) = fla)] < M(b—a) andMStES}nglf’(t)l- (5)

Proof. Let

My = sup |f'(t)].
tel-Q

If My < 400, put M = My > |f'| on I —Q, and take g(z) = Mz in Theorem 1.
Then ¢’ = M > |f'| on I — @, so formula (1) yields (5) since

g(b) —g(a) = Mb— Ma = M(b— a).
If, however, My = +o0, let

Then (5) clearly is true. Thus the required M exists always.> [J

Corollary 2. Let f be as in Corollary 1. Then f is constant on I iff f' =0
on I — Q.

Proof. If f/ =0on I — @, then M = 0 in Corollary 1, so Corollary 1 yields,
for any subinterval [a, z| (xz € I), |f(z) — f(a)| < 0; ie., f(x) = f(a) for all
x € I. Thus f is constant on I.

Conversely, if so, then f' =0, even on all of I. [

Corollary 3. Let f, g: E* — E be relatively continuous and finite on I =
[a, b], and differentiable on I — Q. Then f — g is constant on I iff f' = ¢’ on

I-Q.
Proof. Apply Corollary 2 to the function f —g. O
We can now also strengthen parts (ii) and (iii) of Corollary 4 in §2.

Theorem 2. Let f be real and have the properties stated in Corollary 1. Then

(i) fronI=]a,bliff ff>0o0nI—Q;and

(i) flonIiff f/<0onl—-Q.
Proof. Let f/>0on I — Q. Fix any z, y € I (x < y) and define g(¢) = 0 on
E'. Then |¢/| =0 < f" on I — Q. Thus g and f satisfy Theorem 1 (with their
roles reversed) on I, and certainly on the subinterval [z, y]. Thus we have

fy) = f(@) = |g(y) — g(x)] =0, ie., f(y) = f(x) whenever y >z in I,

so f1on I.

3 Note that M as defined here depends on a and b. So does M.
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Conversely, if f1 on I, then for every p € I, we must have f'(p) > 0, for
otherwise, by Lemma 1 of §2, f would decrease at p. Thus f’ > 0, even on all
of I, and (i) is proved. Assertion (ii) is proved similarly. [

Problems on Complex and Vector-Valued Functions on E*!

1. Do the case ¢'(r) = +00 in Lemma 1.
[Hint: Show that there is s > r with

g9(x) —g(r) = (If' (Nl + 1) (@ =) > [f(x) — f(r)| for z € (r, 5).
Such z are “good.”]

2. Do the case r = p, € @ in Lemma 1.
[Hint: Show by continuity that there is s > r such that (Vx € (r, s))

£@) = F0)] < oy and lg(a) — g(r)| < 557

Show that all such z are “good” since x > r = p,, implies

27"+ Q(r) < Qx). (Why?)]

3. Show that Corollary 3 in §2 (hence also Theorem 2 in §2) fails for com-
plex functions.
[Hint: Let f(x) = e® = cosx + i - sinz. Verify that |f/| = 1 yet f(27) — f(0) = 0.]

4. (i) Verify that all propositions of §4 hold also if f’ and ¢’ are only
right derivatives on I — Q.

(ii) Do the same for left derivatives. (See footnote 2.)

5. (i) Prove that if f: B! — E is continuous and finite on I = (a, b) and
differentiable on I — @), and if

sup |f'(t)] < +oo,
tel—Q

then f is uniformly continuous on 1.
(ii) Moreover, if E is complete (e.g., E = E™), then f(a™) and f(b™)
exist and are finite.

[Hints: (i) Use Corollary 1. (ii) See the “hint” to Problem 11(iii) of Chapter 4, §8.]

6. Prove that if f is as in Theorem 2, with f' > 0on I — @ and f' > 0
at some p € I, then f(a) < f(b). Do it also with f’ treated as a right
derivative (see Problem 4).

7. Let f, g: E' — E! be relatively continuous on I = [a, b] and have right
derivatives f! and ¢/, (finite or infinite, but not both infinite) on I — Q.

(i) Prove that if
mg', < fL < Mg/, onI—-Q
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for some fixed m, M € E*, then
m[g(b) — g(a)] < f(b) — f(a) < Mg(b) — g(a)].

[Hint: Apply Theorem 2 and Problem 4 to each of Mg — f and f — mg.]

(ii) Hence prove that
mo(b—a) < f(b) — fa) < Mo(b—a),
where
mo = inf fi [I — Q] and My = sup f\ [ — Q] in E*.
[Hint: Take g(z) = z if mo € E' or Mo € E'. The infinite case is simple.]

8. (i) Let f: (a, b) — E be finite, continuous, with a right derivative on
(a, b). Prove that ¢ = 1im+ fi(z) exists (finite) iff
r—a

o T@ 1)
z,y—at r—Yy
ie., iff
(Ve>0)(Fe>a) (Ve,y € (a,c) |x#y) %ﬁjj(y}—q < e.

[Hints: If so, let y — z+ (keeping z fixed) to obtain
(Vz € (a,¢) |fi(x) —ql<e (Why?)

Conversely, if lim f! (z) = g, then
z—at

(Ve>0) (Fc>a) (Vte (a,c) |fi(t)—ql <e.
Put
M= sup |fi(t)—q|<e (why <e?)
a<t<c

and

h(t) = f(t) —tq, tE€ (a,b).
Apply Corollary 1 and Problem 4 to h on the interval [z, y] C (a, ¢), to get
|F(y) = f(z) — (y —2)ql < M(y —z) <&y — ).
Proceed.]

(ii) Prove similar statements for the cases ¢ = +00 and = — b~
[Hint: In case ¢ = +o0, use Problem 7(ii) instead of Corollary 1.]

9. From Problem 8 deduce that if f is as indicated and if f’, is left contin-
uous at some p € (a, b), then f also has a left derivative at p.
If fi is also right continuous at p, then f (p) = f.(p) = f'(p).
[Hint: Apply Problem 8 to (a, p) and (p, b).]
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10.

11.

12.

13.

14.

In Problem 8, prove that if, in addition, E is complete and if
¢= lim fi(z) #+oo (finite),
then f(a™) # +oo exists, and
f(z) - f(a™)

lim —————~ =g
z—at r—a

similarly in case lim,_,;,- f' (z) = .

If both exist, set f(a) = f(a™) and f(b) = f(b~). Show that then f
becomes relatively continuous on [a, b], with f! (a) = ¢ and f’ (b) =r.
[Hint: If

lim fli(x) = q # £oo,
then f! is bounded on some subinterval (a, c), a < ¢ < b (why?), so f is uniformly

continuous on (a, c), by Problem 5, and f(a®) exists. Let y — a*, as in the hint to
Problem 8.]

Do Problem 9 in §2 for complex and vector-valued functions.
[Hint: Use Corollary 1 of §4.]

Continuing Problem 7, show that the equalities

- f@
b—a
hold iff f is linear, i.e., f(z) = cx + d for some ¢, d € E', and then
c=m= M.
Let f: E' — C be as in Corollary 1, with f # 0 on I. Let g be the real
part of f'/f.
(i) Prove that [f|[Ton Iiff g>0on I — Q.

(ii) Extend Problem 4 to this result.
Define f: E* — C by

flz) =

x x
0 if x <0.

Show that f is differentiable on I = (-1, 1), yet f'[I] is not a convex
set in E? = C (thus there is no analogue to Theorem 4 of §2).

: 1 1
{ z2et/® :x2<cos—+i~sin—) if x >0, and
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§5. Antiderivatives (Primitives, Integrals)

Given f: E' — E, we often have to find a function F such that F’ = f on I,
or at least on I — Q. We also require F' to be relatively continuous and finite
on I. This process is called antidifferentiation or integration.

Definition 1.
We call F: E' — E a primitive, or antiderivative, or an indefinite inte-
gral, of f on I iff
(i) F is relatively continuous and finite on I, and

(ii) F is differentiable, with F' = f, on I — @ at least.
We then write

F:/f, or F(z) = /f(m) dz, on I.

(The latter is classical notation.)

If such an F exists (which is not always the case), we shall say that
[ f exists on I, or that f has a primitive (or antiderivative) on I, or that
f is primitively integrable (briefly integrable) on I.

If I/ = f on aset B C I, wesay that [ f is ezact on B and call F an
ezact primitive on B. Thus if Q@ =0, [ f is exact on all of I.

Note 1. Clearly, if F/ = f, then also (F' + ¢)’ = f for a finite constant
c. Thus the notation F = [ f is rather incomplete; it means that F' is one
of many primitives. We now show that all of them have the form F + ¢ (or

[f+o).
Theorem 1. If F and G are primitive to f on I, then G — F is constant on I.

Proof. By assumption, F' and G are relatively continuous and finite on I;
hence sois G—F. Also, F/ = fon I —Q and G' = fon I — P. (Q and P are
countable, but possibly @ # P.)

Hence both F' and G’ equal f on I —S, where S = PUQ), and S is countable
itself by Theorem 2 of Chapter 1, §9.

Thus by Corollary 3 in §4, F/ = G’ on I — S implies G — F' = ¢ (constant)
on each [z, y] CI; hence G—F =c(or G=F+c)on . O

Definition 2.
IfF:ffonIandifa,bEI(Whereagborbga),wedeﬁne
b

b b
/ f= / f(z)dz = F(b) — F(a), also written F'(x)| . (1)

a

LIn this section, Q, P, and S shall denote countable sets, F', G', and H’ are finite
derivatives, and I is a finite or infinite nondegenerate interval in E?.
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This expression is called the definite integral of f from a to b.?

The definite integral of f from a to b is independent of the particular choice
of the primitive F' for f, and thus unambiguous, for if G is another primitive,
Theorem 1 yields G = F + ¢, so

G(b) — G(a) = F(b) + ¢ — [F(a) + d = F(b) — F(a),

and it does not matter whether we take F' or G.
Note that f; f(x)dz, or f; f, is a constant in the range space E (a vector

if f is vector valued). The “z” in ff f(z)dz is a “dummy variable” only, and
it may be replaced by any other letter. Thus

/abf(a:)da::/abf(y)dyzp(b)_F(a)_

On the other hand, the indefinite integral is a function: F: E! — E.

Note 2. We may, however, vary a or b (or both) in (1). Thus, keeping a
fixed and varying b, we can define a function

G :/tf:F(t)—F(a), tel.

Then G' = F' = f on I, and G(a) = F(a) — f(a) = 0. Thus if [ f exists on
I, f has a (unique) primitive G on I such that G(a) = 0. (It is unique by
Theorem 1. Why?)

Examples.
(a) Let
(@) = é and F(z) = In ||, with F(0) = £(0) = 0.

Then F/ = f and F = [ f on (—o0, 0) and on (0, +00) but not on E*,
since F' is discontinuous at 0, contrary to Definition 1. We compute

2
=In2—-Inl=1In2.
f
1
(b) On E*, let
|z

flz) = ~ and F(z) = |z|, with f(0) = 1.

Here F is continuous and F’ = f on E' — {0}. Thus F = [ f on E',
exact on E! — {0}. Here I = E', Q = {0}.

2 The numbers a and b are called the bounds of the integral.
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We compute

2
/ f=F@2) - F(-2)=2-2=0
-2
(even though f never vanishes on E*).

Basic properties of integrals follow from those of derivatives. Thus we have
the following.

Corollary 1 (linearity). If [ f and [ g exist on I, so does [(pf +qg) for any
scalars p, q (in the scalar field of E).3 Moreover, for any a, b € I, we obtain

(i) /bpf+qg /f+q/ g;
()/fig /fi/g,cmd
(iii)/apfzp/a ;.

Proof. By assumption, there are F' and G such that
F'=fonl—Qand G'=gonI—P.
Thus, setting S = PUQ and H = pF + qG, we have
H' =pF' +qG =pf+qgonl-S8,

with P, @), and S countable. Also, H = pF + qG is relatively continuous and
finite on I, as are f and g.

Thus by definition, H = [(pf + qg) exists on I, and by (1),

/ (vf +49) = H(b)—H(a) = pF(b) +qG(b)—pF(a)—qCla) = p / f+a / "

proving (i*).
With p =1 and ¢ = £1, we obtain (ii*).
Taking ¢ = 0, we get (iii*). O

Corollary 2. If both [ f and [ |f| exist on I = [a, b], then

abf) s/ab|f|-

31In the case f, g: B! — E* (C), we assume p, ¢ € E' (C). If f and g are scalar valued,
we also allow p and ¢q to be vectors in F.
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Proof. As before, let
F'=fand G'=|f|on I—S (S=QU P, all countable),

where F' and G are relatively continuous and finite on I and G = [|f]| is real.
Also, |F'| = |f| = G" on I — S. Thus by Theorem 1 of §4,

FO) - F@)] < 60) - 6la) = [ 17l O

Corollary 3. If [ f exists on I = [a, b], ezact on I — Q, then

b
f‘ < M(b—a)

for some real
M < sup [f(t)].
tel—Q

This is simply Corollary 1 of §4, when applied to a primitive, F = [ f.
Corollary 4. If F= [fonI and f =g onI—Q, then F is also a primitive

of g, and
b b
/f:/g fora, bel.

(Thus we may arbitrarily redefine f on a countable Q.)

Proof. Let F' = fonI—P. Then F' = gon I —(PUQ). The rest is clear. [

Corollary 5 (integration by parts). Let f and g be real or complex (or let
f be scalar valued and g vector valued), both relatively continuous on I and
differentiable on I — Q. Then if [ f'g exists on I, so does [ fg', and we have

b b
/ 1o’ = F(B)g(d) — fla)g(a) - / fg foramyabel. (2

Proof. By assumption, fg is relatively continuous and finite on I, and

(f9)' =fg' +flgonl-Q.
Thus, setting H = fg, we have H = [(fg’ + f’g) on I. Hence by Corollary 1,
if [ f'g exists on I, so does [((fg'+ f'g) — f'g9) = [ fg', and

/ fd + / flg= / (fg' + I'g) = H(b) — H(a) = F(b)g(b) — F(a)g(a).
Thus (2) follows. O

The proof of the next three corollaries is left to the reader.
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Corollary 6 (additivity of the integral). If [ f ezists on I then, fora, b, c € I,
we have

() /abf=/:f+/cbf;

(ii) /af =0; and

i) [1=- s

Corollary 7 (componentwise integration). A function f: E* — E™ (C™)
is integrable on I iff all its components (f1, fa, ..., fn) are, and then (by
Theorem 5 in §1)

Hence if f is complex,
b b b
/ f:/ fre—i_i'/ fim

(see Chapter 4, §3, Note 5).
Examples.
(c) Define f: E* — E3 by
f(z) = (a-cosz, a-sinz, 2cx), a,cc E.
Verify that

™

™
/ f(z)de = (a-sinz, —a-cosz, cx?)| = (0, 2a, cn?) = 2aj + en’k.
0

0

(d)/ ei”’"dw:/ (cosz +1i-sinz)dr = (sinz —i-cosz)| = 2i.
0 0 0

Corollary 8. If f =0 on I — Q, then [ f exists on I, and

[ 1= [ =0 praver

Theorem 2 (change of variables). Suppose g: E1 — E! (real) is differentiable
on I, while f: E' — E has a primitive on g[I],* exact on g[I — Q].

4 Note that g[I] is an interval, for g has the Darboux property (Chapter 4, §9, Note 1).
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Then
[#e@)d@ s Ge, [(7o00)

exists on I, and for any a, b € I, we have
b q
| #6@)g @ o= [ 1) dy, wherep = g(a) and g =g0). ()
a p

Thus, using classical notation, we may substitute y = g(z), provided that we
also substitute dy = ¢'(x) dz and change the bounds of integrals (3). Here we
treat the expressions dy and ¢'(z) dx purely formally, without assigning them
any separate meaning outside the context of the integrals.

Proof. Let F = [ f on g[I], and F’' = f on g[I — Q]. Then the composite
function H = F o g is relatively continuous and finite on I. (Why?) By
Theorem 3 of §1,

H'(z)=F (g(m))g'(az) forzel—Q;

ie.,

H =(F'og)gd on I —Q.
Thus H = [(f o g)g’ exists on I, and

b q
/(fog)g’=H(b)—H(a)=F(9(b))—F(g(a))=F(q)—F(p)=/ f O

Note 3. The theorem does not require that g be one to one on I, but if
it is, then one can drop the assumption that [ f is ezact on g[I — Q]. (See
Problem 4.)

Example.
/2
(e) Find / sin z - cos z du.
0

— 42,y = g(z) = sinz, dy = coswdz, F(y) = y3/3, a = 0,
b=m/2, p=sin0=0, and ¢ = sin(7/2) = 1, so (3) yields

/2 1 31 1 1
/ sin2x-cosxdm:/ dey:y— =-—-0=—.
0 0 3 1o 3

For real functions, we obtain some inferences dealing with inequalities.

Theorem 3. If f, g: E' — E' are integrable on I = [a, b], then we have the
following:

(i) fZOonI—Qimplz‘esfffZO.
(i) ngOnI—Qimpliesfffgo.
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(ii) f>g onI—Q implies

b b
/ f 2/ g (dominance law).

(i) If f>00onI—Q anda <c<d<b, then
b d
/ f 2/ f (monotonicity law).

(iv) Iff:f =0,and f >0 o0onI—Q, then f =0 on some I — P, P countable.

Proof. By Corollary 4, we may redefine f on () so that our assumptions in
(i)—(iv) hold on all of I. Thus we write “I” for “I — Q.”

By assumption, ' = [ f and G = [ g exist on I. Here F and G are relatively
continuous and finite on I = [a, b], with F/ = f and G’ = g on I —P, for another
countable set P (this P cannot be omitted). Now consider the cases (i)—(iv).
(P is fixed henceforth.)

(i) Let f > 0on I;ie., F'=f >0onI— P. Then by Theorem 2 in §4, F't
on I = [a, b]. Hence F'(a) < F(b), and so

/bf:F(b)—F(a)ZO.

One proves (i) similarly.
(ii) If f — g > 0, then by (i),

/ab<f—g>=/abf—/abgzo,

SO f;f > f(f g, as claimed.
(iii) Let f > 0on I and a < ¢ < d < b. Then by (i),

c b
/ fz()and/ f>0.
a d
Thus by Corollary 6,

[r=[os [ [r=]
as asserted.

(iv) Seeking a contradiction, suppose fab f=0,f>0onI,yet f(p) >0 for
some p € I — P (P as above), so F'(p) = f(p) > 0.
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Now if a < p < b, Lemma 1 of §2 yields F'(¢) > F(p) for some ¢ € (p, b].
Then by (iii),

/abfzfpcsz(C)—F(pbO,

contrary to f: f = 0; similarly in case a < p < b. O

Note 4. Hence
b
/ |f| = 0 implies f =0 on [a,b] — P

(P countable), even for vector-valued functions (for |f| is always real, and so
Theorem 3 applies).

However, f; f =0 does not suffice, even for real functions (unless f is sign-
constant). For example,

27
/ sinxdx =0, yet sinx Z 0 on any [ — P.
0

See also Example (b).

Corollary 9 (first law of the mean). If f is real and [ f exzists on [a, b], ezact
on (a, b), then

/ f=f(q)(b—a) for some q € (a, b).

Proof. Apply Corollary 3 in §2 to the function F' = [ f. O

Caution: Corollary 9 may fail if [ f is inexact at some p € (a, b). (Exactness
on [a,b] — @ does not suffice, as it does not in Corollary 3 of §2, used here.)

Thus in Example (b) above, f_22 f =0. Yet for no ¢ is f(q)(2 +2) = 0, since

f(q¢) = £1. The reason is that [ f is inexact just at 0, an interior point of
2, 2.

Problems on Antiderivatives

1. Prove in detail Corollaries 3, 4, 6, 7, 8, and 9 and Theorem 3(i’) and
(iv).
2. In Examples (a) and (b) discuss continuity and differentiability of f and

F at 0. In (a) show that [ f does not exist on any interval (—a, a).
[Hint: Use Theorem 1.]

3. Show that Theorem 2 holds also if g is relatively continuous on I and
differentiable on I — Q.
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. Under the assumptions of Theorem 2, show that if g is one to one on I,

then automatically [ f is exact on g[I — Q] (Q countable).
[Hint: If F = [ f on g[I], then

F’ = f on g[I] — P, P countable.

Let Q = g~ ![P]. Use Problem 6 of Chapter 1, §§4-7 and Problem 2 of Chapter 1,
§9 to show that @ is countable and g[I] — P = g[I — Q].]

. Prove Corollary 5 for dot products f - g of vector-valued functions.

. Prove that if [ f exists on [a, p|] and [p, ], then it exists on [a, b]. By

induction, extend this to unions of n adjacent intervals.

[Hint: Choose F = [ f on [a,p] and G = [ f on [p, b] such that F(p) = G(p).
(Why do such F, G exist?) Then construct a primitive H = [ f that is relatively
continuous on all of [a, b].]

. Prove the weighted law of the mean: If g is real and nonnegative on

I = [a, b], and if [g and [gf exist on I for some f: E' — E, then

there is a finite ¢ € F with
b b
/ gf =c / g
a a

(The value c is called a g-weighted mean of f.)

[Hint: If [*g >0, put
b b
c=/ gf// g

If f: g = 0, use Theorem 3(i) and (iv) to show that also f: gf =0, so any c will do.]

. In Problem 7, prove that if, in addition, f ¢s real and has the Darboux

property on I, then ¢ = f(q) for some q € I (the second law of the
mean).

[Hint: Choose c as in Problem 7. If f;’g > 0, put
m = inf f[I] and M = sup f[I], in E*,

som < f < M on I. Deduce that

b b b
m/gé/ngM/g,
a a a
whence m < ¢ < M.

If m < c< M, then f(z) < ¢ < f(y) for some z, y € I (why?), so the Darboux
property applies.

If c =m, then g- (f —c¢) > 0 and Theorem 3(iv) yields gf = gcon I — P. (Why?)
Deduce that f(q) = cif g(¢) # 0 and ¢ € I — P. (Why does such a ¢ exist?)

What if ¢ = M?7]

. Taking g(z) = 1 in Problem 8, obtain a new version of Corollary 9.

State it precisely!
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=-10. Prove that if F = [ f on I = (a, b) and f is right (left) continuous and
finite at p € I, then

f(p) = F.(p) (vespectively, F’ (p)).

Deduce that if f is continuous and finite on I, all its primitives on I
are exact on I.
[Hint: Fix € > 0. If f is right continuous at p, there is ¢ € I (¢ > p), with

/(@) = f(p)| <& for z € [p, ¢).

Fix such an z. Let

G(t) = F(t) —tf(p), teE.

Deduce that G'(t) = f(t) — f(p) for t € I — Q.
By Corollary 1 of §4,

|G(z) — G(p)| = |F(z) — F(p) — (z — p)f(p)| < M(z — p),
with M <e. (Why?) Hence

AF

E_f(p) < e for z € [p, ¢),

and so

AF
lim —— = hy?);
S f(p) (why?)

similarly for a left-continuous f.]
11. State and solve Problem 10 for the case I = [a, b].
12. (i) Prove that if f is constant (f = ¢ # £o00) on I — (), then

b
/ f=(0—-a) fora,bel.

(ii) Hence prove that if f = ¢, # +o00 on
I = [ag, ak1+1), a=ap<a; <---<a,=0>o,

then [ f exists on [a, b, and

b n—1
/ F=> (ars1 — a)ex.
a k=0

Show that this is true also if f = ¢ # +00 on I — Q.
[Hint: Use Problem 6.]

13. Prove that if [ f exists on each I,, = [an, b,], where

an+1§an§bn§bn+1, n:1,2,...,
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then [ f exists on
I= U [ana bn];
n=1

itself an interval with endpoints a = inf a,, and b = supb,,, a, b € E*.
[Hint: Fix some ¢ € I. Define

t
Hn(t):/ fonl,, n=1,2,....
Cc

Prove that
(Vvn<m) H, = Hp on I (since {In}1).

Thus Hy,(t) is the same for all n such that ¢t € I, so we may simply write H for
H, on I = ;2 In. Show that H = [ f on all of I; verify that I is, indeed, an
interval.]

14. Continuing Problem 13, prove that [ f exists on an interval I iff it exists
on each closed subinterval [a, b] C I.

[Hint: Show that each I is the union of an ezpanding sequence I, = [an, by]. For
example, if I = (a, b), a, b € E', put

1 1
an =a+ — and b, =b— — for large n (how large?),
n n

and show that
I= U[an, bn] over such n.]

n

§6. Differentials. Taylor’s Theorem and Taylor’s Series

Recall (Theorem 2 of §1) that a function f is differentiable at p iff
Af = f(p)Ax + §(x)Aw,

with lim,_,, 6(x) = d(p) = 0. It is customary to write df for f'(p)Az and
o(Ax) for §(x)Ax;! df is called the differential of f (at p and z). Thus

Af =df + o(Azx);

i.e., df approximates Af to within o(Ax).
More generally, given any function f: E' — E and p,xz € E', we define

af =d" f(p, x):f(")(p)(m—p)", n=20,1,2,..., (1)

L This is the so-called “little 0” notation. Given g: E! — E', we write o(g(z)) for any
expression of the form §(z)g(z), with §(z) — 0. In our case, g(z) = Az.
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where f(™ is the nth derived function (Definition 2 in §1); d"f is called the
nth differential, or differential of order n, of f (at p and z). In particular,
d'f = f'(p)Az = df .2 By our conventions, d"f is always defined, as is f(").

As we shall see, good approximations of Af (suggested by Taylor) can often
be obtained by using higher differentials (1), as follows:

d2f df darf
where
R, =A 4 he mder term”
n = f_kZ:F (the “remainder term”)
=1

is the error of the approximation. Substituting the values of Af and d* f and
transposing f(p), we have

f'(p)
1!

™ (p)

n!

f// (p)

5 (@ =P+t

f(z) = f(p)+ (x—p)" + Rp. (3)

(z—p)+

Formula (3) is known as the nth Taylor expansion of f about p (with remain-
der term R, to be estimated). Usually we treat p as fixed and z as variable.
Writing R, (x) for R,, and setting

" (k)
P =3 Py,

we have
f(x) = P,(z) + Ryp(x).

The function P,: E' — E so defined is called the nth Taylor polynomial for
f about p. Thus (3) yields approzimations of f by polynomials P,, n =
1,2,3,.... This is one way of interpreting it. The other (easy to remem-
ber) one is (2), which gives approzimations of Af by the d*f. It remains,
however, to find a good estimate for R,,. We do it next.

Theorem 1 (Taylor). Let the function f: E' — E and its first n derived
functions be relatively continuous and finite on an interval I and differentiable
on I —Q (Q countable). Let p, v € I. Then formulas (2) and (3) hold, with

1 xT
R, = ﬁ/ fOFD@) - (z— ) dt  (“integral form of R,”) (3
“Jp
and

|aj _p|n+1 (n+1) "
————— for some real M,, < sup |f (t)]. (3")

R,| <M,
Bl (n+1)! tel—Q

2 Footnote 2 of §1 applies to d™ f, as it does to Af (and to R,, defined below).
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Proof. By definition, R,, = f — P, or
Ro = £@)— f0) - 3 19 S
n p p k,'! °
k=1
We use the right side as a “pattern” to define a function h: E* — E. This

time, we keep z fixed (say, x = a € I) and replace p by a variable ¢. Thus we
set

(@)

p (a—t)" forall t € E'. (4)

Then h(p) = R,, and h(a) = 0. Our assumptions imply that h is relatively
continuous and finite on I, and differentiable on I — Q. Differentiating (4), we
see that all cancels out except for one term

W (t) = —f<"+1>(t)(“;7f)n, tel—Q. (Verify!) (5)
Hence by Definitions 1 and 2 of §5,
—h(t) = %/ta oY@ (@ —t)"dt on I
and
1

ol / FOY @) (a— )" dt = —h(a) + h(p) =0+ R, = R,, (for h(p) = R,,).
n! J,
As x = a, (3’) is proved.
Next, let
M= sup |fO ().
telI—Q
If M < 400, define

(t— o) Sy
DT Prtzaandglt) =M oy

o t)n+1
gty =M for t < a.

In both cases,

g'(t) = al ;!ﬂn > |B'(t)] on I — @ by (5).

Hence, applying Theorem 1 in §4 to the functions h and g on the interval [a, p]
(or [p, a]), we get
|h(p) — h(a)| < |g(p) — g(a)l,
or
ja —p|"*!

— < .
[Bn = 0] < M (n+1)!
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Thus (3") follows, with M,, = M.
Finally, if M = 400, we put

|
Mn:|Rn]|(n+1)' <M. O

a —p["+?
For real functions, we obtain some additional estimates of R,,.

Theorem 1'. If f is real and n + 1 times differentiable on I, then for p # x
(p, © € I), there are qn, q,, in the interval (p, x) (respectively, (x, p)) such that

(n+1)
n = f(?gqf) T — p)nﬂ (5")

and (1)
Ro= T8 e ")

(Formulas (5") and (5"”) are known as the Lagrange and Cauchy forms of
R,,, respectively.)

Proof. Exactly as in the proof of Theorem 1, we obtain the function h and
formula (5). By our present assumptions, h is differentiable (hence continuous)
on I, so we may apply to it Cauchy’s law of the mean (Theorem 3 of §2) on
the interval [a, p| (or [p, a] if p < a), where a =z € I.

For this purpose, we shall associate h with another suitable function g (to
be specified later). Then by Theorem 3 of §2, there is a real ¢ € (a, p) (respec-
tively, ¢ € (p, a)) such that

g (@)[h(a) — h(p)] = W (q)[g(a) — g(p)]-
Here by the previous proof, h(a) = 0, h(p) = R,,, and

(n+1)
W) =~ ——(a—q"
Thus (4 1)
0@ B =T D 0 gg(a) — ()] (©

Now define g by
gt) =a—t, teE.
Then
g(a) = g(p) = —(a —p) and ¢'(q) = -1,
so (6) yields (5”) (with ¢/, = ¢ and a = x).
Similarly, setting g(t) = (a — t)"!, we obtain (5'). (Verify!) Thus all is
proved. [J
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Note 1. In (5') and (5”), the numbers ¢, and ¢], depend on n and are
different in general (g, # q,), for they depend on the choice of the function g.
Since they are between p and z, they may be written as

qn =P+ 0p(x —p) and ¢, =p+ 6,,(z — p),

where 0 < 6,, <1 and 0 < 0/, < 1. (Explain!)

Note 2. For any function f: E' — E, the Taylor polynomials P, are partial
sums of a power series, called the Taylor series for f (about p). We say that f
admits such a series on a set B iff the series converges to f on B; i.e.,

> f(n)
f(:c):nli_{lgoPn(a:):ZfT'(p)(ac—p)”#j:oo for z € B. (7)
n=1 '

This is clearly the case iff

lim R,(z) = lim [f(x) — P,(z)] =0 for z € B;

n— oo n— oo

briefly, R,, — 0. Thus
f admits a Taylor series (about p) iff R, — 0.

Caution: The convergence of the series alone (be it pointwise or uniform)
does not suffice. Sometimes the series converges to a sum other than f(z); then
(7) fails. Thus all depends on the necessary and sufficient condition: R,, — 0.

Before giving examples, we introduce a convenient notation.
Definition 1.

We say that f is of class CD", or continuously differentiable n times, on a
set B iff f is n times differentiable on B, and f(™ is relatively continuous
on B. Notation: f € CD" (on B).

If this holds for each n € N, we say that f is infinitely differentiable
on B and write f € CD* (on B).

The notation f € CD® means that f is finite and relatively continuous
(all on B).

Examples.
(a) Let
f(z) =€® on E*.
Then
(¥n) f(x) =,

so f € CD*® on E'. At p =0, f(")(p) = 1, so we obtain by Theorem 1’
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(using (5) and Note 1)

2 "

ex:1_|_£+m_+...+_+ € ,
12 n! " (n+1)!

O0,x

0<86, <Ll (8)

Thus on an interval [—a, al,

T x? "

e‘”%1+ﬁ+§+---+m
to within an error R,, with

a™tt

(n+ 1)V

which tends to 0 as n — +o00. For a =1 = x, we get

O0< R, <e®

1 1 1
e=14+—4+—+---+—+ R, withO0< R, <
1 2! n!

. 9
(n+1)! )
Taking n = 10, we have
e~ 2.7182818|011463845 . ..

with a nonnegative error of no more than

% = 0.00000006809869 ... . ;

all digits are correct before the vertical bar.
(b) Let
F(z) = e /%" with £(0) = 0.

As lim, ¢ f(z) = 0 = f(0), f is continuous at 0.> We now show that
f € CD* on E!.

For x # 0, this is clear; moreover, induction yields
f(n) (I) _ 671/$2w73n5’n($),

where S, is a polynomial in x of degree 2(n — 1) (this is all we need know
about S,). A repeated application of L’Hoépital’s rule then shows that

im £ () =
}Jgr%)f (x) = 0 for each n.

To find f/(0), we have to use the definition of a derivative:

£(0) — 1 T@ = O

x—0 x—0 ’

3 At other points, f is continuous by the continuity of exponentials.
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or by L’Hopital’s rule,

f(0) = lim

z—0 1

Using induction again, we get
Ff™0)=0, n=1,2,....

Thus, indeed, f has finite derivatives of all orders at each z € E*, includ-
ing z =0, so f € CD* on E!, as claimed.

Nevertheless, any attempt to use formula (3) at p = 0 yields nothing.
As all £ vanish at 0, so do all terms except R,,. Thus no approximation
by polynomials results—we only get P, = 0 on E' and R, (z) = e~/ 2®
R,, does not tend to 0 except at x = 0, so f admits no Taylor series about
0 (except on E = {0}).4

Taylor’s theorem also yields sufficient conditions for maxima and minima,
as we see in the following theorem.

Theorem 2. Let f: E* — E* be of class CD" on G,(8) for an even number
n > 2, and let
fE®P)y=0fork=1,2,...,n—1,

while
F™(p) < 0 (respectively, £ (p) > 0).
Then f(p) is the maximum (respectively, minimum) value of f on some Gp(¢),
e < 4.
If, however, these conditions hold for some odd n > 1 (i.e., the first non-

vanishing derivative at p is of odd order), f has no mazimum or minimum
at p.

Proof. As
fPpy=0, k=1,2,...,n—1,

Theorem 1’ (with n replaced by n — 1) yields
n r—p "
£a) = 1)+ 1 (a) TP for a2 € Gy (0),

with ¢,, between x and p.
Also, as f € CD", (™ is continuous at p. Thus if f(™)(p) < 0, then f(®) <0
on some Gp(e), 0 < e <J. However, z € G(e) implies ¢, € Gp(¢), so

£ (g,) <0,

4 Taylor’s series with p = 0 is often called the Maclaurin series (though without proper
justification). As we see, it may fail even if f € CD® near 0.
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while
(x —p)" > 0if n is even.

It follows that
(x—p)"
n!

£ (gn) <0,

and so
n

1) = 1)+ 100 TP < p) for 2 € Gy,

i.e., f(p) is the mazimum value of f on G (), as claimed.

Similarly, in the case f(") (p) > 0, a minimum would result.

If, however, n is odd, then (z — p)" is negative for z < p but positive for
x > p. The same argument then shows that f(x) < f(p) on one side of p and
f(z) > f(p) on the other side; thus no local maximum or minimum can exist
at p. This completes the proof. [J

Examples.
(a') Let
f(z) =2* on E' and p = 0.
Then
f(x) =2z and f"(z) =2 >0,
so

f/(0)=0and f"(0) =2 > 0.

By Theorem 2, f(p) = 02 = 0 is a minimum value.

It turns out to be a minimum on all of E. Indeed, f'(x) > 0 for z > 0,
and f’ < 0 for z < 0, so f strictly decreases on (—oo, 0) and increases on

(0, +00).
Actually, even without using Theorem 2, the last argument yields the
answer.
(b") Let
f(z) =Inz on (0, +00).
Then

1
f(x) = - > 0 on all of (0, +00).

This shows that f strictly increases everywhere and hence can have no
maximum or minimum anywhere. The same follows by the second part
of Theorem 2, with n = 1.

(b”) In Example (b’), consider also

1

f”(.ﬁl)) = —E < 0.
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In this case, f” has no bearing on the existence of a maximum or minimum
because f’ # 0. Still, the formula f”/ < 0 does have a certain meaning. In
fact, if f""(p) < 0 and f € CD? on Gp(4), then (using the same argument
as in Theorem 2) the reader will easily find that

f(x) < f(p)+ f'(p)(x —p) for z in some G,(g), 0 <e < 4. (10)

Since y = f(p)+ f'(p)(z —p) is the equation of the tangent at p, it follows
that f(z) < y; i.e., near p the curve lies below the tangent at p.

Similarly, f”(p) > 0 and f € CD? on G,(§) implies that the curve near
p lies above the tangent.

Problems on Taylor’s Theorem
1. Complete the proofs of Theorems 1, 1’, and 2.
2. Verify Note 1 and Examples (b) and (b”).
3. Taking g(t) = (e —t)®, s > 0, in (6), find

1"
" nls

Obtain (5') and (5”) from it.
4. Prove that P, (as defined) is the only polynomial of degree n such that

n+l—s

(x —p)°(z—q) (Schloemilch—Roche remainder).

f®p)=PP(p), kE=0,1,...,n

[Hint: Differentiate P, n times to verify that it satisfies this property.
For uniqueness, suppose this also holds for

n

P(x) = Z ar(z —p)F.

k—0
Differentiate P n times to show that
P (p) = f®)(p) = axkl,
so P = P,,. (Why?)]
5. With P, as defined, prove that if f is n times differentiable at p, then
f(z) = Po(z) = o((z —p)") as © — p
(Taylor’s theorem with Peano remainder term).
[Hint: Let R(z) = f(z) — Pn(z) and
R(z)
(z—p)"

Using the “simplified” L’Hopital rule (Problem 3 in §3) repeatedly n times, prove
that limg_,p 6(2) = 0.]

d(x) =

with §(p) = 0.
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6. Use Theorem 1’ with p = 0 to verify the following expansions, and prove
that lim,,_, ., R, = 0.

) 2173 2135 (_1)mx2m71 (_1)mx2m+1
(a) smx:m—a-l-a—---— @m—1)! @m 1) cos 0.,z
for all x € E';
$2 ZE4 (_1)mm2m (_1)mw2m+2 )
(b) COSJJ:l—E-i-Z—“'-l- el @m1o) sin 0, x for

all z € EL.

[Hints: Let f(z) =sinz and g(z) = cosz. Induction shows that
£ () = sin(m + n2—7T> and ¢(™ (z) = cos(a: + %)
Using formula (5'), prove that
xn-i—l
[Ra(@)| < | | —o0.
(n+1)!

Indeed, ™ /n! is the general term of a convergent series

wn

Z — (see Chapter 4, §13, Example (d)).
n!

Thus ™ /n! — 0 by Theorem 4 of the same section.]

7. For any s € E' and n € N, define

<Z) (s - 1)--7-153—71—1—1) i (3) .

Then prove the following.

(i) MHnC>:OﬁS>O
n

n— oo

(ii) mlc):mu>—1
n

n— oo

(iii) For any fixed s € E! and z € (-1, 1),

lim (S>nm” =0;
n—oo \ 1

lim (8>x" =0.
n—roo n

[Hints: (i) Let ay, = ‘n(s) ‘ Verify that
n

hence

S S S
an = |s 1——H1——‘~--‘1— ‘
" ||’ 1 2

n—1
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If s >0, {an}]) for n > s+ 1, so we may put L = lima, = limag, > 0. (Explain!)
Prove that

ag s M _1
—n<’1——‘ —e 2° asn — oo,
an 2n
so for large n,
a2n _1 . _1
— < e 2°+4¢; e, a2n < (e72° +¢€)an.
Qn

With ¢ fixed, let n — oo to get L < (e_%s +&)L. Then with e — 0, obtain Le3® <L.
As e3° > 1 (for s > 0), this implies L = 0, as claimed.
(ii) For s > —1, s+ 1 > 0, so by (i),

S+1) —0; ie., (s+ 1)( ) — 0. (Why?)

(n+1)(n+1 :L

(iii) Use the ratio test to show that the series Z (S)nxn converges when |z| < 1.
Then apply Theorem 4 of Chapter 4, §13.] "

. Continuing Problems 6 and 7, prove that

(1+2)° = Zn: (Z)wk + Ry(z),

k=0

where R, (z) — 0 if either || < 1,or z =1 and s > —1, or x = —1 and
s> 0.
[Hints: (a) If 0 < a <1, use (5’) for

Rn_1(z) = (S>x"(1 +0,3)5 ", 0< 0, < 1. (Verify!)
n
Deduce that |Rp—1(z)| < ‘( ):cn‘ — 0. Use Problem 7(iii) if |z| < 1 or Problem 7(ii)

S
ifx=1. n

(b) If =1 < x <0, write (5”) as

s 1—6, \n-1
Ryp_1(z) = (n) nz™ (14 6/, z)s (I—FTnx) . (Check!)
n

As —1 < z <0, the last fraction is < 1. (Why?) Also,
146,z P <1lifs>1,and < (1+2)°* Lifs<1.

Thus, with z fixed, these expressions are bounded, while (3) nz"™ — 0 by Problem 7(i)
or (iii). Deduce that R,,—1 — 0, hence R, — 0.] n

. Prove that

n

In(l+a) = Y (1) + Ry (a),
k=1

where lim,, ,oo Rp(z) =01if -1 <z < 1.
[Hints: If 0 < z < 1, use formula (5).
If —1 <z <0, use formula (6) with g(¢) = In(1 + ¢) to obtain

Ry (z) =

In(l14+=x)/,1-—6, n
(_;;n (1+9nx'x) :
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Proceed as in Problem 8.]

10. Prove that if f: E? — E* is of class CD! on [a, b] and if —co < f” < 0
on (a, b), then for each z¢ € (a, b),

O T (4, — a) + fa:

i.e., the curve y = f(x) lies above the secant through (a, f(a)) and

(b, £(b))-

[Hint: Use formulas (3) and (5') with p = @ and n = 2, noting that f’ decreases on
(a, b) (why?), whence

f(zo) >

————— = f"(a0) > f'(a)

f(®) — f(a)
b—a
for some qo € (a, b). (Explain!)]
11. Prove that if a, b, r, and s are positive reals and r + s = 1, then
a"b® < ra-+ sbh.

(This inequality is important for the theory of so-called LP-spaces.)
[Hints: If a = b, all is trivial.

Therefore, assume a < b. Then
a=(r+s)a<ra+sb<bd.

Use Problem 10 with o = ra + sb € (a, b) and
1
f(z) =lnz, f'(z) = =) < 0.

Verify that
o —a=xz0— (r+s)a=s(b—a)

and
r-lna=(1-3s)lna;

hence deduce that
r-lna+s-Inb—Ina=s(lnb—1na) = s(f(b) — f(a))-
After substitutions, obtain

f(zo) =1In(ra+ sb) >r-lna+ s-Inb=1n(a"b%).]
12. Use Taylor’s theorem (Theorem 1’) to prove the following inequalities:
(a) \3/1+a:<1+§ifx>—1,x7é0.
1
(b) cosx >1— 5372 it z #0.

()

< arctanz < z if z > 0.

x
14 22

1
(d) x>sinx>x—6x3ifx>0.
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7. The Total Variation (Length) of a Function f: E! — E
8 g

The question that we shall consider now is how to define reasonably (and
precisely) the notion of the length of a curve (Chapter 4, §10) described by a
function f: E' — E over an interval I = [a, b], i.e., f[I].
We proceed as follows (see Figure 24).!
Subdivide [a, b] by a finite set of
points P = {tg, t1, ..., t;}, with

a=tg<t1 <.---<t,, =b;
R (%

P is called a partition of [a, b]. Let

QZ:f(tz)a i:1727"'7m7

and, fori =1, 2, ..., m,
Aif =a¢ — g a3 = f(ts)
= f(t:) = fti-1). % = f(to)

We also define

S(f, P) = 10f1 = lai — qi-al-
=1 =1

FIGURE 24

Geometrically, |A; f| = |gi —qi—1] is the length of the line segment L[g;—1, ¢;]
in E, and S(f, P) is the sum of such lengths, i.e., the length of the polygon

m
W= U L{gi-1, il
i=1
inscribed into f[I]; we denote it by
W = S(f, P).
Now suppose we add a new partition point ¢, with
ti1 < c<t.
Then we obtain a new partition
Pc:{to, ceey ti—la C, ti, ceey tm},

called a refinement of P, and a new inscribed polygon W, in which L{g; 1, ¢;] is
replaced by two segments, L[g;_1, q] and L|q, ¢;], where ¢ = f(c); see Figure 24.
Accordingly, the term |A; f| = |¢; — ¢;—1| in S(f, P) is replaced by

\¢i —q|l + 19— qi—1] > |¢ — qi| (triangle law).

I Note that this method works even if f is discontinuous.
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It follows that
S(f, P) < S(f, P.); Le., (W < (W,

Hence we obtain the following result.

Corollary 1. The sum S(f, P) = {W cannot decrease when P is refined.

Thus when new partition points are added, S(f, P) grows in general; i.e.,
it approaches some supremum value (finite or not). Roughly speaking, the
inscribed polygon W gets “closer” to the curve. It is natural to define the
desired length of the curve to be the lub of all lengths ¢W, i.e., of all sums
S(f, P) resulting from the various partitions P. This supremum is also called
the total variation of f over [a, b], denoted Vi|a, b].2

Definition 1.
Given any function f: E! — E, and I = [a, b] C E!, we set

Vil = Vila, b = sup S(f, P —supZ|f ftis)| > 0in E*, (1)

where the supremum is over all partitions P = {to, ..., t;,} of I. We call
V¢[I] the total variation, or length, of f on I. Briefly, we denote it by V5.

Note 1. If f is continuous on [a, b], the image set A = f[I] is an arc
(Chapter 4, §10). It is customary to call V[I] the length of that arc, denoted
¢y A or briefly /A. Note, however, that there may well be another function
g, continuous on an interval J, such that g[J] = A but V;[I] # V,[J], and
so £y A # L,A. Thus it is safer to say “the length of A as described by f on
I1.” Only for simple arcs (where f is one to one), is “/A” unambiguous. (See
Problems 6-8.)

In the propositions below, f is an arbitrary function, f: E' — E.
Theorem 1 (additivity of V¢). Ifa < c <b, then
Vila, b] = Vila, c] + Ve, b];
e., the length of the whole equals the sum of the lengths of the parts.
Proof. Take any partition P = {to, ..., t,,} of [a, b]. If ¢ ¢ P, refine P to
P.={to, ..., tiy ¢, tiy ...y tin}

Then by Corollary 1, S(f, P) < S(f, P.).
Now P, splits into partitions of |a, ¢|] and [c, b], namely,

= {t(), ceey iz, C} and P’ = {C, [Z tm},

2 We also call it the length of f over [a, b]. Observe that, for real f: E' — E', this is not
the length of the graph in the usual sense (which is a curve in E?). See the end of §8.
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so that
S(f, P")+S(f, P") = S(f, Pe). (Verify!)

Hence (as Vy is the lub of the corresponding sums),
Vila, &+ Vile, d) > S(f. P.) = S(f, P).
As P is an arbitrary partition of [a, b], we also have
Vila, c] + Vile, b] > sup S(f, P) = V¢|a, b].
Thus it remains to show that, conversely,
Vila, b] > V¢la, ] + Ve, b].

The latter is trivial if Vy[a, b] = +o00. Thus assume V¢[a, b] = K < +00. Let
P’ and P” be any partitions of [a, ¢| and [c, b], respectively. Then P* = P'UP"”
is a partition of [a, ], and

S(f, P'Y+ S(f, P")=S(f, P*) < V{[a, b] = K,

whence

S(f, P') < K — 5(f, P").

Keeping P” fixed and varying P’, we see that K — S(f, P”) is an upper bound
of all S(f, P') over [a, c|. Hence

Vila, ) < K = S(f, P")

or

S(f, P") < K — V¢la, c].
Similarly, varying P”, we now obtain
Vile, b < K — V¢a, ]

or

Vf[a7 C] + Vf[c7 b] <K= Vf[aa b],
as required. Thus all is proved. [
Corollary 2 (monotonicity of Vy). Ifa <c<d <D, then

Vile, d] < Vila, b].

Proof. By Theorem 1,
Vf[a, b = Vf[a, cl + Vf[c, d| + Vf[d, b > Vf[c, d. O
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Definition 2.

If Vila, b] < +o00, we say that f is of bounded variation on I = [a, b], and
that the set f[I] is rectifiable (by f on I).

Corollary 3. For eacht € |a, b,
|f(t) = f(a)] < V¥[a, B].

Hence if f is of bounded variation on [a, b, it is bounded on |a, b].

Proof. If t € [a, b, let P = {a, t, b}, so
1f(t) = f(@)| < [f(t) = fa)| +[f(b) — f(O)] = S(f, P) < V¥[a, b,

proving our first assertion.> Hence

(Vi ela, b)) |fO<[f() = fla)l +|f(a)] < Vila, 0] +[f(a)l.

This proves the second assertion. [

Note 2. Neither boundedness, nor continuity, nor differentiability of f on
la, b] implies V¢[a, b] < 400, but boundedness of f’ does. (See Problems 1 and
3.)

Corollary 4. A function f is finite and constant on [a, b] iff V[a, b] = 0.
The proof is left to the reader. (Use Corollary 3 and the definitions.)

Theorem 2. Let f, g, h be real or complex (or let f and g be vector valued
and h scalar valued). Then on any interval I = [a, b], we have

@) Vis <Vp
(i) Visg < Vy+Vy; and
(ili) Vihg < sVy+1rVy, with r = sup,c; |f(t)] and s = sup,c; |h(t)].
Hence if f, g, and h are of bounded variation on I, so are f£g, hf, and |f|.
Proof. We first prove (iii).
Take any partition P = {tg, ..., t;,} of I. Then
|Aihf = |h(t:) f(t:) — h(ti—1) f(ti-1)]
< [h(t:) f(ti) — h(tim1) f(E)] + [R(Eim1) f(t:) — h(t:) f(t:)]
= |f ()| Ash| + [A(ti-1)|[ A f]
< r|A;h| + s|A; f|.
Adding these inequalities, we obtain

S(hf, P) <r-S(h, P)+s-S(f, P) <rVj+sV;.

3 By our conventions, it also follows that | f(a)| is a finite constant, and so is V¢[a, b]+|f(a)|
if V¢la, b] < +oo.
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As this holds for all sums S(hf, P), it holds for their supremum, so
Vhf = SupS(hf, P) <rV,+ SVf,

as claimed.
Similarly, (i) follows from

“f(ti)| - |f(ti—1)|’ < f(ts) — f(tio)l-
The analogous proof of (ii) is left to the reader.

Finally, (i)-(iii) imply that Vy, Vyi,, and Vj,; are finite if Vi, V,, and V}
are. This proves our last assertion. [

Note 3. Also f/h is of bounded variation on I if f and h are, provided h
s bounded away from 0 on I; i.e.,

(3e>0) |h|>econl.

(See Problem 5.)
Special theorems apply in case the range space E is E! or E™ (*or C™).

Theorem 3.

(i) A real function f is of bounded variation on I = [a, b] iff f = g — h for
some nondecreasing real functions g and h on I.

(i1) If f is real and monotone on I, it is of bounded variation there.

Proof. We prove (ii) first.
Let ffon I. If P ={to, ..., t;mn}, then

t; > t;—1 implies f(t;) > f(ti—1).
Hence A;f > 0; i.e., |A;f| = A;f. Thus

S(f, Py =D |Auf| =3 Aif = [f(t) = f(ti)]

= f(tw) ~ F(t0) = 1(b) ~ F(a)
for any P. (Verify!) This implies that also
Vil = sup S(f, P) = £(5) — f(a) < +oc.

Thus (ii) is proved.
Now for (i), let f = g — h with g1 and At on I. By (ii), g and h are of
bounded variation on I. Hence so is f = g — h by Theorem 2 (last clause).

Conversely, suppose V¢[I] < 400. Then define
g(x) =V¢la, z],z € I,and h=g— f on I,
so f = g — h, and it only remains to show that g1 and h?.
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To prove it, let a < x <y < b. Then Theorem 1 yields
Vila, y| = Vila, z] = Vy[z, yl;
g —9(@) = Vila. ] = () — f@)] 20 (by Corollary 3).  (2)
Hence g(y) > g(z). Also, as h = g — f, we have
hy) — h(z) = g(y) — f(y) — [9(z) — f(z)]
=9(y) — g9(z) — [f(y) — f(z)]
>0 by (2).

Thus h(y) > h(z). We see that a < z < y < b implies g(z) < g¢(y) and
h(z) < h(y), so hT and g7, indeed. O

Theorem 4.
(i) A function f: E' — E™ (C™) is of bounded variation on I = [a, b] iff all
of its components (f1, fa, ..., fn) are.

(i) If this is the case, then finite limits f(p™) and f(q~) exist for every
p € |a, b) and q € (a, b].

Proof.
(i) Take any partition P = {tg, ..., t;} of I. Then

| fr(ts) — fu(ti-1) <Z!fg — fitim) P = |£(t:) — f(tim);

ie, |Aifel <|Aif],i=1,2,..., m. Thus
(VP) S(fx, P) < S(f, P) <V,
and Vy, <V follows. Thus
Vi < 400 implies Vy, < 400, k=1,2,...,n
The converse follows by Theorem 2 since f = >";_; fx€k. (Explain!)

(ii) For real monotone functions, f(p*) and f(¢~) exist by Theorem 1 of
Chapter 4, §5. This also applies if f is real and of bounded variation, for
by Theorem 3,

f =9 — h with g1 and h1 on I,
and so
fpt)=gp") —h(p") and f(q~) = g(q~) — h(q") exist.
The limits are finite since f is bounded on I by Corollary 3.
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Via components (Theorem 2 of Chapter 4, §3), this also applies to
functions f: B! — E™. (Why?) In particular, (ii) applies to complez
functions (treat C' as E?) (*and so it extends to functions f: B — C™
as well). O

We also have proved the following corollary.

Corollary 5. A complex function f: E* — C is of bounded variation on |[a, b]
iff its real and imaginary parts are. (See Chapter 4, §3, Note 5.)

Problems on Total Variation and Graph Length

1. In the following cases show that Vy[I] = +oo, though f is bounded on
I. (In case (iii), f is continuous, and in case (iv), it is even differentiable

onI.)
) 1 if z € R (rational), and
® For T = [0 @<t s = { o 0= "

(il)) f(z) = sini; f(0)=0;I=]a,bl,a<0<b a<bd.
(i) f(z) =2z - sin%; F0)=0; =10, 1].

1
. 2 .
() fla) = =*sin gz £(0) = 0: 1= 0, 1]
[Hints: (i) For any m there is P, with
|A7;f|:]., i:l,?,...,m,
so S(f, P) =m — +oo.
(iii) Let
py—{o Lt Lt 1 1}.
m m-—1 2

Prove that S(f, Pm) > > jq 1+ — 400.]
2. Let f: E' — E' be monotone on each of the intervals
l[ak—1, ar], k=1,...,n (“piecewise monotone”).
Prove that .
Vilao, an] = Y _|f(ar) — fan-1)|-
k=1

In particular, show that this applies if f(z) = >, ¢;z* (polynomial),
with ¢; € EL.

[Hint: It is known that a polynomial of degree n has at most n real roots. Thus it
is piecewise monotone, for its derivative vanishes at finitely many points (being of
degree n — 1). Use Theorem 1 in §2.]
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=3. Prove that if f is finite and relatively continuous on I = [a, b], with a
bounded derivative, |f'| < M, on I — @ (see §4), then

Vila, b) < M(b— a).
However, we may have V;[I] < 400, and yet |f'| = 400 at some p € I.
[Hint: Take f(z) = ¢/ on [—1, 1].]
4. Complete the proofs of Corollary 4 and Theorems 2 and 4.

5. Prove Note 3.
[Hint: If |h| > € on I, show that

1 1 8B
ol B
h(ti)  h(ti-1) g2

and hence

S(% P) < S(};’QP) < g

Deduce that % is of bounded variation on I if h is. Then apply Theorem 2(iii) to
5o

6. Let g: E' — E! (real) and f: E'! — E be relatively continuous on
J =lc, d] and I = [a, b], respectively, with a = g(c) and b = g(d). Let

h=fog.
Prove that if g is one to one on J, then
(i) g[J] =1, so f and h describe one and the same arc A = f[I] = h[J];
(ii) Vi[I] = Vi[J]; ie., £y A = £, A.

[Hint for (ii): Given P = {a = to, ..., tm = b}, show that the points s; = g~ 1(;)
form a partition P’ of J = [c, d], with S(h, P') = S(f, P). Hence deduce V¢[I] <
Vi [J].

Then prove that V;,[J] < V¢[I], taking an arbitrary P’ = {c = so, ..., sm = d},
and defining P = {to, ..., tm}, with t; = g(s;). What if g(c) = f, g(d) = a?]

7. Prove that if f, h: E* — E are relatively continuous and one to one on
I = [a, b] and J = [c, d], respectively, and if

fUl=hlJ]=A
(i.e., f and h describe the same simple arc A), then
LA =LA

Thus for simple arcs, £+ A is independent of f.

[Hint: Define g: J — E! by ¢ = f~! o h. Use Problem 6 and Chapter 4, §9,
Theorem 3. First check that Problem 6 works also if g(¢) = b and g(d) = a, i.e., gl
on J.]
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Let I = [0,27] and define f, g, h: E' — E? (C) by
f(x) = (sinz, cosz),

g(z) = (sin 3z, cos 3x),

h(z) = (sin i, cos %) with h(0) = (0, 1).

Show that f[I| = g[I| = h[I] (the unit circle; call it A), yet £; A = 2,
lyA = 67, while V}[I] = +oo. (Thus the result of Problem 7 fails for
closed curves and nonsimple arcs.)

In Theorem 3, define two functions G, H: E! — E! by

G(z) = 3 [Vyla, a] + f(z) - f(a)]
and
H(z) = G(z) — f(z) + f(a).
(G and H are called, respectively, the positive and negative variation
functions for f.) Prove that
(i) Gt and H? on [a, b];

(ii) f(x) = G(x) — [H(x) — f(a)] (thus the functions f and g of Theo-

rem 3 are not unique);
(iii) V¢la, z] = G(z) + H(z);
(iv) if f = g — h, with g1 and A1 on [a, b], then
Vela, b] < Vgla, b], and Vi[a, b] < Vja, b];
(v) G(a) = H(a) =0.

Prove that if f: E* — E™ (C™) is of bounded variation on I = |[a, b],
then f has at most countably many discontinuities in I.

[Hint: Apply Problem 5 of Chapter 4, §5. Proceed as in the proof of Theorem 4 in
§7. Finally, use Theorem 2 of Chapter 1, §9.]

§8. Rectifiable Arcs. Absolute Continuity

If a function f: E' — E is of bounded variation (§7) on an interval I = [a, b],
we can define a real function vy on I by

v¢(z) = Vyla, z] (= total variation of f on [a, z]) for z € I;

vy is called the total variation function, or length function, generated by f on
I. Note that v¢T on I. (Why?) We now consider the case where f is also
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relatively continuous on I, so that the set A = f[I] is a rectifiable arc (see §7,
Note 1 and Definition 2).

Definition 1.

A function f: E* — E is (weakly) absolutely continuous! on I = [a, b] iff
Vi[I] < 400 and f is relatively continuous on I.

Theorem 1. The following are equivalent:
(i) f is (weakly) absolutely continuous on I = |a, bl;
(i) vy is finite and relatively continuous on I; and

(ili) (Ve>0) (36>0) Va,yel|0<y—x<9) Vi[z,y] <e.

Proof. We shall show that (ii) = (iii) = (i) = (ii).
(i) = (ili). As I = [a, b] is compact, (ii) implies that vy is uniformly
continuous on I (Theorem 4 of Chapter 4, §8). Thus
Ve>0) (36>0) Va,ye I |0<y—z<90) v(y) —vs(z) <e.

However,
Uf(y) - Uf(:):) = Vf[a7 yl — Vi la, z] = Vi [z, y]
by additivity (Theorem 1 in §7). Thus (iii) follows.

(iii) = (i). By Corollary 3 of §7, |f(z) — f(y)| < Vy[z, y]. Therefore, (iii)
implies that

(Ve>0)(36>0) Vo, yel|lz—y[<d) [flx) - Ffly)l<e,

and so f is relatively (even uniformly) continuous on 1.
Now with € and § as in (iii), take a partition P = {to, ..., t;} of I so fine
that

ti—ti1 <6, 1i=1,2,..., m.
Then (Vi) Vi[ti—1, t;] < €. Adding up these m inequalities and using the
additivity of V¢, we obtain

m

Vill] = Z Viltiz1, ti] < me < +o0.
i—1

Thus (i) follows, by definition.
That (i) = (ii) is given as the next theorem. [

1 In this section, we use this notion in a weaker sense than customary. The usual stronger
version is given in Problem 2. We study it in Volume 2, Chapter 7, §11.
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Theorem 2. If Vy[I] < 400 and if f is relatively continuous at some p € I
(over I = [a, b]), then the same applies to the length function vy.

Proof. We consider left continuity first, with a < p <b.
Let € > 0. By assumption, there is § > 0 such that

lf(x) — f(p)| < g when |z — p| < 6 and z € [a, p].

Fix any such x. Also, Vy|a, p| = supp S(f, P) over [a, p|. Thus

k
9
Vila, o — 5 < D _|Af]
i=1

for some partition
P = {to =a, ..., tk—la 172 :p} of [a’7 p] (Why7)

We may assume t;_; = x, x as above. (If tx_1 # z, add = to P.) Then

€

At = 1£0) - @) < 5,

and hence
. kel k—1 . .
Vila, p] = 5 < ; [Aif|+Akf] < ; Aifl+5 < Vila, tial + 5. (1)
However,
Vila, p] = v¢(p)

and

Vila, tk—1] = V¢la, z] = ve(x).
Thus (1) yields
lvi(p) —vs(z)| = Vila, p| — Vila, z] < e for = € [a, p| with |z —p| < 4.

This shows that vy is left continuous at p.
Right continuity is proved similarly on noting that

vp(2) —vs(p) = Vylp, b — Vyla, b] for p < = < b. (Why?)

Thus vy is, indeed, relatively continuous at p. Observe that vy is also of
bounded variation on I, being monotone and finite (see Theorem 3(ii) of §7).

This completes the proof of both Theorem 2 and Theorem 1. [

We also have the following.
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Corollary 1. If f is real and absolutely continuous on I = [a, b] (weakly),
so are the nondecreasing functions g and h (f = g — h) defined in Theorem 3

of §7.

Indeed, the function g as defined there is simply v¢. Thus it is relatively
continuous and finite on I by Theorem 1. Hence so also is h = f —g. Both are
of bounded variation (monotone!) and hence absolutely continuous (weakly).

Note 1. The proof of Theorem 1 shows that (weak) absolute continuity
implies uniform continuity. The converse fails, however (see Problem 1(iv)
in §7).

We now apply our theory to antiderivatives (integrals).

Corollary 2. If F = [ f on I =a, b] and if f is bounded (|f| < K € E') on
I —Q (Q countable), then F is weakly absolutely continuous on I.

(Actually, even the stronger variety of absolute continuity follows. See Chap-
ter 7, §11, Problem 17).

Proof. By definition, F' = [ f is finite and relatively continuous on I, so we
only have to show that Vp[I] < 400. This, however, easily follows by Problem 3
of §7 on noting that F” = f on I — S (S countable). Details are left to the
reader. [

Our next theorem expresses arc length in the form of an integral.
Theorem 3. If f: E* — E is continuously differentiable on I = [a, b] (§6),

then vy = [|f'| on I and
b
Vila o= [ 1£]

Proof. Leta<p <z <b, Az =z — p, and

Avy =vg(x) —vp(p) = Vilp, 2]. (Why?)
As a first step, we shall show that

Avy _
sup | f]. (2)
Az [p ]
For any partition P = {p = to, ..., t,, = x} of [p, |, we have

Z|Af|<z sup |f'|(t; —ti—1) < sup|f'| Ax.

i=1 7,1"1’2 [a

Since this holds for any partition P, we have

Vilp, ] < sup|f'| Az,

[p,]

which implies (2).
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On the other hand,
Avy = Vylp, a] = |f(z) — f(p)| = [Af].

Combining, we get

< sup |f'(p)| < +oo (3)
[p,z]

‘A ’_Aa:

since f’ is relatively continuous on [a, b], hence also uniformly continuous and
bounded. (Here we assumed a < p < z < b. However, (3) holds also if
a<z<p<b, with Avy = —V|[z, p| and Az < 0. Verify!)
Now
7@ =1f @I <|f'() = f'(x)] =0 asz—p,

so, taking limits as x — p, we obtain

Thus vy is differentiable at each p in (a, b), with v} (p) = [f'(p)|. Also, vy is
relatively continuous and finite on [a, b] (by Theorem 1).? Hence vy = [ |f’|
on [a, b], and we obtain

b
/ |f'] = vg(b) —vy(a) = Vi[a, b], as asserted. [ (4)

Note 2. If the range space E is E™ (*or C™), f has n components

fi, fa, ooy [
By Theorem 5 iIl §1, f/ = (f{a féa ceey f7/1)7 SO

=4/ Do
k=1

n b n
Z o2 = / Z |fi(t)|?dt (classical notation).  (5)
k=1 @ k=1

and we get

In particular, for complex functions, we have (see Chapter 4, §3, Note 5)

/ VIO + fl (02 . (6)

2 Note that (3) implies the finiteness of v¢(p) and vy (z).
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In practice, formula (5) is used when a curve is given parametrically by

mefk(t), ]{5:1,2,...,71,

with the fi differentiable on [a, b]. Curves in E? are often given in nonpara-
metric form as
y=F(z), F:E'— E.

Here F[I] is not the desired curve but simply a set in E'. To apply (5) here,
we first replace “y = F'(z)” by suitable parametric equations,

r = f1(t) and y = fa(t);

i.e., we introduce a function f: E' — E, with f = (f1, f2). An obvious (but
not the only) way of achieving it is to set

x = f1(t) =t and y = fo(t) = F(t)
so that f{ =1 and f5 = F’. Then formula (5) may be written as

Viletl = [ VIFF@Rds, (o) = (@ Fla). ™

Example.
Find the length of the circle

z? + y2 =72,
Here it is convenient to use the parametric equations
x =rcost and y = rsint,
i.e., to define f: E' — E? by
f(t) = (rcost, rsint),
or, in complex notation,
f(t) = ret.

Then the circle is obtained by letting ¢ vary through [0, 27]. Thus (5)
yields

b b
V10, 27r]:/ r\/coszt—i—sintht:r/ 1dt=rt

Note that f describes the same circle A = f[I] over I = [0, 4w]. More
generally, we could let ¢ vary through any interval [a, b] with b —a >
27. However, the length, Vy[a, b], would change (depending on b — a).
This is because the circle A = f[I] is not a simple arc (see §7, Note 1),
so YA depends on f and I, and one must be careful in selecting both
appropriately.

27
= 2rm.
0
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Problems on Absolute Continuity and Rectifiable Arcs

1.
=2.

Complete the proofs of Theorems 2 and 3, giving all missing details.
Show that f is absolutely continuous (in the weaker sense) on |[a, b if
for every € > 0 there is § > 0 such that

m m
> | f(t:) — f(si)| < & whenever Y (t; — s;) < § and
=1 =1

0 <51 <t <5y <ty <-or <5y Sty <D

(This is absolute continuity in the stronger sense.)

Prove that vy is strictly monotone on [a, b] iff f is not constant on any
nondegenerate subinterval of [a, b].
[Hint: If x < y, V¢[z, y] > 0, by Corollary 4 of §7].

With f, g, h as in Theorem 2 of §7, prove that if f, g, h are absolutely
continuous (in the weaker sense) on I, so are f £+ g, hf, and |f|; so also
is f/hif (3e >0) |h| > e on I.

. Prove the following:

(i) If f' is finite and # 0 on I = [a, b], so also is v, (with one-sided
derivatives at the endpoints of the interval); moreover,

/

=1onl.

/

s
Thus show that f’/v’ is the tangent unit vector (see §1).

(ii) Under the same assumptions, F' = f o U;l is differentiable on
J =10, vs(b)] (with one-sided derivatives at the endpoints of the
interval) and F[J] = f[I]; i.e., F' and and f describe the same
simple arc, with Vp[I] = V[I].

Note that this is tantamount to a change of parameter. Setting
s =v¢(t), ie, t = v;l(s), we have f(t) = f(v;l(s)) = F(s), with
the arclength s as parameter.

89. Convergence Theorems in Differentiation and Integration

Given

Fn:/fnorFT'L:fn, n=12,...,

what can one say about [lim f,, or (lim F,)" if the limits exist? Below we give
some answers, for complete range spaces E (such as E™). Roughly, we have
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limF! = (lim F,)  on I — Q if
(a) {F,(p)} converges for at least one p € I and
(b) {F)]} converges uniformly.

Here I is a finite or infinite interval in E! and @ is countable. We include in
Q the endpoints of I (if any), so I — Q C I° (= interior of I).

Theorem 1. Let F,,: E' - E (n=1, 2, ...) be finite and relatively continu-
ous on I and differentiable on I — Q). Suppose that

(a) lim,, o F,(p) exists for some p € I
(b) F] — f # foo (uniformly) on J — Q for each finite subinterval J C I,
(c) E is complete.
Then
(i) lim,—oo Fyy = F' exists uniformly on each finite subinterval J C I
(ii)) F=[f onI; and
(i) (im Fy,) =F' = f =lim, o F), on I — Q.
Proof. Fix € > 0 and any subinterval J C I of length § < oo, with p € J (p

as in (a)). By (b), F} — f (uniformly) on J — @, so there is a k such that for
m, n >k,

EL0) - fO)] <5, ted - e
hence
sup_|Fy,(1) = (1) <= (Why?) 2)
teJ—Q

Now apply Corollary 1 in §4 to the function h = F,, — F;, on J. Then for
each z € J, |h(z) — h(p)| < M|z — p|, where

M < sup |W'(t)] <e
teJ—-Q

by (2). Hence for m, n > k, z € J and
| () = Fn(z) = Fin(p) + Fu(p)| < el —p| < €d. (3)
As € is arbitrary, this shows that the sequence
{Fn — Fu(p)}

satisfies the uniform Cauchy criterion (Chapter 4, §12, Theorem 3). Thus as F
is complete, {F,, — F,(p)} converges uniformly on J. So does {F,}, for {F,(p)}
converges, by (a). Thus we may set

F =lim F}, (uniformly) on J,
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proving assertion (i).!

Here by Theorem 2 of Chapter 4, §12, F' is relatively continuous on each
such J C I, hence on all of I. Also, letting m — 400 (with n fixed), we have
F,, — F in (3), and it follows that for n > k and x € G,(6) N 1.

|F(x) — Fn(z) — F(p) + Fu(p)| < elz—p| < 6. (4)

Having proved (i), we may now treat p as just any point in I. Thus formula
(4) holds for any globe G,(9), p € I. We now show that

F':fonI—Q;i.e.,F:/fonI.

Indeed, if p € T — @, each F,, is differentiable at p (by assumption), and
p € I° (since I — Q C I° by our convention). Thus for each n, there is d,, > 0

such that AF
. B F/ ’ - ‘
A w(p)

for all x € G-, (6,); Gp(6,) C I.
By assumption (b) and by (4), we can fix n so large that

FL(p) — f(p)| < =

Fn(z) — Fa(p)
T —p

- Fa(p)| < (5)

DO | ™

2
and so that (4) holds for 6 = d,,. Then, dividing by |Ax| = |z — p|, we have
AF AF,
Az Az | —
Combining with (5), we infer that for each € > 0, there is 6 > 0 such that
AF AF AF
®)| < |5 = Fap)| + ()~ £0)] < 2, @ € Gy6),
This shows that AF
lim — = f(p) forpe I - Q,

z—p Ax

ie., F' = fon I — @, with f finite by assumption, and F finite by (4). As F
is also relatively continuous on I, assertion (ii) is proved, and (iii) follows since
F=1limF, and f =limF). O

Note 1. The same proof also shows that F;, — F' (uniformly) on each closed
subinterval J C I if F), — f (uniformly) on J — @ for all such J (with the
other assumptions unchanged). In any case, we then have F,, — F (pointwise)
on all of I.

We now apply Theorem 1 to antiderivatives.

I Indeed, any J can be enlarged to include p, so (3) applies to it. Note that in (3) we may
as well vary z inside any set of the form I N Gp(6).
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Theorem 2. Let the functions fn: E' — E, n = 1,2, ..., have antideriva-
twes, F,, = [ fn, on I. Suppose E is complete and f, — f (uniformly) on
each finite subinterval J C I, with f finite there. Then [ f exists on I, and

/f:/ lim fnzlim/fnforanyp,xef. (6)

Proof. Fix any p € I. By Note 2 in §5, we may choose
F,(x) = / fn forz e 1.
P

Then F,,(p) = f}f) fn =0, and so lim,,_, F},(p) = 0 exists, as required in The-
orem 1(a).

Also, by definition, each F,, is relatively continuous and finite on I and
differentiable, with F), = f,,, on I — @,. The countable sets @,, need not be
the same, so we replace them by

Q - U Qn
n=1

(including in @ also the endpoints of I, if any). Then Q is countable (see
Chapter 1, §9, Theorem 2), and I — Q C I — @, so all F, are differentiable
on I — @, with F! = f, there.

Additionally, by assumption,

frn = f (uniformly)
on finite subintervals J C I. Hence
F) — f (uniformly) on J — Q

for all such J, and so the conditions of Theorem 1 are satisfied.
By that theorem, then,

F = /f = lim F), exists on [
and, recalling that
Fn(x) :/ I
P
we obtain for z € 1

/93 f=F(x)— F(p) =limF,(z) — lim F},(p) =lim F,,(z) — 0 = lim/x [

As p € I was arbitrary, and f = lim f,, (by assumption), all is proved. O
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Note 2. By Theorem 1, the convergence

/:fn—>/:f (ie., F, = F)

is uniform in x (with p fixed), on each finite subinterval J C I.
We now “translate” Theorems 1 and 2 into the language of series.

Corollary 1. Let E and the functions F,,: E' — E be as in Theorem 1.

Suppose the series
> Fulp)

2. F

converges uniformly on J — @, for each finite subinterval J C I.

converges for some p € I, and

Then Y F,, converges uniformly on each such J, and
SR,
n=1
is differentiable on I — Q, with

- (i Fn)/ = i F! there. (7)
n=1 n—1

In other words, the series can be differentiated termwise.

Proof. Let

n
n=Y Fp, n=12 ..,
k=1

be the partial sums of ) F,,. From our assumptions, it then follows that the
sy, satisfy all conditions of Theorem 1. (Verify!) Thus the conclusions of Theo-
rem 1 hold, with F}, replaced by s,,.

We have F' = lims,, and F’ = (lims,,)’ = lim s, whence (7) follows. O

Corollary 2. If E and the f, are as in Theorem 2 and if Y f, converges
uniformly to f on each finite interval J C I, then [ f exists on I, and

/90 /an— mfnforanyp,xef. (8)
P P

n=1 n=1"P

Briefly, a uniformly convergent series can be integrated termuwise.
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Theorem 3 (power series). Let r be the convergence radius of

Zan(x_p)na CLnEE,pEEl.

Suppose E is complete. Set
f@)=> an(x—p)" onl=(p—rp+r)
n=0

Then the following are true:

(i) f is differentiable and has an exact antiderivative on I.

.. ’ . = _ o\yn—1 v _ = On _ p\ntl
@) /@)= > nanle ) and/pf—gonﬂu P el

(iii) 7 is also the convergence radius of the two series in (ii).

(iv) Z an(x — p)" is exactly the Taylor series for f(x) on I about p.
n=0

Proof. We prove (iii) first.
By Theorem 6 of Chapter 4, §13, r = 1/d, where

d = lim a,,.
Let 7’ be the convergence radius of > na,(z — p)" 1, so
1 .
r' = F with d’ = lim ¢/na,,.
However, lim {/n =1 (see §3, Example (e)). It easily follows that

d' =lim ¥/na, = 1-lim a,, = d.>
Hence r’' =1/d'=1/d=r.
Qanp . . ..
The convergence radius of Z i (x — p)"*! is determined similarly. Thus
(iii) is proved. n
Next, let

a
n — Un -p)" an — = — p)nti =0,1 2, ....
fn(@) = an(z —p)" and Fy(z) = = (z —p)"", n=0,1,2,

Then the F, are differentiable on I, with F, = f,, there. Also, by Theorems 6
and 7 of Chapter 4, §13, the series

ZF;L = Zan(x —p)"

2 For a proof, treat d and d’ as subsequential limits (Chapter 4, §16, Theorem 1; Chapter 2,
§13, Problem 4).
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converges uniformly on each closed subinterval J C I = (p —r, p+r).® Thus
the functions F;, satisfy all conditions of Corollary 1, with Q = ), and the f,,
satisfy Corollary 2. By Corollary 1, then,

F=)F,
n=1
is differentiable on I, with
Fl(z) =) Fp(x) =) an(z—p)" = f(x)
n=1 n=1

for all z € I. Hence F' is an ezact antiderivative of f on I, and (8) yields the
second formula in (ii).
Quite similarly, replacing F}, and F' by f,, and f, one shows that f is differ-
entiable on I, and the first formula in (ii) follows. This proves (i) as well.
Finally, to prove (iv), we apply (i)—(iii) to the consecutive derivatives of f
and obtain

8 (2) = Z nin—1)---(n—k—1ap(x —p)"*
n==k
for each zx € I and kK € N.
If x = p, all terms vanish except the first term (n = k), i.e., k!ag. Thus
f*)(p) = klay, k € N. We may rewrite it as
™ (p)

=2 2 pn=0,1,2,...,

" n!

since (O (p) = f(p) = ag. Assertion (iv) now follows since

f(iU):nz:%an(iU—p) :7;) ] (x —p)", x €I, as required. [

Note 3. If Y a,(x — p)™ converges also for z = p —r or z = p+r, so does

the integrated series
_ n+1

(z —p)
Do

since we may include such z in I. However, the derived series > na,(z —p
need not converge at such x. (Why?) For example (see §6, Problem 9), the
expansion

)n—l

2 23

In(1 —r— 2.
n(l+z)==« 2+3

3 For our present theorem, it suffices to show that it holds on any closed globe J = Ep (9),
d < r. We may therefore limit ourselves to such J (see Note 1).
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converges for x = 1 but the derived series
1—z+a2%—--.

does not.
In this respect, there is the following useful rule for functions f: B! — E™

(™).
Corollary 3. Let a function f: E' — E™ (*C™) be relatively continuous on
[p, zo] (or [zo, p]), o # p.* If

oo
f(z) = Z an(z — p)" for p < x < xo (respectively, xog < x < p),
n=0
and if Y an(xg — p)™ converges, then necessarily

flxo) =) an(zo —p)™
n=0

The proof is sketched in Problems 4 and 5.

Thus in the above example, f(z) = In(1 4 z) defines a continuous function
on [0, 1], with

oo

fz) = Z(—u"l% on [0, 1.

We gave a direct proof in §6, Problem 9. However, by Corollary 3, it suffices
to prove this for [0, 1), which is much easier. Then the convergence of

o -1 n—1
e

yields the result for x = 1 as well.

Problems on Convergence in Differentiation and Integration

1. Complete all proof details in Theorems 1 and 3, Corollaries 1 and 2, and
Note 3.

2. Show that assumptions (a) and (c) in Theorem 1 can be replaced by
F,, — F (pointwise) on I. (In this form, the theorem applies to incom-
plete spaces E as well.)

[Hint: F, — F (pointwise), together with formula (3), implies F, — F (uniformly)
on I.]

4 Relative continuity at xzg suffices.
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. Show that Theorem 1 fails without assumption (b), even if F,, — F

(uniformly) and if F' is differentiable on I.

[Hint: For a counterexample, try F,(z) = %sin nx, on any nondegenerate I. Verify

that F;, — 0 (uniformly), yet (b) and assertion (iii) fail.]

. Prove Abel’s theorem (Chapter 4, §13, Problem 15) for series

Zan(x _p)n7

with all a,, in E™ (*or in C™) but with z, p € E!.

[Hint: Split an(z — p)™ into components.]

. Prove Corollary 3.

[Hint: By Abel’s theorem (see Problem 4), we may put

o0

Z an(z —p)" = F(x)

n=0

uniformly on [p, xo] (respectively, [zo, p]). This implies that F is relatively contin-
uous at xg. (Why?) So is f, by assumption. Also f = F on [p, x0) ((xo, p]). Show
that

F(z0) = lim f(2) = lim F(z) = F(xo)

as ¢ — o from the left (right).]

. In the following cases, find the Taylor series of F' about 0 by integrating

the series of F’. Use Theorem 3 and Corollary 3 to find the convergence
radius r and to investigate convergence at —r and r. Use (b) to find a
formula for .

(a) F(z) =In(l+z);
(b) F(x) = arctan x;

(c) F(x) = arcsinz.

. Prove that

oo

“In(1 —¢) x"
/ D055 wrseln)

[Hint: Use Theorem 3 and Corollary 3. Take derivatives of both sides.]

§10. Sufficient Condition of Integrability. Regulated Functions

In this section, we shall determine a large family of functions that do have
antiderivatives. First, we give a general definition, valid for any range space
(T, p) (not necessarily E). The domain space remains E'.
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Definition 1.

A function f: E' — (T, p) is said to be regulated on an interval I C E*,
with endpoints a < b, iff the limits f(p~) and f(p™), other than +oo,
exist at each p € I. However, at the endpoints a, b, if in I, we only
require f(at) and f(b™) to exist.

Examples.

(a) If f is relatively continuous and finite on I, it is regulated.
(b) Every real monotone function is regulated (see Chapter 4, §5, Theorem 1).

(c) If f: EY — E™ (*C™) has bounded variation on I, it is regulated (§7,
Theorem 4).2

(d) The characteristic function of a set B, denoted Cp, is defined by
Cp(z)=1ifx € Band Cp =0 on —B.

For any interval J C E*, C is requlated on E*.

(e) A function f is called a step function on I iff I can be represented as the
union, I = J, I, of a sequence of disjoint intervals I} such that f is con-
stant and # 4oco on each I. Note that some I, may be singletons, {p}.>

If the number of the I} is finite, we call f a simple step function.

When the range space T is F, we can give the following convenient
alternative definition. If, say, f = ar # oo on [, then

f:ZakC’Ik on I,
k

where C7r, is as in (d). Note that ), ayCr, (z) always exists for disjoint
I. (Why?)
Each simple step function is requlated. (Why?)

Theorem 1. Let the functions f, g, h be real or complex (or let f, g be vector
valued and h scalar valued).

If they are regulated on I, so are f + g, fh, and |f|; so also is f/h if h is
bounded away from 0 on I, i.e., (3e > 0) |h| > € on I.

The proof, based on the usual limit properties, is left to the reader.
We shall need two lemmas. One is the famous Heine—Borel lemma.

I This restriction is necessary in integration only, in the case T = E' or T = E*.
2 Actually, this applies to any f: E! — E, with E complete and V¢[I] < +oo (Problem 7).
3 The endpoints of the I, may be treated as such degenerate intervals.
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Lemma 1 (Heine-Borel). If a closed interval A = [a, b] in E' (or E™) is
covered by open sets G; (i € I), i.e.,

AclJa;,
iel
then A can be covered by a finite number of these G;.

The proof was sketched in Problem 10 of Chapter 4, §6.

Note 1. This fails for nonclosed intervals A. For example, let
1
A=(0,1)C E and G, = (—, 1).
n

Then - .
A= U G, (verify!), but not A C U Gn
n=1 n=1

for any finite m. (Why?)
The lemma also fails for nonopen sets G;. For example, cover A by singletons
{z}, x € A. Then none of the {x} can be dropped!

Lemma 2. If a function f: E' — T is requlated on I = [a, b], then f can be
uniformly approrimated by simple step functions on I.

That is, for any € > 0, there is a simple step function g, with p(f, g) < €
on I; hence

sup p(f(x), g(x)) <e.

Proof. By assumption, f(p~) exists for each p € (a, b], and f(p™) exists for
p € la, b), all finite.

Thus, given ¢ > 0 and any p € I, there is G,(d) (0 depending on p) such
that p(f(x), r) < e whenever r = f(p~) and = € (p — ¢, p), and p(f(z), s) <€
whenever s = f(pt) and z € (p, p+d); v € I.

We choose such a G,(0) for every p € I. Then the open globes G, = G,(0)
cover the closed interval I = [a, b], so by Lemma 1, I is covered by a finite
number of such globes, say,

n
Ic UGPk(ék)a aEGp17a§p1<p2<"'<pn§b-
k=1

We now define the step function g on I as follows.
If z = pg, we put

g(x)=flpr), k=1,2,...,n.

If € [a, p1), then
9(@) = f(py)-
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If x € (p1, p1 + 61), then
g(z) = f(»").

More generally, if  is in G-, (0x) but in none of the G, (d;), i < k, we put

9(x) = f(py) ifz <py
and
g(x) = f(py) if x> py.
Then by construction, p(f, g) < € on each Gp, , hence on I. O

*Note 2. If T is complete, we can say more: f is regulated on I = [a, b] iff
f is uniformly approximated by simple step functions on I. (See Problem 2.)

Theorem 2. If f: E' — E is regulated on an interval I C E' and if E is
complete, then [ f exists on I, ezact at every continuity point of f in I°.

In particular, all continuous maps f: E* — E™ (*C™) have exact primitives.

Proof. In view of Problem 14 of §5, it suffices to consider closed intervals.
Thus let I = [a,b], a < b, in

E'. Suppose first that f is the char- Y

acteristic function C'; of a subinter- d

val J C I with endpoints ¢ and d |

(a <c<d<b),sf=1onlJ, \

and f =0 on I —J. We then define ¢ \

F(z) =z on J, F = con [a, ¢], and . |

F =don [b, d] (see Figure 25). Thus || |

F' is continuous (why?), and F’' = f O a ¢ d b X

on I —{a,b,c,d} (why?). Hence FIGURE 25

F = [ fonlI;i.e., characteristic func-

tions are integrable.

Then, however, so is any simple step function

f=> aCy,
k=1

by repeated use of Corollary 1 in §5.4
Finally, let f be any regulated function on I. Then by Lemma 2, for any

en = <, there is a simple step function g, such that

supgn(z) — f(z)] < »

— n=1,2,....
xzel n

As % — 0, this implies that g, — f (uniformly) on I (see Chapter 4, §12,
Theorem 1). Also, by what was proved above, the step functions g, have

4 The corollary applies here also if the aj, are vectors (Cr,, is scalar valued).
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antiderivatives, hence so has f (Theorem 2 in §9); i.e., F = [ f exists on I, as
claimed. Moreover, [ f is exact at continuity points of f in I (Problem 10 in

§5). O

In view of the sufficient condition expressed in Theorem 2, we can now re-
place the assumption “[ f exists” in our previous theorems by “f is regulated”
(provided E is complete). For example, let us now review Problems 7 and 8
in §5.

Theorem 3 (weighted law of the mean). Let f: E* — E (E complete) and
g: E' — E* be regqulated on I = [a, b], with g > 0 on 1.° Then the following
are true:

(i) There is a finite ¢ € E (called the “g-weighted mean of f on I”) such
that f;gf = cf;g.

(ii) If f, too, is real and has the Darboux property on I, then ¢ = f(q) for
some q € I.

Proof. Indeed, as f and g are regulated, so is gf by Theorem 1. Hence by
Theorem 2, [ f and [ gf exist on I. The rest follows as in Problems 7 and 8
of §5. [

Theorem 4 (second law of the mean). Suppose f and g are real, f is monotone
with f = [ f" on I, and g is requlated on I; I = [a, b]. Then

/abfgZf(a)ng+f(b)ngf0rsomeqef- (1)

Proof. To fix ideas, let f1; i.e., f' > 0 on I.

The formula f = [ f’ means that f is relatively continuous (hence regulated)
on I and differentiable on I — @ (@ countable). As g is regulated,

/:9=G(w)

does exist on I, so G has similar properties, with G(a) = fa g=0.

By Theorems 1 and 2, [fG' = [ fg exists on I. (Why?) Hence by
Corollary 5 in §5, so does [ Gf’, and we have

b b b b b
[ to=[ 16 =twcw@| - [ ar=swew - [ cr.
Now G has the Darboux property on I (being relatively continuous), and

5 One can also assume g < 0 on I; in this case, simply apply the theorem to —g.
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f'>0. Also, [ G and [ Gf’ exist on I. Thus by Problems 7 and 8 in §5,

[er=cw [ 1=cwe|

Combining all, we obtain the required result (1) since

/fg:f /fG
— f(b 9) + f(@)G(a)

zf(b)/qbg+f(a)/a g O

We conclude with an application to infinite series. Given f: E' — E, we

define - . . .
/ f= lim / f and / f= lim f
a r——+00 a oo xrT— — 00 z

if these integrals and limits exist.
We say that faoo f and ffoo f converge iff they exist and are finite.

, q€l.

Theorem 5 (integral test of convergence). If f: E' — E' is nonnegative and
nonincreasing on I = [a, +00), then

/OO f converges iff Z f(n) does.
@ n=1

Proof. As f|, f is regulated, so [ f exists on I = [a, +o0). We fix some
natural £ > a and define
= / f for x € 1.
k

By Theorem 3(iii) in §5, F' on I. Thus by monotonicity,

lim F(z) lim / / f
T— 400 ac—>—|—oo

exists in E*; so does [ f. Since
a

/jf=/jf+/:f,

where fak f is finite by definition, we have

/ f < 4oo iff / f < +oo.
a k
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Similarly,

Y f(n) <4oo iff Y f(n) < +oo.
n=1 n=~k

Thus we may replace “a” by “k.”
Let

I,=[nn+1), n=kk+1,...,
and define two step functions, g and h, constant on each I,,, by
h=f(n)and g= f(n+1)on I, n > k.

Since fJ, we have ¢ < f < h on all I,,, hence on J = [k, +00). Therefore,

/gg/ fS/ h for x € J.
k k k

Also,
m m—1 n+1 m—1
h = h= ) f(n),
/RSP AR
since h = f(n) (constant) on [n, n 4+ 1), and so
n+1 n+1 n+1
[ r@de=s) [ 1de= -2 = fo)n 41 m) = fo)
Similarly,
m m—1 m
[ o= =Y s
k n=k n=k-+1

Thus we obtain

n_z?:;rlf(n)Z/kmgﬁfkmfﬁfkmh:gf(n%

or, letting m — oo,

i f(n)g/

n=k+1 k

N > fn).
n==k

Hence [, f is finite iff Z f(n) is, and all is proved. [

n=1
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Examples.

(f) Consider the hyperharmonic series

1
Z " (Problem 2 of Chapter 4, §13).

Let

1
—, x>1.
xP

fz) =

If p =1, then f(z) =1/z, so flwf: Inz — 400 as x — +o0o. Hence
> 1/n diverges.
If p=#£ 1, then

') x xlfp T
/ f= lim / f= lim ,
1 r—+00 1 r——+00 1 —pl1

SO floo f converges or diverges according as p > 1 or p < 1, and the same
applies to the series Y 1/nP.

(g) Even nonregulated functions may be integrable. Such is Dirichlet’s func-
tion (Example (c) in Chapter 4, §1). Explain, using the countability of
the rationals.

Problems on Regulated Functions

In Problems 2, 5, 6, and 8, we drop the restriction that f(p~) and f(p') are
finite. We only require them to exist in (T, p). If T = E*, a suitable metric
for E* is presupposed.

1. Complete all details in the proof of Theorems 1-3.
1’ Explain Examples (a)—(g).
*2. Prove Note 2. More generally, assuming 7" to be complete, prove that if
gn — f (uniformly) on I = [a, b]

and if the g,, are regulated on I, so is f.
[Hint: Fix p € (a, b]. Use Theorem 2 of Chapter 4, §11 with

X = [ay p]7 Y = NU {+OO}, q = —|—OO, and F(.’E, n) = gn(x)
Thus show that
flp~) = lim lim gn(x) exists;
z—p— M—>00
similarly for f(pT).]

3. Given f, g: E* — E!, define f Vg and f A g as in Problem 12 of Chap-
ter 4, §8. Using the hint given there, show that f VvV g and f A g are
regulated if f and g are.
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Show that the function g o f need not be regulated even if g and f are.
[Hint: Let

;—l, and f(0) = g(0) = with I = [0, 1].

flz) = x'sini, g(z) =

Proceed.]
Given f: E* — (T, p), regulated on I, put

i(p) =max{p(f(p), f(p7)), p(f(0), F(®T)), p(f(0™), F(®))};

call it the jump at p.
(i) Prove that f is discontinuous at p € I° iff j(p) > 0, i.e., iff

, 1
(Ine N) j(p) > e
(ii) For a fixed n € N, prove that a closed subinterval J C I contains
at most finitely many = with j(z) > 1/n.

[Hint: Otherwise, there is a sequence of distinct points zm, € J, j(zm) > %,
hence a subsequence xm, — p € J. (Why?) Use Theorem 1 of Chapter 4, §2,
to show that f(p~) or f(pT) fails to exist.]

Show that if f: E* — (T, p) is regulated on I, then it has at most count-
ably many discontinuities in /; all are of the “jump” type (Problem 5).

[Hint: By Problem 5, any closed subinterval J C I contains, for each n, at most
finitely many discontinuities z with j(z) > 1/n. Thus for n = 1, 2, ..., obtain
countably many such z.]

Prove that if F is complete, all maps f: E! — E, with V¢[I] < 400 on
I = [a, b], are regulated on I.
[Hint: Use Corollary 1, Chapter 4, §2, to show that f(p~) and f(pt) exist.
Say,
Tn — p with zp, <p (zn, p € I),
but {f(zn)} is not Cauchy. Then find a subsequence, {zn, }T, and € > 0 such that
|f(mnlg+1)_-f(mnk)|2€7 k:]~7 37 57

Deduce a contradiction to Vi [I] < +oc.

Provide a similar argument for the case z,, > p.]

Prove that if f: E' — (T, p) is regulated on I, then f[B] (the closure
of f[B]) is compact in (7', p) whenever B is a compact subset of I.

[Hint: Given {zm} in f[B], find {ym} C f[B] such that p(zm, ym) — 0 (use
Theorem 3 of Chapter 3, §16). Then “imitate” the proof of Theorem 1 in Chap-
ter 4, §8 suitably. Distinguish the cases:

(i) all but finitely many =, are < p;
(ii) infinitely many x,, exceed p; or

(iii) infinitely many z,, equal p.]
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§11. Integral Definitions of Some Functions

By Theorem 2 in §10, [ f exists on I whenever the function f: E' — E is
regulated on I, and FE is complete. Hence whenever such an f is given, we can
define a new function F' by setting

i[5

on I for some a € I. This is a convenient method of obtaining new continuous
functions, differentiable on I—@Q (Q countable). We shall now apply it to obtain
new definitions of some functions previously defined in a rather strenuous step-
by-step manner.

I. Logarithmic and Exponential Functions. From our former defini-
tions, we proved that

1
lnx:/ —dt, x>0.
1 ¢

Now we want to treat this as a definition of logarithms. We start by setting

1
f(t):z, te B, t+#0,

and f(0) = 0.
Then f is continuous on I = (0, +o0) and J = (—o0, 0), so it has an ezxact

primitive on I and J separately (not on E'). Thus we can now define the log
function on I by

1
/ i dt =log z (also written Inx) for > 0. (1)
1

By the very definition of an exact primitive, the log function is continuous
and differentiable on I = (0, +00); its derivative on I is f. Thus we again have

the symbolic formula

1
(logz) ==, z>0.
T

If z < 0, we can consider log(—z). Then the chain rule (Theorem 3 of §1)
yields
1
(log(—z)) = - (Verify!)
Hence .
(log |z])" = - for x # 0. (2)

Other properties of logarithms easily follow from (1). We summarize them
NOW.
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Theorem 1.
|
(i) log1 :/ —dt =0.
1 ¢

(i) logz < logy whenever 0 < x < y.

lim logx = 400 and lim logax = —oo.

(iii
T—+00o z—0t

)
)
(iv) The range of log is all of E*.
(v) For any positive x, y € E*,

log(zy) = logz + logy and log(g) =logx — logy.

(vi) loga”™ =r-loga, a>0,r € N.

1\™
(vii) loge =1, where e = lim (1 + —) .
n

n—oo

Proof.
(ii) By (2), (logz)’ > 0 on I = (0, +00), so logx is increasing on I.
(iii) By Theorem 5 in §10,

<1
lim 1og33:/ —dt = 400
r—~4o00 1 t

since

SEES

=400 (Chapter 4, §13, Example (b)).

oo
n=1
Hence, substituting y = 1/z, we obtain

lim 1 lim 1 !

im logy = lim log —.
y—0F &Y r—r+00 gm

However, by Theorem 2 in §5 (substituting s = 1/¢),

1 e q 1
log—:/ —dt:—/ —ds = —logz.
T 1 t 1 S

lim 1 = I 1 L_ li 1 =
y_lg)le Ogy o 33—1>I—|I—loo Og X o a:—1>I—Eoo Ogm o o0

Thus

as claimed. (We also proved that log 2 = —log z.)

(iv) Assertion (iv) now follows by the Darboux property (as in Chapter 4, §9,
Example (b)).
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(v) With z, y fixed, we substitute ¢t = zs in

Ty 1
/ —dt = logxy
1t

Ty | v 1
logxy:/ —dt:/ —ds
1t 1/x S

1
1 Y1
:/ —ds+/ —ds
1/x S 1 S

1
= —log— +logy
x

and obtain

=logx + logy.

Replacing y by 1/y here, we have
T 1
log — =logx + log — = logz — logy.
Y Y

Thus (v) is proved, and (vi) follows by induction over r.

(vii) By continuity,

1\n log(1+1
loge = lim logz = lim log(l + —) — lim log(1 +1/n)
n—oo n

T—re n— 00 1/n ’

where the last equality follows by (vi). Now, L’Hépital’s rule yields

log(1 1
lim o802 L
z—0 x z—=01+2x

Letting = run over = — 0, we get (vii). O

Note 1. Actually, (vi) holds for any r € E!, with a” as in Chapter 2,
§611-12. One uses the techniques from that section to prove it first for rational
r, and then it follows for all real r by continuity. However, we prefer not to use
this now.

Next, we define the ezponential function (“exp”) to be the inverse of the
log function. This inverse function exists; it is continuous (even differentiable)
and strictly increasing on its domain (by Theorem 3 of Chapter 4, §9 and
Theorem 3 of Chapter 5, §2) since the log function has these properties. From
(logz)" = 1/x we get, as in §2,

(expz) =expz (cf. §2, Example (B)). (3)

The domain of the exponential is the range of its inverse, i.e., E! (cf. Theo-
rem 1(iv)). Thus exp x is defined for all x € E'. The range of exp is the domain
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of log, i.e., (0, +00). Hence expx > 0 for all z € E'. Also, by definition,

exp(logz) = x for z > 0, (4)
exp0 =1 (cf. Theorem 1(i)), and (5)
expr = e” forr € N. (6)

Indeed, by Theorem 1(vi) and (vii), loge™ = r-loge = r. Hence (6) follows.
If the definitions and rules of Chapter 2, §§11-12 are used, this proof even
works for any r by Note 1. Thus our new definition of exp agrees with the old
one.

Our next step is to give a new definition of a”, for any a, r € E' (a > 0).
We set

a” = exp(r -loga) or (7)
loga” =r-loga (r € E'). (8)

In case 7 € N, (8) becomes Theorem 1(vi). Thus for natural r, our new
definition of a” is consistent with the previous one. We also obtain, for a, b > 0,

(ab)" =a"b"; a" = (a")%; a"T*=a"a®; (r,sc EY). 9)
The proof is by taking logarithms. For example,

log(ab)” = rlogab =r(loga +logb) =r-loga+r-logh
=loga” + logb" = log(a"b").

Thus (ab)” = a”b". Similar arguments can be given for the rest of (9) and other
laws stated in Chapter 2, §§11-12.

We can now define the exponential to the base a (a > 0) and its inverse, log,,
as before (see the example in Chapter 4, §5 and Example (b) in Chapter 4, §9).
The differentiability of the former is now immediate from (7), and the rest
follows as before.

II. Trigonometric Functions. These shall now be defined in a precise
analytic manner (not based on geometry).

We start with an integral definition of what is usually called the principal
value of the arcsine function,

* 1
arcsinz = dt.
|, ==
We shall denote it by F'(z) and set
1
r)= ——=onl=(—-1,1).
f@) = <=5 on 1= (1,1

(F=f=0on E"—1.) Thus by definition, F = [ f on I.
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Note that [ f exists and is ezact on I since f is continuous on I. Thus

F’(x):f(x):\/l;_ixz>0 forz €I,

and so F is strictly increasing on I. Also, F(0) = foo f=
We also define the number 7 by setting

72r_2arcsm\/T—2F —2/ f, C_\/7 (10)

Then we obtain the following theorem.

Theorem 2. F' has the limits

F(17) = g and F(—17) = —g.
Thus F becomes relatively continuous on I = [—1, 1] if one sets

F(1) = g and F(—1) = —g,

arcsinl = g and arcsin(—1) = —g. (11)

xT C X 1
~[i=[1+] 1 C:\/;
0 0 c
By substituting s = v/1 — t? in the last integral and setting, for brevity, y =

v1— 2?2, we obtain

Proof. We have

x T 1 C 1 )
/sz/c mdt: : mds:F(c)—F(y). (Verify!)

Now as x — 17, we have y = v/1 — 22 — 0, and hence F(y) — F(0) = 0 (for
F' is continuous at 0). Thus

F(li)_xgnffF —11m/f+/ /ch+F(c)=2/ch:g.

Similarly, one gets F(—17) = —n/2. O

The function F' as redefined in Theorem 2 will be denoted by F() It is
a primitive of f on the closed interval I (exact on I). Thus Fy(z) = [J f,
—1 < x <1, and we may now write

—z/olfandw:/_OIer/olf:/_llf.
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Note 2. In classical analysis, the last integrals are regarded as so-called
improper integrals, i.e., limits of integrals rather than integrals proper. In our
theory, this is unnecessary since Fj is a genuine primitive of f on I.

For each integer n (negatives included), we now define F,: E! — E! by
F.(z) =nm + (—=1)"Fy(z) for x € I = [-1, 1], (12)
F,=0 on — 1.

F,, is called the nth branch of the arcsine. Figure 26 shows the graphs of Fj
and Fy (that of Fy is dotted). We now obtain the following theorem.

Theorem 3.

(i) Fach F,, is differentiable on I = (=1, 1) and relatively continuous on
I=[-1,1].

(ii) F, is increasing on I if n is even, and decreasing if n is odd.

o oy (=17
(111) Fn(m)_m

(iv) Fo(=1) =F,_1(—1) =nm — (—1)”5; F,(1)=F,1(1) =nr+ (—1)"

on I.

7r

5"
The proof is obvious from (12) and the

properties of Fy. Assertion (iv) ensures

that the graphs of the F;, add up to one Y

curve. By (ii), each F,, is one to one 3m

(strictly monotone) on I. Thus it has a \

strictly monotone inverse on the interval \

Jn = F,[[—1, 1]], i.e., on the F,-image of N

I. For simplicity, we consider only

T T T 3 N
T8 o d = [_7 _i|7

2 2} and J1 =153
as shown on the Y-axis in Figure 26. On
these, we define for x € Jj

7|

sinz = Fy ' (z) (13)

and o) X

-1 1
cosz = V1 —sin’ z, (13%)

and for z € J;

sine = Fy (z) (14)

and FIGURE 26

cosz = —\/1—sin’z. (14%)
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On the rest of E', we define sinz and cos z periodically by setting
sin(x 4+ 2nm) =sinz and cos(x + 2nm) =cosz, n=0,+£1, £2,.... (15)

Note that by Theorem 3(iv),

£ (3) =57 (3) =1

Thus (13) and (14) both yield sinm/2 =1 for the common endpoint 7/2 of Jo
and Ji, so the two formulas are consistent. We also have

n(-5) =) =
sim{—— ) =sm|{ — ) = —
2 2 ’

in agreement with (15). Thus the sine and cosine functions (briefly, s and c)
are well defined on E*.

Theorem 4. The sine and cosine functions (s and c) are differentiable, hence
continuous, on all of E, with derivatives s’ = ¢ and ¢’ = —s; that is,

(sinz)’ = cosz and (cosz) = —sinz.

Proof. It suffices to consider the intervals .Jy and Jy, for, by (15), all properties
of s and c repeat themselves, with period 27, on the rest of E*.

By (13),

— 1 T = [_Z E}
s o on Jy 3 3
where Fj is differentiable on I = (—1, 1). Thus Theorem 3 of §2 shows that s
is differentiable on Jy = (—7/2, 7/2) and that

1
s'(q) = o) whenever p € I and q = Fy(p);
0
ie., g € J and p = s(q). However, by Theorem 3(iii),
1
Fl(p) = ——.
b) =

Hence

s'(q) =4/1 —sin?q=cosq=c(q), qcJ.

This proves the theorem for interior points of Jy as far as s is concerned.
As
1
c=1/1-352=(1-5%2 on Jy (by (13)),
we can use the chain rule (Theorem 3 in §1) to obtain
1

d = 5(1 — $?)72(=2s)s’ = —s
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on noting that s’ = ¢ = (1 — s2)2 on Jy. Similarly, using (14), one proves that
s’ =cand ¢ = —s on J; (interior of Jy).
Next, let ¢ be an endpoint, say, ¢ = w/2. We take the left derivative
s’ (¢) = lim M, z € Jy.
T—q~ r—q
By L’Hopital’s rule, we get
s'(x)

s’ (¢) = lim = lim c¢(x)
T—>q~ T—>q~

since s’ = c on Jy. However, s = FO_1 is left continuous at ¢ (why?); hence so
is c =+v1—s2. (Why?) Therefore,

s’ (q) = lim ¢(x) = c¢(q), as required.
T—q

Similarly, one shows that s’ (q) = c(q). Hence s'(q) = c(q) and c'(q) = —s(q),
as before. [

The other trigonometric functions reduce to s and ¢ by their defining for-
mulas

sin x cosx 1 1
cotr = , secxr = , and cosecx =

tanz = , - - ,
cos T sinx cos T sinx

so we shall not dwell on them in detail. The various trigonometric laws easily
follow from our present definitions; for hints, see the problems below.

Problems on Exponential and Trigonometric Functions
Verify formula (2).

Prove Note 1, as suggested (using Chapter 2, §§11-12).

Prove formulas (1) of Chapter 2, §§11-12 from our new definitions.
Complete the missing details in the proofs of Theorems 2—4.

Prove that

(i) sin0 = sin(nm) = 0;

LA S A

(ii) cos0 = cos(2nm) = 1;
T

i) sin 1

(iii) sin 5 ;

(iv) sin(— )
5)

(v) cos(j:
(vi) |sinz| <1 and |cosz| < 1 for z € E!.

ERE

0;
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6. Prove that
(i) sin(—z) = —sinz and
(ii) cos(—x) = cosz for x € E1.

[Hint: For (i), let h(z) = sinz + sin(—z). Show that h’ = 0; hence h is constant, say,
h = q on E'. Substitute z = 0 to find ¢. For (ii), use (13)—(15).]

7. Prove the following for =, y € E*:
(i) sin(x 4+ y) = sinx cosy + cos zsiny; hence sin(:): + g) = CcoS Z.

s
(ii) cos(z + y) = cosx cosy — sin x sin y; hence cos (m + 5) = —sinz.

[Hint for (i): Fix «, y and let p =  + y. Define h: E! — E! by
h(t) = sintcos(p — t) + costsin(p —t), t€ E'.
Proceed as in Problem 6. Then let ¢t = z.]

8. With J,, as in the text, show that the sine increases on J, if n is even
and decreases if n is odd. How about the cosine? Find the endpoints
of J,,.
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263



344

derivative of the power function, 264
with extended-real values, 259
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one-sided, 252
right, 252
Derived functions on E!, 251
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n-times, 252
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sine function, 337
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of a relation, 9
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Double limits of functions, 219, 221
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Dot product
in C™, 87
in E™, 64
Duality laws, de Morgan’s, 3. See also Sets

e (the number), 122, 165, 293
E! (the real numbers), 23. See also Field,
complete ordered
associative laws in, 23
axioms of arithmetic in, 23
axioms of order in, 24
closure laws in, 23
commutative laws in, 23
continuity of addition and multiplication
in, 168
continuity of the standard metric on,
168
distributive law in, 24
inverse elements in, 24
monotonicity in, 24
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natural numbers in, 28
neutral elements in, 23
transitivity in, 24
trichotomy in, 24
E™ (Euclidean n-space), 63. See also Vec-
tors in E"
convex sets in, 204
as a Euclidean space, 88
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as a normed linear space, 91
associativity of vector addition in, 65
additive inverses of vector addition, 65
basic unit vector in, 64
Bolzano-Weierstrass theorem, 136
Cauchy-Schwarz inequality in, 67
closure laws in, 65

commutativity of vector addition in, 65
componentwise convergence of sequences

in, 121

distributive laws in, 65

globe in, 76

hyperplanes in, 72; see also Planes in
ETL

intervals in, 76; see also Intervals in E™

line segments in, 72; see also Line seg-
ments in E™

linear functionals on, 74, 75; see also
Linear functionals on E™

lines in, 71; see also Lines in E™

neutral element of vector addition in, 65

planes in, 72; see also Planes in E™

point in, 63

scalar of, 64

scalar product in, 64

sphere in, 76

standard metric in, 96

standard norm in, 91

triangle inequality of the absolute value
in, 67

triangle inequality of the distance in, 68

unit vector in, 65

vectors in, 63

zero vector in, 63

E* (extended real numbers), 53
as a metric space, 98
cluster point of a sequence in, 60
globes in, 98
indeterminate expressions in, 178
intervals in, 54
limits of sequences in, 58
metrics for, 99
neighborhood of a point in, 58
operations in, 177
unorthodox operations in, 180

Edge-lengths of an interval in E™, 77
Elements of a set (€), 1
Empty set (0), 1

Endpoints
of an interval in E™, 77
of line segments in E™, 72

Equality of sets, 1
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Equicontinuous functions, 236
Equivalence class relative to an equivalence
relation, 13

generator of an, 13

representative of an, 13
Equivalence relation, 12

equivalence class relative to an, 13
Euclidean n-space, see E™
Euclidean spaces, 88

as normed linear spaces, 91

absolute value in, 88

C™ as a, 88

Cauchy-Schwarz inequality in, 88

distance in, 89

E™ as a, 88

line segments in, 89

lines in, 89

planes in, 89

triangle inequality in, 88
Exact primitive, 278
Existential quantifier (3), 4
Expanding sequence of sets, 17
Exponential, complex, 173
Exponential function, 183, 333

continuity of the, 184

derivative of the, 264

inverse of the, 208
Extended real numbers, see E*.

Factorials, definition of, 31

Family of sets, 3
intersection of a (), 3
union of a (|), 3

Fields, 25
associative laws in, 23
axioms of arithmetic in, 23
binomial theorem, 34
closure laws in, 23
commutative laws in, 23
difference of elements in, 26
distributive law in, 24
first induction law in, 28
inductive definitions in, 31
inductive sets in, 28
integers in, 34
inverse elements in, 24
irrationals in, 34
Lagrange identity in, 71
natural elements in, 28
neutral elements in, 23
quotients of elements in, 26
rational subfields of, 35
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rationals in, 34
Fields, Archimedean, 43. See also Fields,
ordered
density of rationals in, 45
integral parts of elements of, 44
Fields, complete ordered, 38. See also
Field, Archimedean
Archimedean property of, 43
completeness axiom, 38
density of irrationals in, 51
existence of irrationals in, 46
powers with rational exponents in, 47
powers with real exponents in, 50
principle of nested intervals in, 42
roots in, 46
Fields, ordered, 25. See also Field
absolute value in, 26
axioms of order in, 24
Bernoulli inequalities in, 33
bounded sets in, 36
closed intervals in, 37
density of, 45
greatest lower bound (glb) of sets in, 38
half-closed intervals in, 37
half-open intervals in, 37
infimum (inf) of sets in, 38
intervals in, 37
least upper bound (lub) of sets in, 37
monotonicity in, 24
negative elements in, 25
open intervals in, 37
positive elements in, 25
rational subfield in, 35
second induction law in, 30
supremum (sup) of sets in, 38
transitivity in, 24
trichotomy in, 24
well-ordering of naturals in, 30
Finite
increments law, 271
intervals, 54
sequence, 16
set, 18
First
induction law, 28
law of the mean, 285
Functions, 10. See also Functions on E!
and Functions on metric spaces
binary operations, 12
bounded, 96
Cantor’s function, 186
characteristic, 323
complex, 170

Index

Dirichlet function, 155, 329

equicontinuous, 236

graphs of, 153

isometry, 201

limits of sequences of, see Limits of se-
quences of functions

limits of series of, see Limits of series of
functions

monotone, 181

nondecreasing, 181

nonincreasing, 181

one-to-one, 10

onto, 11

product of, 170

quotient of, 170

real, 170

scalar-valued, 170

sequences of, 227; see also Sequences of
functions

series of, 228; see also Limits of series of
functions

signum function (sgn), 156

strictly monotone, 182

sum of, 170

function value, 10

uniformly continuous, 197

vector-valued, 170

Functions on E!

antiderivatives of, 278

definite integrals of, 279

derivatives of, 251

derived, 251

differentials of, 288; see also Differentials
of functions on E!

differentiable, 251; see also Differentiable
functions on E?!

exact primitives of, 278

of bounded variation, 303

indefinite integrals of, 278

integrable, 278; see also Integrable func-
tions on E!

length of, 301

Lipschitz condition for, 258

negative variation functions for, 308

nowhere differentiable, 253

positive variation functions for, 308

primitives of, 278

regulated, see Regulated functions

simple step, 323

step, 323

total variation of, 301

(weakly) absolutely continuous, 309

Functions on metric spaces,149
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bounded, 111

continuity of composite, 163

continuity of the sum, product, and quo-
tient of, 170

continuous, 149

discontinuous, 149

discontinuity points of, 149

domain space of, 149

limits of, 150

projection maps, 174, 198, 226

range space of, 149

General term of a sequence, 16
Generator of an equivalence class, 13
Geometric series
limit of, 128, 236
sum of n terms of a, 33
Globes
closed globes in metric spaces, 97
deleted d-globes about points in metric
spaces, 150
in E™, 76
in E*, 98
open globes in metric space, 97
Graphs of functions, 153
Greatest lower bound (glb) of a set in an
ordered field, 38

Half-closed
interval in an ordered field, 37
interval in E™, 77
line segment in E™, 72
Half-open
interval in an ordered field, 37
interval in E™, 77
line segment in E™, 72
Harmonic series, 241
Hausdorff property, 102
Heine—Borel theorem, 324
generalized, 193
Holder’s inequality, 93
Hyperharmonic series, 245, 329

Hyperplanes in E™, 72. See also Planes in
ETL

iff (“if and only if”), 1
Image
of a set under a relation, 9
Imaginary
part of complex numbers, 81
numbers in C, 81
unit in C, 81
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Inclusion relation of sets (C), 1
Increments

finite increments law, 271

of a function, 254
Independent

vectors in E™, 70
Indeterminate expressions in E*, 178
Index notation, 16. See also Sequence
Induction, 27

first induction law, 28

inductive definitions, 31; see also Induc-

tive definitions

proof by, 29

second induction law, 30
Inductive definitions, 31

factorial, 31

powers with natural exponents, 31

ordered n-tuple, 32

products of n field elements, 32

sum of n field elements, 32
Inductive sets in a field, 28

Infimum (inf) of a set in an ordered field,
38
Infinite
countably, 21
intervals, 54
sequence, 15
set, 18
Infinity
plus and minus, 53
unsigned, 179
Inner products of vectors in E™, 64
commutativity of, 67
distributive law of, 67
Integers in a field, 34
closure of addition and multiplication of,
35
Integrability, sufficient conditions for, 322.
See also Regulated functions on inter-
vals in E1
Integrable functions on E', 278. See also
Regulated functions on intervals in E!
Dirichlet function, 329
primitively, 278
Integral part of elements of Archimedean
fields, 44
Integral test of convergence of series, 315
Integrals
convergence of, 315
definite, 279; see also Definite integrals
indefinite, 278
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Integration, 278
componentwise, 282
by parts, 281
of power series, 319
Interior
of a set in a metric space, 101
points of a set in a metric space, 101
Intermediate value property, 203
Intersection
of a family of sets ([), 3
of closed sets in metric spaces, 104
of open sets in metric spaces, 103
of sets (N), 2
Intervals in E™, 76
boundary of, 77
center of, 77
closed, 77
degenerate, 78
diagonal of, 77
edge-lengths of, 77
endpoints of, 77
half-closed, 77
half-open, 77
midpoints of, 77
open, 77
principle of nested, 189
volume of, 77
Intervals in E!
partitions of, 300
Intervals in E*, 54
finite, 54
infinite, 54
Intervals in an ordered field, 37
closed, 37
half-closed, 37
half-open, 37
open, 37
principle of nested, 42
Inverse elements
in a field, 24
of vector addition in E™, 64, 65
Inverse function, see Inverse of a relation
continuity of the, 195, 207 derivative of
the, 263
Inverse image of a set under a relation, 9
Inverse pair, 8
Inverse of a relation, 8
Irrationals
density of irrationals in a complete field,
51
existence of irrationals in a complete
field, 46

Index

in a field, 34
Isometric metric spaces, 146
Isometry, 201. See also Functions
Iterated limits of functions, 221, 221

Jumps of regulated functions, 330
Kuratowski’s definition of ordered pairs, 7

Lagrange form of the remainder term of
Taylor expansions, 291
Lagrange identity, 71
Lagrange’s law of the mean, 262
Laws of the mean
Cauchy’s, 261
first, 285
Lagrange’s, 262
second, 286, 326
weighted, 286, 326
Leading term of a polynomial, 173
Least upper bound (lub) of a set in an or-
dered field, 37
Lebesgue number of a covering, 192
Left
bounded sets in an ordered field, 36
continuous functions, 153
derivatives of functions, 252
jump of a function, 184
limits of functions, 153
Leibniz
formula for derivatives of a product, 256
test for convergence of alternating series,
248
Length
function, 308
of arcs, 301, 311
of curves, 300
of functions, 301
of line segments in E™, 72
of polygons, 300
of vectors in E™, 64
L’Hoépital’s rule, 266
Limits of functions
Cauchy criterion for, 162
componentwise, 172
double, 219, 221
iterated, 221, 221
jointly, 174
left, 153
on E* 151
in metric spaces, 150
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limits in one variable, 174
L’Hépital’s rule, 266
relative, 152

relative, over a line, 174
right, 153

subuniform, 225

uniform, 220, 230

Limits of sequences

in E', 5, 54
in E*, 55, 58, 152
in metric spaces, 115
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Logarithmic function, 208
continuity of the, 208
derivative of the, 263
integral definition of the, 331
as the inverse of the exponential func-
tion, 208
natural logarithm (Inz), 208
properties of the, 332
Logical formula, negation of a, 5
Logical quantifier, see Quantifier, logical
Lower bound of a set in an ordered field,

lower, 56
subsequential limits, 135
upper, 56
Limits of sequences of functions
pointwise, 228
uniform, 228
Limits of series of functions
pointwise, 228
uniform, 228
Weierstrass M-test, 240
Linear combinations of vectors in E™, 66
Line segments in E™, 72
closed, 72
endpoints of, 72
half-closed, 72
half-open, 72
length of, 72
midpoint of, 72
open, 72
principle of nested, 205
Linear functionals on E™, 74, 75
equivalence between planes and nonzero,
76
representation theorem for, 75
Linear polynomials, 173
Linear spaces, see Vector spaces
Linearity of the definite integral, 280
Lines in E™, 71
coordinate equations of, 72
directed, 74
direction vectors of, 71
normalized equation of, 73
parallel, 74
parametric equations of, 72
perpendicular, 74
symmetric form of the normal equations
of, 74
Lipschitz condition, 258
Local

maximum and minimum of functions,
260

36

Lower limit of a sequence, 56

Maclaurin series, 294
Mapping, see Function

contraction, 198
projection, 174, 198, 226

Master set, 2
Maximum

local, of a function, 260, 294
of a set in an ordered field, 36

Mean, laws of. See Laws of the mean
Metrics, 95. See also Metric spaces

axioms of, 95

discrete, 96

equivalent, 219

for E*, 99

standard metric in E™, 96

Metric spaces, 95. See also Metrics

accumulation points of sets or sequences
in, 115

boundaries of sets in, 108

bounded functions on sets in, 111

bounded sequences in, 111

bounded sets in, 109

Cauchy sequences in, 141

Cauchy’s convergence criterion for se-
quences in, 143

clopen sets in, 103

closed balls in, 97

closed sets in, 103, 138

closures of sets in, 137

compact sets in, 186

complete, 143

completion of, 146

concurrent sequences in, 144

connected, 212

constant sequences in, 116

continuity of the metric on, 223

convergent sequences in, 115

cluster points of sets or sequences in,
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115

deleted é-globes about points in, 150

diameter of sets in, 109

disconnected, 212

dense subsets in, 139

discrete, 96

distance between sets in, 110

divergent sequences in, 115

E™ as a metric space, 96

E* as a metric space, 98

functions on, 149; see also Functions on

metric spaces

Hausdorff property in, 102

interior of a set in a, 101

interior points of sets in, 101

isometric, 146

limits of sequences in, 115

nowhere dense sets in, 141

open balls in, 97

open sets in, 101

open globes in, 97

neighborhoods of points in, 101

perfect sets in, 118

product of, 218

sequentially compact sets in, 186

spheres in, 97

totally bounded sets in, 113
Midpoints

of line segments in E™, 72

of intervals in E™, 77
Minimum

local, of a function, 260, 294

of a set in an ordered field, 36
Minkowski inequality, 94
Monomials in n variables, 173. See also

Polynomials in n variables
degree of, 173

Monotone sequence of numbers, 17
nondecreasing, 17
nonincreasing, 17
strictly, 17

Monotone functions, 181
left and right limits of, 182
nondecreasing, 181
nonincreasing, 181
strictly, 182

Monotone sequence of sets, 17

Monotonicity
in an ordered field, 24
of definite integrals, 284

Moore—Smith theorem, 223
de Morgan’s duality laws, 3. See also Sets

Index

Natural elements in a field, 28

well-ordering of naturals in an ordered

field, 30

Natural numbers in E!, 28
Negation of a logical formula, 5
Negative

elements of an ordered field, 25

variation functions, 308
Neighborhood

of a point in E', 58

of a point in E*, 58

of a point in a metric space, 101
Neutral elements

in a field, 23

of vector addition in E™, 65
Nondecreasing

functions, 181

sequences of numbers, 17
Nonincreasing

functions, 181

sequences of numbers, 17
Normal to a plane in E™, 73
Normalized equations

of a line, 73

of a plane, 73
Normed linear spaces, 90

absolute value in, 90

C™ as a, 91

distances in, 92

E™ as a, 91

Euclidean spaces as, 91

norm in, 90

translation-invariant distances in, 93

triangle inequality in, 90
Norms

in normed linear spaces, 90

standard norm in C", 91

standard norm in E™, 91

Nowhere dense sets in metric spaces, 141

Open
ball in a metric space, 97
covering, 192
globe in a metric space, 97
interval in an ordered field, 37
interval in E™, 77
line segment in E™, 72
sets in a metric space, 101
Ordered field, see Field, ordered

Ordered n-tuple, 1
inductive definition of an, 32
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Ordered pair, 1

inverse, 8

Kuratowski’s definition of an, 7
Orthogonal vectors in E™, 65
Orthogonal projection

of a point onto a plane in E", 76
Osgood’s theorem, 221, 223

Parallel
lines in E™, 74
planes in E™, 74
vectors in E™, 65
Parametric equations
of curves in E™, 212
of lines in E™, 72
Partitions of intervals in E', 300
refinements of, 300
Pascal’s law, 34
Peano form of the remainder term of Tay-
lor expansions, 296
Perfect sets in metric spaces, 118
Cantor’s set, 120
Perpendicular
lines in E™, 74
planes in E™, 74
vectors in E™, 65
Piecewise convex sets, 204
Planes in E™, 72
directed, 74
distance between points and, 76
equation of, 73
equivalence of nonzero linear functionals
and, 76
general equation of, 73
normal to, 73
normalized equations of, 73
orthogonal projection of a point onto, 76
parallel, 74
perpendicular, 74
Point in E™, 63
distance from a plane to a, 76
orthogonal projection onto a plane, 76
Pointwise limits
of sequences of functions, 228
of series of functions, 228
Polar coordinates in C, 83
Polar form of complex numbers, 83
Polygons
connected sets, 204
joining two points, 204
length of, 300
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Polygon-connected sets, 204
Polynomials in n variables, 173
continuity of, 173
degree of, 173
leading term of, 173
linear, 173
Positive
elements of an ordered field, 25
variation functions, 308
Power function, 208
continuity of the, 209
derivative of the, 264
Power series, 243
Abel’s theorem for, 249
differentiation of, 319
integration of, 319
radius of convergence of, 243
Taylor series, 292
Powers
with natural exponents in a field, 31
with rational exponents in a complete
field, 47
with real exponents in a complete field,
50
Primitive, 278. See also Integral, indefinite
exact, 278
Principle of nested
closed sets, 188
intervals in complete ordered fields, 189
intervals in E™, 189
intervals in ordered fields, 42
line segments, 205
Products of functions, 170
derivatives of, 256
Leibniz formula for derivatives of, 256
Product of metric spaces, 218
Projection maps, 174, 198, 226
Proper subset of a set (C), 1

Quantifier, logical, 3
existential (3), 4
universal (V), 4
Quotient of elements of a field, 26
Quotient of functions, 170
derivatives of, 256

Radius of convergence of a power series,
243
Range
of a relation, 9
of a sequence, 16
space of functions on metric spaces, 149
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Ratio test for convergence of series, 241
Rational functions, 173
continuity of, 173
Rational numbers, 19
as a countable set, 19
Rationals
closure laws of, 35
density of rationals in an Archimedean
field, 45
incompleteness of, 47
in a field, 34
as a subfield, 35
Real
functions, 170
numbers, see E!
part of complex numbers, 81
points in C'; 81
vector spaces, 87
unit in C, 81
Rearrangement
of absolutely convergent series of func-
tions, 238
of conditionally convergent series of
functions, 250
Rectifiable
arc, 309
set, 303
Recursive definition, 31. See also Inductive
definition
Refined comparison test for convergence of
series, 245
Refinements of partitions in E', 300
Reflexive relation, 12
Regulated functions on intervals in E', 323
approximation by simple step functions,
324
characteristic functions of intervals, 323
jumps of, 330
are integrable, 325
simple step functions, 323
Relation, 8. See also Sets
domain of a, 9
equivalence, 12
image of a set under a, 9
inverse, 8
inverse image of a set under a, 9
range of a, 9
reflexive, 12
symmetric, 12
transitive, 12
Relative
continuity of functions, 152, 174

Index

limits of functions, 152, 174
Remainder term of Taylor expansions, 289

Cauchy form of the, 291

integral form of the, 289

Lagrange form of the, 291

Peano form of the, 296

Schloemilch—Roche form of the, 296
Representative of an equivalence class, 13
Right

bounded sets in an ordered field, 36

continuous functions, 153

derivatives of functions, 252

jump of a function, 184

limits of functions, 153
Rolle’s theorem, 261
Root test for convergence of series, 241
Roots

in C, 85

in a complete field, 46

Scalar field of a vector space, 86
Scalar products
in E™, 64
Scalar-valued functions, 170
Scalars
of E™, 64
of a vector space, 86
Schloemilch—Roche form of the remainder
term of Taylor expansions, 296
Second induction law, 30
Second law of the mean, 286, 326
Sequences, 15
bounded, 111
Cauchy, 141
Cauchy’s convergence criterion for, 143
concurrent, 144
constant, 116
convergent, 115
divergent, 115
domain of, 15
double, 20, 222, 223
cluster points of sequences in E*, 60
finite, 16
general terms of, 16
index notation, 16
infinite, 15
limits of sequences in E!, 5, 54
limits of sequences in E™*, 55, 58, 152
limits of sequences in metric spaces, 115
lower limits of, 56
monotone sequences of numbers, 17
monotone sequences of sets, 17
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nondecreasing sequences of numbers, 17
nonincreasing sequences of numbers, 17
range of, 16
of functions, 227; see also Sequences of
functions
strictly monotone sequences of numbers,
17
subsequences of, 17
subsequential limits of, 135
totally bounded, 188
upper limits of, 56
Sequences of functions
limits of, see Limits of sequences of
functions
uniformly bounded, 234
Sequential criterion
for continuity, 161
for uniform continuity, 203
Sequentially compact sets, 186
Series. See also Series of functions
Abel’s test for convergence of, 247
alternating, 248
geometric, 128, 236
harmonic, 241
hyperharmonic, 245, 329
integral test of convergence of, 327
Leibniz test for convergence of alternat-
ing series, 248
ratio test for convergence of, 241
refined comparison test, 245
root test for convergence of, 241
summation by parts, 247

Series of functions, 228; see also Limits of
series of functions
absolutely convergent, 237
conditionally convergent, 237
convergent, 228
Dirichlet test, 248
differentiation of, 318
divergent, 229
integration of, 318
limit of geometric series, 128
power series, 243; see also Power series
rearrangement of, 238
sum of n terms of a geometric series, 33
Sets, 1
Cantor’s diagonal process, 21
Cantor’s set, 120
Cartesian product of (x), 2
characteristic functions of, 323
compact, 186, 193
complement of a set (—), 2
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connected, 212
convex, 204
countable, 18
countable union of, 20
cross product of (x), 2
diagonal process, Cantor’s, 21
difference of (—), 2
disjoint, 2
distributive laws of, 7
contracting sequence of, 17
elements of (€), 1
empty set (@), 1
equality of, 1
expanding sequence of, 17
family of, 3
finite, 18
inclusion relation of, 1
infinite, 18
intersection of a family of (), 3
intersection of (N), 2
master set, 2
monotone sequence of, 17
de Morgan’s duality laws, 3
perfect sets in metric spaces, 118
piecewise convex, 204
polygon-connected, 204
proper subset of a set (C), 1
rectifiable, 303
relation, 8
sequentially compact, 186
subset of a set (C), 1
superset of a set (2), 1
uncountable, 18
union of a family of (), 3
union of (U), 2
Signum function (sgn), 156
Simple arcs, 211
endpoints of, 211
Simple step functions, 323
approximating regulated functions, 324
Singleton, 103

Span of a set of vectors in a vector space,
90
Sphere
in E™, 76
in a metric space, 97
Step functions, 323
simple, 323
Strictly monotone functions, 182
Subsequence of a sequence, 17
Subsequential limits, 135
Subset of a set (C), 1
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proper (C), 1
Subuniform limits of functions, 225
Sum of functions, 170
Summation by parts, 247
Superset of a set (D), 1
Supremum (sup) of a bounded set in an
ordered field, 38
Symmetric relation, 12

Tangent
lines to curves, 257
vectors to curves, 257
unit tangent vectors, 314
Taylor. See also Taylor expansions
expansions, 289
polynomial, 289
series, 292; see also power series
series about zero (Maclaurin series), 294
Taylor expansions, 289. See also Remain-
der term of Taylor expansions
for the cosine function, 297
for the exponential function, 293
for the logarithmic function, 298
for the power function, 298
for the sine function, 297
Termwise
differentiation of series of functions, 318
integration of series of functions, 318
Total variation, 301
additivity of, 301
function, 308
Totally bounded sets in metric spaces, 113
Totally disconnected sets, 217
Transitive relation, 12
Transitivity in an ordered field, 24
Triangle inequality
in Euclidean spaces, 88
in normed linear spaces, 90
of the absolute value in E™, 67
of the distance in E™, 68
Trichotomy in an ordered field, 24
Trigonometric form of complex numbers,
83
Trigonometric functions
arcsine, 334
cosine, 336
integral definitions of, 334
sine, 336

Uncountable set, 18
Cantor’s diagonal process, 21
the real numbers as a, 20

Index

Uniform continuity, 197

sequential criterion for, 203
Uniform limits

of functions, 220, 230

of sequences of functions, 228

of series of functions, 228
Uniformly continuous functions, 197
Union

countable, 20

of a family of sets (), 3

of closed sets in metric spaces, 104

of open sets in metric spaces, 103

of sets (U), 2
Unit vector

tangent, 314

in E™, 65
Universal quantifier (V), 4
Unorthodox operations in E*, 180
Upper bound of a set in an ordered field,

36

Upper limit of a sequence, 56

Variation
bounded, 303
negative variation functions, 308
positive variation functions, 308
total; see Total variation
Vector-valued functions, 170
Vectors in E™, 63
absolute value of, 64
angle between, 70
basic unit, 64
components of, 63
coordinates of, 63
dependent, 69
difference of, 64
distance between two, 64
dot product of two, 64
independent, 70
inner product of two, 64; see also Inner
products of vectors in E™
inverse of, 65
length of, 64
linear combination of, 66
orthogonal, 65
parallel, 65
perpendicular, 65
sum of, 64
unit, 65
zero, 63
Vector spaces, 86
complex, 87
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Euclidean spaces, 88

normed linear spaces, 90
real, 87

scalar field of, 86

span of a set of vectors in, 90

Volume of an interval in E™, 77
additivity of the, 79

Weierstrass M-test for convergence of se-
ries, 240

Weighted law of the mean, 286, 326

Well-ordering property, 30

Zero vector in E™, 63
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